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Abstract

This thesis intends to explore various methods for obtaining intricate
insights into the behavior of Yang-Mills theory in the infrared regime.
The primary focus lies on two key aspects: the Abelian dominance
conjecture and the gluonic phase transition between confined and de-

confined regimes.
Three distinct paths were followed to achieve these objectives.

The first path involved investigating the Yang-Mills-Chern-Simons
theory as an effective 3-dimensional field theory that describes the
3-dimensional Yang-Mills-Higgs model. This model, in turn, serves
as an effective field theory for the 4-dimensional Yang-Mills theory at
high temperatures. By incorporating the horizon function to eliminate
infinitesimal Gribov copies, a novel massive term called the Gribov
parameter was introduced. Its determination through the gap equa-
tion modified the pole structure of the gluon propagator and led to
the emergence of complex mass degrees of freedom, indicative of con-
finement in the infrared regime. Additionally, by restricting the path
integral to the Gribov region, all finite Gribov copies were also elim-
inated, resulting in a Gribov copy-free path integral. Notably, the
quantization rule imposed to ensure gauge invariance of the Chern-

Simons action revealed novel findings not obtained in previous works.

The second path focused on the Refined Gribov-Zwanziger model at

finite temperature. Through a semi-classical approach, an effective



massive Yang-Mills model incorporating thermal effects was intro-
duced. The study explored the effects of the Gribov parameter and
2-dimensional condensate masses on the pole structure of propagators
and phase transitions. Two critical temperatures for phase transitions
were identified, and it was demonstrated that condensate masses de-
crease these transition temperatures. The discovery of a partial con-
finement phase aligned with previous research on quark-gluon plasma
transitions. Future research plans include extending the method to
1-loop order and analyzing condensate masses at finite temperatures,

as well as examining longitudinal and transverse masses.

The third path involved constructing an effective massive Yang-Mills
model within the maximal Abelian gauge to investigate the infrared
regime of Yang-Mills theory. Two massive terms encapsulating non-
perturbative information were introduced. The gluon self-energy of
both the Abelian and non-Abelian sectors were calculated at 1-loop,
enabling the determination of the Abelian and non-Abelian effective
masses. Comparisons with lattice results were made, confirming the
model’s agreement with lattice simulations and providing evidence of

Abelian dominance.

The research culminated in the publication of two articles analyz-
ing the Yang-Mills-Chern-Simons theory and exploring the maximal
Abelian gauge. Other two articles studying the infrared behaviour of
the massive Yang-Mills model and of the Yang-Mills theory within the
Gribov-Zwanziger framework are currently in progress. The findings
contribute to a deeper understanding of the infrared behavior of Yang-
Mills theory and shed light on the intricate dynamics of confinement

and phase transitions within the theory.



Abstract

Esta tese tem como objetivo explorar diversos métodos para obter
uma compreensao mais aprofundada do comportamento da teoria
de Yang-Mills no regime infravermelho. O foco principal estd em
dois aspectos fundamentais: a conjectura da dominancia Abelian e a

transicao de fase gluonica entre os regimes confinado e nao confinado.
Foram seguidos trés caminhos distintos para alcancar esses objetivos.

O primeiro caminho envolveu a investigacao da teoria de Yang-Mills-
Chern-Simons como uma teoria efetiva de campo tridimensional que
descreve o modelo de Yang-Mills-Higgs tridimensional. Esse modelo,
por sua vez, serve como uma teoria efetiva de campo para a teoria de
Yang-Mills quatro-dimensional em altas temperaturas. Ao incorporar
a funcao horizonte para eliminar as copias infinitesimais de Gribov,
um novo termo massivo chamado de parametro de Gribov foi intro-
duzido. Sua determinacao através da equacao de gap modificou a
estrutura de polos do propagador do glion e levou a emergéncia de
graus de liberdade de massa complexa, indicativos de confinamento no
regime infravermelho. Além disso, restringindo a integral de caminho
a regiao de Gribov, todas as copias finitas de Gribov também foram
eliminadas, resultando em uma integral de caminho livre de copias de
Gribov. Notavelmente, a regra de quantizacao imposta para garantir
a invariancia de calibre da acao de Chern-Simons revelou descobertas

inéditas nao obtidas em trabalhos anteriores.



O segundo caminho concentrou-se no modelo de Gribov-Zwanziger re-
finado a temperatura finita. Através de uma abordagem semicléssica,
um modelo efetivo de Yang-Mills massivo incorporando efeitos térmicos
foi introduzido. O estudo explorou os efeitos do parametro de Gribov
e das massas de condensados bidimensionais na estrutura de polos de
propagadores e nas transicoes de fase. Foram identificadas duas tem-
peraturas criticas para as transicoes de fase e demonstrou-se que as
massas dos condensados diminuem essas temperaturas de transicao.
A descoberta de uma fase de confinamento parcial estd alinhada com
pesquisas anteriores sobre as transicoes do plasma de quarks-glions.
Os planos futuros de pesquisa incluem estender o método para a or-
dem de 1-loop e analisar as massas dos condensados em temperaturas

finitas, além de examinar as massas longitudinais e transversais.

O terceiro caminho envolveu a construcao de um modelo efetivo de
Yang-Mills massivo dentro da calibre maximal Abelian para investigar
o regime infravermelho da teoria de Yang-Mills. Dois termos massivos
encapsulando informacoes nao perturbativas foram introduzidos. A
autoenergia do glion nos setores Abelianos e nao-Abelianos foi cal-
culada na ordem de 1-loop, permitindo a determinacao das massas
efetivas Abelianas e nao-Abelianas. Foram feitas comparagoes com
resultados de lattice, confirmando a concordancia do modelo com as

simulagoes de lattice e fornecendo evidéncias de dominacao Abelianas.

A pesquisa culminou na publicagao de dois artigos que analisam a teo-
ria de Yang-Mills-Chern-Simons e exploram a calibre maximal Abelian.
Outros dois artigos que estudam o comportamento infravermelho do
modelo de Yang-Mills massivo e da teoria de Yang-Mills dentro do

framework Gribov-Zwanziger estao atualmente em andamento. As de-



scobertas contribuem para uma compreensao mais profunda do com-
portamento infravermelho da teoria de Yang-Mills e lancam luz sobre
a dinamica intricada de confinamento e transicoes de fase dentro da

teoria.
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Introduction

The confinement of quarks and gluons represent an open problem for the theoret-
ical physics community. It is an experimentally well documented phenomenon,
consisting on the fact that ‘color-charged’ particles are never found in completely
free states, but always bounded with other ones in order to form ‘colorless’ states.
To describe such phenomenon would mean in principle to understand the tran-
sition between the confined and deconfined regimes of the Yang-Mills theory
[5][6][7]. With this in mind, the main goal of this thesis is exactly to analyze
the phase transition from the confined and deconfined regimes of the Yang-Mills
(YM) theories and of some effective massive models that can be used in order to
describe the Quantum Chromodynamics (QCD) in some of its regimes.

We will analyse such phase transitions within the following three different

contexts:

e The Yang-Mills-Chern-Simons model within the Gribov-Zwanziger frame-

work (at chapter 3);

e The Yang-Mills theory within the Gribov-Zwanziger model at finite tem-
peratures (at chapter 4);

e The massive Yang-Mills theory (at chapter 5).

In all of these works, the main goal is always to calculate the gluon two-point

function of the model at tree-level and/or at 1-loop and then to analyse its poles
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structure and its form factor. From the poles structure we will be able to observe
what we will consider as a phase transition between the confined and deconfined
regimes of the theory. To be more precise, we will consider as deconfined all
the degrees of freedom to which we can associate a real positive mass, while
the confined ones will be all the degrees of freedom with negative or complex
masses. We will do so, due to the fact that if a particle is confined it meas that it
necessarily is out from the physical spectrum, meaning that its mass cannot be
measured.

This thesis is stuctured in the following form,

e In the first chapter we will make a brief revision of the Yang-Mills theory,
revisiting the path integral quantization method, as well as the Faddeev-
Popov gauge fixing procedure. We will also take advantage to talk about
the Landau gauge, the linear covariant gauges and the maximal Abelian

gauge, which are the gauges upon all this work is established.

e In the second chapter we will make a brief overview about the Gribov
problem and how we circumvent it by means of the Gribov-Zwanziger
method. At the end of the chapter we will also introduce the refined
Gribov-Zwanziger model in which we introduce effective terms in the ac-
tion of the theory that take into account the effects of the condensation of
2-dimensional operators, modifying the non-perturbative poles structure of

the gluon propagators.

e In the third chapter we will talk about the 3-dimensional Euclidean Yang-
Mills-Chern-Simons (YMCS) theory whithin the Gribov-Zwanziger frame-
work both in the linear covariant gauges and in the maximal Abelian ones.
Such model is defined by the addition to the Yang-Mills action of a topo-

logical Chern-Simons term which, as can be seen at [8], adds a massive
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parameter to the poles of the bosonic gauge field propagators that is of

purely topological origin.

This Euclidean 3-dimensional model is important due to its connection
with the Yang-Mills-Higgs theory in the Minkowski space-time, which is
an effective model for the Quantum Chromodynamics at high tempera-
tures, what can be seen at [9], where it is shown that at such regimes the
fermionic (quarks) fields decouple from the bosonic (gluons) ones due to the
asymptotic freedom feature of the strong interaction [10][11][12], giving rise
to a plasma of quarks and gluons. Besides having a completely different
mass generation mechanism, such theories are profoundly connected to the
Yang-Mills-Chern-Simons ones [9][13], since the gluon propagators of both
theories manifest a qualitatively analogous behaviour both at the ultravio-
let (deconfined) and the infrared (confined) regimes manifesting the same

number of physical and unphysical degrees of freedom.

In the fourth chapter we will talk about the Yang-Mills theory at finite tem-
peratures whithin the Gribov-Zwanziger panorama in the linear covariant
gauges. In this part of the work the idea is to calculate the thermal mass of
the gluon propagators in terms of the longitudinal and transverse sectors of
the 1-loop gluon self-energy. With it we build an effective action that leads
the tree-level gluon propagators of the theory to gain such thermal mass
contribution in its poles structure. Then, together with the evaluation of
the gap equation of the theory we analyse the phase transition of the theory

as well as the Gribov parameter influence in the process.

In the fifth chapter we study the SU(2) massive Yang-Mills theory in the
maximal Abelian gauge at 1-loop. In this part of the work the idea is

to condense all of the non-perturbative features of the theory inside the



LIST OF FIGURES

effective Abelian and non-Abelian effective masses that we added in the
theory. Then, we calculated the gluon Abelian and non-Abelian self-energies
of the model and, with them, we obtained the Abelian and non-Abelian
gluon propagators with their corresponding 1-loop corrections. After that
we fitted our effective masses with previous lattice calculations in order to
obtain their values. We concluded observing that the non-Abelian mass of
the theory is bigger that the Abelian one, which is good agreement with

the Abelian dominance conjecture.



Chapter 1

The Yang-Mills Theories

Summary

Over the last century, much effort has been put into unraveling the intricacies
of our universe. This pursuit was greatly accelerated by the advent of Quan-
tum Field Theory (QFT) which brought about a major revolution in the field
of physics. Such progress brought new methods for calculating particle behav-
ior, such as the Feynman diagram and the Schwinger-Dyson equation and led to
the development of the Quantum electrodynamics (QED), which was developed
during the 1940s and the 1950s. By these methods, precise predictions of parti-
cle behavior in high-energy collisions were made possible. During the 1960s and
1970s, the electroweak theory and Quantum chromodynamics (QCD), which de-
scribe the electromagnetic and the strong and weak nuclear forces, were developed
by physicists and incorporated to the standard model.

The theory of Quantum Electrodynamics (QED) is characterized as a gauge
theory because it is invariant under U(1) gauge transformations. However, QED
is just a special (Abelian) case of the more general non-Abelian gauge theories,

known as Yang-Mills theories (YM), which are invariant under SU(N) gauge



transformations. Such SU(N) symmetry group has a particular physical interest
since it is the symmetry group of the standard model, in particular, the sym-
metry group of the QCD. These theories were developed by Yang and Mills [5]
and describe three of the four fundamental interactions: electromagnetic, nuclear
weak, and strong interactions. However, we must emphasise that the YM the-
ories describe only the pure gauge sector of the standard model, needing to be
supplemented with by fermions and by the Higgs boson in order to represent all
the particles of the standard model and their interactions.

This thesis aims to study non-perturbative aspects of Yang-Mills theories
[10; 11] at both zero and finite temperatures. This will be done mainly through
two approaches: the use of effective models such as Yang-Mills-Chern-Simons
and massive Yang-Mills-Theories, and the use of the Refined-Gribov-Zwanziger
quantization method [14; 15].

Before diving into Yang-Mills theories, it is important to understand what a
gauge theory is. A gauge theory is a theory whose Lagrangian is invariant under
gauge transformations, which are local transformations on the transformation
parameter. These transformations are dependent on the position and are defined

by,

A, AL = () (A# + é@) u(z), (1.1)

where ¢ is the coupling constant, A, is the gauge field and u(z) is a unitary N x N
complex matrix satisfying uf = u~! and det(u) = 1. The Lagrangian of a gauge
theory is invariant under the action of a local element of a Lie group, while the
gauge fields take values in the Lie algebra.

Additionally, all physically observable quantities in Nature are expected to be
gauge invariant, meaning that the fields A, are not physical fields. This represents

the gauge principle, the fundamental basis of gauge theories. Thus, the set of all
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possible physical transformations that leave invariat the physical observables of
a physical system define a group which is known as the gauge group.

The particular gauge theory that is being considered will determine, to some
extent, the nature of the gauge group. There are two types of gauge group; the
Abelian ones and the non-Abelian ones. A group is said to be Abelian gauge
when the components of the group commute with each other and the group
itself, which means that the gauge transformations at various positions in space
and time commute with each other. An example of Abelian gauge group is the
U(1) group, which describes a continuous symmetry of the electromagnetic field
under local phase transformations.

Yet, a non-Abelian gauge group is a group where the components of the group
do not commute with each other. A group being non-Abelian basically means
that the gauge transformations at distinct positions in space and time do not
commute with one other. An example of a non-Abelian gauge group is the SU(3)

group, which which describes the strong nuclear force between quarks and gluons.

1.1 The Abelian case

As previously said, the most notorious example of an Abelian gauge theory is the
U(1) gauge theory, which describes the electromagnetic theory. Its pure gauge
sector Lagrangian is invariant under the following transformations of the gauge

fields,
A, > A, + ée-ﬂx)auef(m), (1.2)

with e being the electric charge. Such fields take values in the algebra of U(1)
(with £(x) being one of its elements) and transform, as on eq.(1.1), under the

action of an element e£®) of this gauge group, whose Abelian nature is manifest
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by the following relation,
[A,,A,] =0. (1.3)

From the field A, we can also define the covariant derivative D, of the theory,
which accounts for changes in the basis of a vector or tensor field under parallel

transport along a curved manifold and it is given, in this case by,
D, = 0, —ieA,. (1.4)

Then, as the electromagnetic strength tensor F),, is defined in terms of the com-

mutator of the covariant derivatives D,, of the theory, we have that,

?
FE,, = ;[DH,DZ,]. (1.5)

which can be also written as,
F. = 0,A, —0A, —ie[A,,A)=0,A —0,A,, (1.6)

where eq.(1.3) was used.

Now, one is able to construct a Lagrangian density for the gauge sector of
the electromagnetic theory, in order to study the dynamics of the gauge field
A,. We have that the simplest gauge invariant and polynomial term involving
the dynamical field and its derivatives forming a scalar, as required since the

Lagrangian density is a scalar, is,

1
L=~ FuFu. (1.7)

Since from such Lagrangian density we are able to derive the Maxwell egs. by
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means of the Euler-Lagrange eqs. [16] we have a good justification to consider
this choice of Lagrangian density for the pure gauge sector of the electromagnetic

theory.

1.2 The non-Abelian case

In the previous section, we have talked about the Electromagnetic theory, that is
an Abelian gauge theory. Now we will study a non-Abelian extension of it or, in
other words, a model where the eq.(1.3) is not fulfilled, leading to the Yang-Mills
theories.

The Yang-Mills theories are a class of non-Abelian gauge theories whose sym-
metry group is the SU(N). Here the Yang-Mills fields A,(x) assume values in
the Lie algebra of the group SU(N) and, in the adjoint representation, can be
written as matrices,

N2-1

Au(x) =) AT = AsT*, (1.8)
a=1

where we have used Einstein’s summation convention, suppressing the sum sym-
bol which runs over the N? — 1 group generators 7%, with index group a, what
means that we have N? — 1 gauge bosons A7 that intermediate the Yang-Mills
interactions.

The generators T of the SU(N) group are N x N Hermitian matrices with

vanishing trace that form an ortonormal basis and obey the relations,

[Ta,Tb] — ifabcTC
1
tr(T°T") = 55“6, (1.9)
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where f%¢ is the group structure constant, which obeys the Jacobi identity,
fabCfcde + fadCfceb T fae(:fcbd = 0. (110)

From eq.(1.1) we can write the infinitesimal gauge transformations of the

Yang-Mills theories as,
a a ab¢b
Al — AL+ D, (1.11)
which are non-linear transformations where,
Dy =59, — g f*"AC, (1.12)

is the covariant derivative in the adjoint representation of the gauge group and
g is the coupling constant of the theory. It can be generically written in the

fundamental representation of the gauge group as,
D, =0, +1ig[A,,]. (1.13)
Thanks to the non-Abelian feature of the Yang-Mills fields, we have that,
(A, A)] = [AST AVT?) = i f* AR AL T™. (1.14)

So, analogous to the previous case, we have that the Yang-Mills strength tensor

will be given by,

F,uu - E[D,Lu Du]a (115)
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1.3 Quantization of gauge theories

being able to be rewritten by means of eq.(1.12) as,
Fi, = 0,A, — 0,A; + gfabCAZAfj. (1.16)
From the strength tensor we have that the Yang-Mills Lagrangian density is,

1
Ly = —=F° F° (1.17)

4 pvo

and, consequently, the Yang-Mills action will be,

1
SYM = — /d4x (ZFSVF/?V) . (118)

As it can be seen, one important difference between the electromagnetic theory
and the Yang-Mills one is that the non-Abelian term g f“bCAZAf/. Obviously this
non-Abelian feature has physical consequences. First of all, for such theories the
non-Abelian bosonic gauge field A, carries the charge of the interaction which it
intermediates, which means that such fields interact with each other, while the
electromagnetic theory do not manifest this kind of feature. This property finds
out a parallel in General Relativity [17], where the gravitational field also carries
energy /momentum, which is its source, so that the field becomes also a source,

interacting with itself.

1.3 Quantization of gauge theories

The quantization of gauge theories can be achieved by Feynman’s path integral
approach, which is described in various references [18; 19; 20; 21]. This method

starts with defining the partition function, also known as the generating func-
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1.3 Quantization of gauge theories

tional, Z as,
1 —S[A]
Z = I DAe , (1.19)

where S[A] is the action of the gauge theory.

In this equation, the gauge field A, (x) is integrated over all possible config-
urations. This is represented by the functional measure DA. The action S and
the normalization constant N are also included.

As it was shown on eq. (1.1), due to the gauge symmetry, for each gauge field
configuration A, there will always be an infinity of other physically equivalent
gauge field configurations A, that will be related to it and to each other by some
gauge transformation. A set of physically equivalent! gauge field configurations
is referred as a ‘gauge orbit’.All the gauge orbits, which fill the gauge field config-
uration space, can be thought of as smooth, non-intersecting trajectories inside
of such space (see figure 1.1). Every point along one of these trajectories is a
gauge field configuration, and all points are related to each other through gauge
transformations. It is important to note that all gauge field configurations belong
to a gauge orbit, and gauge fields in different gauge orbits are not related to each
other by a gauge transformation.

Because of this, when we perform the integration over all the gauge field
configurations A,,, we end up making an overcounting of all physically equivalent
gauge field configurations. Such a thing leads to the divergence of the path
integral of eq.(1.19).

Another problem that arises is the fact that, in gauge theories, due to the
gauge symmetry, we cannot obtain the gauge propagator of the theory since it is

non-invertible.

By 'physically equivalent’ configurations we mean the gauge field configurations related to
each other by a gauge transformation.

12



1.3 Quantization of gauge theories

In order to properly solve these problems we are forced to fix the gauge (see
figure 1.1), in such a way we only sum, in the path integral, over one representative
of each gauge orbit. This means basically that we are led to select a surface in the
gauge field configuration space which crosses all the gauge orbits once, and only
once, choosing, in such a way, the configurations that will be the representative

of each orbit and over which we will sum in the path integral.

Figure 1.1: This is a section of the gauge field configuration space A. Here the dashed lines
represent the gauge orbits, while the full lines represent the transverse section of two different
gauge fixing surfaces fi[A] and f3[A], as can be seen on [1].

The procedure through which we implement this gauge fixing is called the
‘Faddeev-Popov quantization’ [22][19]. To understand how it works, we first
perform a gauge transformation over the gauge fields, given by eq. (1.1).

This leads the path integral of eq.(1.19) to become,

0 f[A"(x)]

) | (1.20)

1 "
7 = ~ /DuDA“ e 54 }det‘

where u(z) is an element of a Lie group that perform the gauge transformation to a

*(z)]

gauge of our choice, Du it’s the volume element of the group space, det ‘% is

13



1.3 Quantization of gauge theories

the Jacobian of this transformation and f[A"(x)] is the function that characterize
our gauge choice. In order to simplify our notation, we will write the Jacobian
as,

0f[A"(x)]

S| = et (1.21)

det ‘

with M being the Faddeev-Popov operator.
Now, after having made the gauge transformation to a gauge of our choice, we
still need to ensure that the path integral will only sum over gauge inequivalent

fields A,. To do so, we can add to the path integral a Dirac delta of the form,

o(f[A*(x)]), (1.22)

which is responsible to implement the gauge fixing condition,
f1A" ()] =0, (1.23)
leading the path integral (1.20) to become,
7 = %/DUDA“ e det (— M) (f[AY]). (1.24)
One can easily see at [19] that,
/Dué(f[A“(x)])det(—M) =1, (1.25)
what when substituted in eq.(1.24) we obtain that,

1 .
7= /DA“ e~ (1.26)
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1.3 Quantization of gauge theories

where DA™ and S[A"] are gauge invariant quantities, leading us back to eq.(1.19),
which means that the partition function is a gauge invariant quantity. This is
good since we directly calculate physical observables from it, so it must, in fact,
conform with the gauge principle. In other words, we showed that, by fixing the
gauge into the action by introducing a Dirac delta function into the path integral,
which in principle breaks the gauge simmetry of the action, it still does not affect
the gauge invariance of the path integral, meaning that its physical content is left
unchanged.

Another thing that must be perceived is that on eq.(1.24), due to the gauge
invariance of the terms DAY, e=51"l det(—M) and 6(f[A"]) we can write it in

the following form,

7 = / DA e S det(— / Dud(f[AY])
= /DA e SH det /Du
= /DA@ SAldet(—M)o(f[A)) (1.27)

where we can see that the integral [ Du can be separated out from the path
integral, meaning that it can be absorbed by the normalization constant.
Now, we are also able to transform the gauge fixing condition by adding an

arbitrary function F(z), in the form,

fTA(@)] = flA(z)] — F(z), (1.28)
which is just a parametrization of the gauge fixing, leading eq.(1.27) to become,

7 = %/DAe_S[A}det(—Mﬁ(f[A(x)] — F(2)). (1.29)
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1.3 Quantization of gauge theories

Now averaging the path integral over this arbitrary function F'(z) with a Gaussian

weight properly normalized to unity of the form,
_ f Fz(x)d‘l:c
e ) T T (1.30)

where « is a gauge parameter. This makes the quadratic part of the action of non-
Abelian gauge theories to become non-degenerate, we find that the path integral

(1.29) becomes,

1 F2(2) 4
7 = — | DC Ze J eards
N<a>/ 0

1 F2 () 14
= DCDA e ST a2 qet(— Mo (f]A(2)] — F
e | DepA« det(~M)3(f[A(@)] ~ F(x)
- L / DA e=SMA=J HEdts oy )
N/
1

= F/DA e~ S-Sl et (— M), (1.31)

where N’ = N N(«) is the normalization constant, « is an arbitrary constant and,
2[A

Sar = / wd“x (1.32)
a

is the gauge fixing action.
As can be seen in [19], the matrix M can be written in terms of an integral

over Grassmanian variables ¢ and ¢, as follows,
det(—M) = / DéDc el @'x(@ M) (1.33)

where we written it in the adjoint representation. Here M“ is the Faddeev-Popov
operator and the ¢® and & are Grassmann fields which in this case are called re-

spectively as the Faddeev-Popov ghost and anti-ghost fields, that are scalar fields

16



1.3 Quantization of gauge theories

that obey anti-commutation relations. This implies their field excitations are
causality-violating particles, not belonging to the physical spectrum or, in other
words, virtual particles, appearing in the Feynman diagrams only as internal loops
and never having asymptotic states [19; 20]. However, such fields are important
because they cancel non-physical degrees of freedom of the gauge fields playing a
pivotal role to make the theory unitary [20]. The term Spp = — [ d*z(cMc) will
be called as the Faddeev-Popov action.

Substituting eq.(1.33) into eq.(1.31) we obtain,

1 i st i angens
Z = ﬁ/[DA][DC][DC] e~ SIAl=Sar[Al+ [ dz(c* Mc)
1 C - — —
- ﬁ/[DAHDCHDC] e~ SlAl=5Scr[A]-SFp(A]
1
- ﬁ/[DAHDCHDC] e~ SerslAl (134

with Serr = S + Sar + Spp being the effective action of the theory.
As can be seen on [22; 23; 24; 25|, another way of writing the gauge fixing

action can be,
Ser = / ate (1) (@) + SH1°) (1.35)

where b%(x) is the Lautrup-Nakanishi field, which is a Lagrange multiplier for the
coupling we are inserting in the theory, the gauge condition.

We can observe form eq.(1.34) that it manifests a symmetry called as ‘Faddeev-
Popov symmetry’, which is characterized by the invariance under the following

transformations over the ghost fields,

@ — et

@ — e (1.36)
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1.3 Quantization of gauge theories

with 6 being a finite, commuting and global parameter. Such symmetry leads to
a new conserved charge called as ‘ghost number’, where the ghost and anti-ghost
fields will respectively have, by convention, ghost numbers 1 and —1.

Another important feature of the Faddeev-Popov quantization procedure is
that even if the gauge symmetry of the action is broken, there still exist a residual
symmetry; the Becchi-Rouet-Stora-Tyutin (BRST) symmetry [26; 27; 28; 29].
It is characterized by the fermionic operator s, which is a nilpotent (s* = 0)
operator. It is a kind of supersymmetry, since it relates fermions to bosons and

vice versa, being given by,

a ab b
sA;, = —Dj’c
a g abc b ¢
sct = 2f c’c
sc® = b*
sb® = 0 (1.37)
Moreover, we have that,
SSeff = 0. (138)

It is important to observe that the BRST symmetry transformation has ghost
number 1 and dimension 0, so it increases by 1 the ghost number of the field upon
which it is applied, which is one of the many differences between the BRST and
the conventional gauge symmetry [28; 29].

Another important feature of the BRST symmetry is that, from the nilpotency
of the BRST operator s, we are able to define its cohomology [29; 30]. Thus taking

an arbitrary BRST-invariant object W9, with dimension n and ghost number g,

n
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1.4 Linear Covariant gauges

in such a way that it obeys the following equation,
sW9 =0, (1.39)
we are able to rewrite U as,
VI =9+ sEI, (1.40)
where,

sCY

n

CJ # s(something),

0,

s2EI! 0. (1.41)
We call €7 as the closed, or non-trivial, sector of the BRST cohomology, while

E971 is called as the exact, or trivial, sector of the BRST cohomology.

1.4 Linear Covariant gauges

Within the context of the Faddeev-Popov quantization we chose the Linear Co-
variant (LC) gauges as one of our gauge fixings to work with.The significance of
the linear covariant gauges arises from their dual capacity to preserve the covari-
ance of the theory and offer a practical framework for performing calculations.
Covariance, in the context of gauge theories, pertains to the property wherein
equations and physical observables maintain their structure under local gauge
transformations. This property ensures the theory’s consistency and mathemat-
ical coherence. Linear covariant gauges provide an effective means to maintain

covariance while facilitating computational convenience. They serve as a valuable
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1.4 Linear Covariant gauges

tool for performing calculations without compromising the essential properties of
the theory.

One example of a linear and covariant gauge is the Landau gauge,
0, AL =0, (1.42)

which is a really manageable gauge fixing to work on, being for this reason a very
popular one, having a great amount of papers on literature [31; 32; 33; 34; 35; 36]
making use of it even on lattice [37; 38]. In such works, as well as the ones done
directly in the linear covariant gauges, it were found evidences that the gluon
propagator is suppressed in the infrared regime, while the ghost propagator is
enhanced, which is something that is in agreement with the results obtained
within the Refined-Gribov-Zwanziger model [14; 39].

The general case of linear covariant gauges is defined by the following condi-

tion,
OuA;, = iab®, (1.43)

where « is the gauge parameter. It can be easily seen that the Landau gauge is
recovered in the limit where the gauge parameter a« — 0. Using the Faddeev-
Popov quantization procedure that we exposed in the previous section we find

out that in the Linear Covariant gauges the path integral (1.19) becomes,

Z = % / [DA)|Dé)|Dc)| Dbl Sy —S5% (1.44)
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1.5 Maximal Abelian gauge (MAG)

where Sy, is the Yang-Mills action (1.18) and,

Sk = S&r+ Sep

— / d'z (ib“@qu + %b%a — E“Mabcb> , (1.45)

is the sum of gauge-fixing action with the Faddeev-Popov one, both in the LC

gauges. Here we have that,
M® = —9,D, (1.46)

is the Faddeev-Popov operator, and fo’ is the covariant derivative in the adjoint
representation defined on eq. (1.12).

So the gauge fixed Yang-Mills action in the linear covariant gauges becomes,
S = Sy + SES. (1.47)

Therefore, from the path integral (1.44) we can find the propagators of the

theory in the Euclidean space-time,

a b _ 1 kﬂkl/ kﬂk’/ ab
(AL(R)AL(=k)) = [ﬁ <5uu - ?> + 047] 0%,
(@ (k)P (—k)) = —% (1.48)

1.5 Maximal Abelian gauge (MAG)

Another gauge fixing condition that will be important for the work of this thesis
is the maximal Abelian gauge. This gauge fixing was chosen by two main reasons;

the first is because there are not much calculations in the literature made on this
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1.5 Maximal Abelian gauge (MAG)

gauge; the second is the fact it is implementable on lattice, which means that we
are able to compare our analytic results with the ones obtained on lattice [4; 40].

Besides that, the maximal Abelian gauge is important due to the fact that
with it we are able to separate the non-Abelian and the Abelian sectors of the
Yang-Mills theory enabling us to investigate the existence of evidences for the
Abelian Dominance hypothesis [41], which will be better explained along this
thesis.

Before introducing explicitly this gauge condition, we need to introduce the

Cartan decomposition, which is defined by,
A A aqa [ % al}
AT = ANT* + AT, (1.49)

where the capital group indices A run in the set 1,2, 3, ..., (N? — 1) of the SU(N)
group. Regarding the lower case group indices, we have that the ones with the
letters a, b, ¢, ..., which will represent the non-Abelian (off-diagonal) components,
will run in the set 1,2,3,...N(N — 1), while the ones with the letters i, j, k...,
which will represent the Abelian (diagonal) components, will run in the set of all
the other N — 1 components of the SU(N) group. Therefore, 7% and T" will be
respectively the non-Abelian and the Abelian generators.

It is important to state that, regarding the maximal Abelian gauge, all the
computations that will be addressed in this thesis will be restricted to the SU(2)
symmetry group. Therefore, in the SU(2) Yang-Mills theory such generators will
be,

le5 ,T2:5 . , T3 == , (1.50)

which means that they are proportional to the Pauli matrices in the adjoint
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1.5 Maximal Abelian gauge (MAG)

representation. With such matrices we can form a decomposed algebra,

(7", 7] = 0
[Ta,Ti} — _Z'fabin
[T°,T"] = if*™T°+if*T" (1.51)

In the SU(2) case, one has only 3 generators, where the ones with the index
a = 1,2 will be the non-Abelian generators and the one with the index 3 will be

the one and only Abelian generator. Therefore,

(7%, 7°] = 0
[Ta,TB] — —’ifabBTb
[T°,T°] = if*T®, (1.52)

where the f¢ term does not exist in this special case since we only have 2 non-
Abelian components.

Now, we are able to define the Maximal Abelian gauge conditions, which are,

DA, = (670, —gf™A,)A} =0, (1.53)
A, = 0, (1.54)

The first gauge condition, eq.(1.53), is obtained by minimizing the following func-

tional,

22, A] = / 0o A% (2) A% (1), (1.55)

with respect to the gauge condition, see [42; 43]. The second gauge condition,

eq.(1.54), is not obtained from any functional extremization, actually being re-
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1.5 Maximal Abelian gauge (MAG)

lated to the necessity of fixing a residual U(1)"¥~! symmetry. This infinitesimal

gauge transformations for both sectors can be written in their explicit form as,

a a ab, b abc oAb, ¢ abi AL i
AN = AL+ DPW + gf AW+ gf AW (1.56)

Al = A+ O’ + fUALY, (1.57)

with w’ and w® being the components of the infinitesimal gauge transformation,

1
At — A+ 52);‘%/*, (1.58)
in such a way that,
WATA = WoT + W'T". (1.59)

It is also important to expose that from eq.(1.10) we find out that the structure

constants f® and f¢ obey the following relations,

JOUCOle 4 foULfUe p pode ety podtpiet y pacc bty peeift =0, (1.60)
fabCfbdi +fabdfbic+fabif50d — 07 (161)
fabi gbic 4 pabj gbei - — - (1,62)

After all those definitions, let us now consider the SU(2) Yang-Mills theory,
expressed within the Cartan decomposition, i.e., A, = AIT4 = AT + A3T3,

1
SYM == Z/d4$F£,F£j
1
= / d*z (FSVF§V+F3VF3V), (1.63)

where the index a = 1,2 stands for the non-Abelian components, and the index

24



1.5 Maximal Abelian gauge (MAG)

3 stands for the Abelian one.
Using the Faddeev-Popov quantization procedure we find out that in the Max-

imal Abelian gauge the path integral (1.34) is,

Z=N / [DA®[DA][De*][Dc)[D&)[ D] [ Db [ Db)e ™ (1.64)
where,
S = Syn + SHSC (1.65)
and,
Sep© = Sgr + Sep (1.66)
with,
SMAG — / diz (ibaﬂff’A’; + ¢b3aMA§;> ,
Srp = /d4m< — M 4 gfie (@ZCAZ) &+, (0,6 + gf“bgAZcb) ) ,

(1.67)

being respectively the gauge fixing action and the Faddeev-Popov action in the
MAG. Moreover we have that,
ab __ acqycb 2 rac3 pbd3 Ac Ad
M® = =DiDy — g" f*“ f* Al A (1.68)

i

is the Faddeev-Popov operator. This amounts to the implementation of the fol-
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1.5 Maximal Abelian gauge (MAG)

lowing conditions,

9. A, = 0,
DA, = 0. (1.69)

From the path integral (1.64) we can find the propagators of the theory in the

Euclidean space-time,

1 k. k,
(AL (R)AL(—k)) = @(@W— 2 )5

1 AW
(A(R)AL(~F)) = @(@w— - )5’%

5ab
(@ (R) (k) =~ (1.70)
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Chapter 2

The Gribov Problem

2.1 Summary

In the previous chapter we discussed about the path integral quantization of gauge
theories in the perturbative regime. However, in this chapter, we will discuss
about the generalization of the path integral quantization of gauge theories to
the non-pertubative regime. We will analyze the problems related to the arising
of spurious gauge copies called ‘Gribov ambiguities’, and we will follow the steps
made by Gribov [39; 44; 45; 46; 47] in order to deal with them.

As discussed in the previous chapter, the quantization of a gauge theory ne-
cessitates the gauge fixing of the generating functional at the action level. This
crucial step addresses the issues of non-normalizability caused by gauge ambigui-
ties and the non-invertibility of the quadratic gauge field operator. To accomplish
this, we employed the Faddeev-Popov method, a powerful approach that incor-
porates a gauge fixing term into the effective action of the theory. Notably, the
Faddeev-Popov term emerges from the Jacobian of the gauge transformation,
adding an additional contribution to the overall dynamics of the system.

However, it is important to state that the entire Faddev-Popov quantization

27



2.1 Summary

procedure is based upon two major hypothesis:

e The gauge fixing is always perfect, selecting only one representative of each

gauge orbit.
e The Faddeev-Popov operator is always invertible.

Nevertheless, both hypothesis are not in general well justified, in such a way that
the Faddeev-Popov procedure is not always valid, needing to be improved.

To understand the violation of the first hypothesis we must remember the
explanation of the section 1.3 about the gauge fixing procedure. There we saw
that to fix a gauge means to select a surface in the gauge field configuration
space which crosses all the gauge orbits once, and only once, choosing, in such
a way, the configurations that will be the representatives of each orbit and over
which we will sum into the path integral. However, we have not emphasized
that the gauge orbits are curves in the gauge field configuration space that can
intersect the gauge fixing surface more than once, leading to the selection of more
than one representative for the gauge orbits (see figure 2.1). This spurious extra
configurations are called as ‘Gribov ambiguities’, or also, ‘Gribov copies’ and one
of their effects on the Faddev-Popov quantization procedure is that they make the
path integral to become again non-normalizable, since we come back to integrate
over equivalent gauge field configurations.

Concerning the second hypothesis we have that, in the Landau and Maximal
Abelian gauges (where the calculations were already made), when the amplitudes
of the gauge fields are sufficiently large or, in other words, when we enter in
the non-perturbative regime, the operator M will acquire zero modes (null
eigenvalues), thus becoming non-invertible. This is also due to the presence of
spurious new gauge copies (Gribov copies) in this regime, as we will see in the

next section.
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2.2 The Gribov problem in the Landau gauge

A Gauge fixing
surface: f[A]=0

Figure 2.1: This is an heuristic representation of a gauge fixing surface intercepting multiple
gauge orbits. We can see that since they are not straight lines but curves, the gauge fixing
surface will end up intercepting them more then once. The original image can be found on [2]

Therefore, we can summarise the problem of the violation of the two major
hypothesis of the Faddeev-Popov procedure as being part of one bigger problem
that is known as ‘the Gribov problem’ [39; 44; 45; 46; 47].

2.2 The Gribov problem in the Landau gauge

As it was explained in the summary (2.1) the Faddeev-Popov quantization pro-
cedure works very weel in the perturbative regime of gauge theories. However, in
the non-perturbative regime it is spoiled due to the arising of the Gribov ambi-
guities, which leads the Faddeev-Popov operator to manifest zero-modes, making
it non-invertible [44; 45; 46; 47; 48|.

One can easily understand this issue by analysing the Faddeev-Popov opera-
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2.2 The Gribov problem in the Landau gauge

tor’s eigenvalue equation in the Landau gauge, as follows,

Mabé—b — _aﬂDzbgb — E(A)fa,
_5ab82€b +gfabcau (AZfb) — S(A)fa, (21)

where (A) are the eigenvalues of M and £ being an infinitesimal gauge pa-
rameter of the gauge transformation A;f — Aj — Dzbﬁb. One can see at eq.(2.1)
that when the amplitude of the field Aj, is small, or when we turn off the coupling
constant g, the first term §%°90%¢® becomes dominant and leads to solution for &2
with positive eigenvalues £(A), meaning that at such regime the Faddeev-Popov
operator is invertible. However, for sufficiently high values of gA, we can ob-
tain negative eigenvalues for the Faddeev-Popov operator, meaning that, at some
point, we necessarily reached its zero-modes. Moreover, the eigenvectors £* with
which these zero modes are assotiated will be the so-called ’infinitesimal Gribov

copies’, and,
—0,D¢" =0 (2.2)

will be known as the copies equation.

This means that, for high values of the coupling constant g (non-perturbative
regime), a different approach [36; 45; 49; 50] might be implemented in order to
circumvent the arising of infinitesimal Gribov copies and the zero-modes of the
Faddeev-Popov operator with which they are assotiated.

A great progress was made by Zwanziger in [36; 45; 46; 49; 50; 51], where the
Faddeev-Popov quantization procedure was improved by making a restriction on
the domain of integration of the path integral (1.19) to a region of the gauge field
configuration space where all the A} fields obey the gauge-fixing conditions and

for which the Faddeev-Popov operator is invertible. This region is the so-called
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2.2 The Gribov problem in the Landau gauge

Gribov region which presents important features like:
e It is bounded in all directions;
e [t is convex;
e All the gauge orbits cross the Gribov region at least once.

The last property of the Gribov region is what guarantees that no physical infor-
mation is lost in this restriction process. This is so due to the fact that all the
gauge field configuration that lie outside Gribov region will be necessarily gauge
copies (Gribov copies) of some configuration inside of it.

For the Landau gauge the Gribov region {2 will be defined as,
Q= {A%0,A% =0,M* > 0}. (2.3)

To implement such a restriction into the path integral (1.44) we need to im-
pose the so-called 'no-pole condition’. In essence, we will impose that the ghost
propagator does not develop poles, except the trivial one. As it is defined as the

inverse of the Faddeev-Popov operator,
(€ (k)" (—k)) = (k|(M™1(A))™[k), (2.4)

which, as can be seen on [45; 46; 52], up to one loop it is given by,

R ~ BT (25

where,

N @k, Z A (q)AL(—q)

A= 3TV e

(2.6)
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2.2 The Gribov problem in the Landau gauge

and V is the volume of the Euclidean space. As it can be easily seen, the ghost
propagator has two poles. The first one occurs at k% = 0, which is interpreted as
the place where resides the Gribov horizon or, in other words, is the place where
the first zero-mode of the Faddeev-Popov operator M. Yet, when the second
pole p(k, A) = 1 is reached, it means that we reached the second zero-mode of
M, meaning that we are necessarily outside the Gribov region. Therefore we
conclude that for p(k, A) < 1 we would necessarily be inside the Gribov region.
Moreover, as p(k, A) is a monotonically decreasing function [46], we have that

such a condition can be restricted to,
p(0,A) < 1. (2.7)
Now, we can finally rebuilt our path integral (1.44) in the following form,
Z = N / (DA|[DE[DA[DO(1 — p(0, A))e=S,

100+€ dC

—100+€ QWZC

= N [DA][Dé][De][Db]e~5F¢(1=p(0:4) (2.8)

with S given by eq.(1.47) and ©(1 — p(0, A)) being a Heaviside function that
properly restricts the path integral to the Gribov region and that can be rewritten
as an integral over (.

In order to analyse how such modification of the Faddeev-Popov method af-
fects the gap equation [36; 39; 44; 45; 46; 47| and the two-point functions of the
theory at the tree level, we only need to consider the quadratic terms over the

fields on eq.(2.8), that will be given by,

oo o [ £

271

(2.9)

2
f(Q) = C—lng—g(m_l)zln(quF Ng=¢ )

2V@?(N? - 1)
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2.2 The Gribov problem in the Landau gauge

Thus, this last integral can be evaluated by means of the steepest descent ap-

proximation method in order to find that,
Zaedr  —  of(o) (2.10)

where (j is the saddle point of the function f((), meaning that,

f(go)_0—>1——+— gz (2.11)

4 _CoNg?
+ ey

Now, defining the so-called Gribov parameter’ 4* = 4‘/(]6—02_1) we obtain that,
1 1
1= —Ng? . 2.12
W1y T Zq: '+ 2N g2y (2.12)

So taking the thermodynamic limit of V' — oo we get,

3 dq 1
1=<Ng? 2.13
TR / (2m)% gt + 2N gy Y (213)

which is the so-called 'gap equation’, from which we can determine the Gribov
parameter v* in terms of the coupling constant ¢ and an ultraviolet cut-off A.
From eq.(2.8) one can also calculate the new gluon propagator, that will be

given by,

(A5 (k) A(—K)) = ﬁw (5 kkk )5@” (2.14)

where it can be seen that it has a complex pole’s structure, meaning that it is
associated to non-physical degrees of freedom, since its mass will be out of the
physical spectrum. This is an important feature since it allow us to interpret it

as the propagator of confined gluons, since if a particle is confined, it might also
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2.2 The Gribov problem in the Landau gauge

be out of the physical spectrum of masses.

In order to continue to the next section, it must be stated that the restriction
done to the path integral on eq.(2.8) was implemented by imposing the no-pole
condition up to the first order of the ghost two-point function. However, an all
order prescription was first made at [49], where instead of the no pole condition,
it was only needed to impose that the minimum eigenvalue of the Faddeev-Popov
operator had only positive values. In the Landau gauge, this means that the

Gribov region will be defined by the condition,

Such a condition when applied to the trace of the Faddeev-Popov operator, ex-

pressed in eq.(1.68), leads to,
tr(M®(A)) = VA(N?* — 1) — H[A] > 0, (2.16)

where H[A] is the so-called "horizon function’, which properly restrict the Gribov

region to all orders of the series expansion, and it is given by,

Hi[A] = / d4wd4y<92f“bCAZ(w)[M_I(A)]“d(x,y)fd“AZ(y)>' (2.17)

After implementing the horizon function to the path integral, the total action

becomes,
Sez = Sym+ Skp+ / d'x <V4HL[A] + 44V (N? — 1)), (2.18)

which is called as the Gribov-Zwanziger action. Here, the Gribov massive param-
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2.2 The Gribov problem in the Landau gauge

eter v* will be determined by the "horizon condition’, which is given by,
(HL[A]) = 4V(N? —1). (2.19)

As Hp[A] is a non-local term, we can add some suitable auxiliary fields in

order to properly localize it. This will be done by the following identity,

| [Dcz_ﬁ][Dd[Dw][Dw]expl/ dady (éz%xw“%x,ywzcw

- @Zc(x)M“b(x,y)wZC(y)> — 97 / d'z f A (2) (6, (2) + o () |,

(2.20)

where (¢, $) and (@, w) are, respectively, bosonic and fermionic pairs of auxiliary

fields. This leads the path integral to assume the following form,
7 = N/[D,u]e_scz, (2.21)
where the [Dyu] = [DA][Dé][Dc][Db][D¢][ D[ D&][Dw] and,

SGZ — SYM + Sﬁp o /d4l' (&ZcMab(A)qch . C:)ZCMab<A)wbc> +

0

+ / d*z [gy* f AL (8% + ¢0F) + 49 V(N? = 1)] (2.22)

is the new localized form of the Gribov-Zwanziger action in the Landau gauge.

35



2.2 The Gribov problem in the Landau gauge

2.2.1 The BRST symmetry of the Gribov-Zwanziger ac-

tion in the Landau gauge

One important feature that can be analysed on eq. (2.22) is the BRST symmetry.
As it can be seen on [20; 26; 27; 28; 29; 38; 47; 52; 53| the BRST symmetry of
the GZ fields in the Landau gauge is given by,

sAj = —Dzbcb , sct = gfabccbcc,
sc* = b*, sb* =0,
scpzb = wzb, swzb =0,
st = @i sgil =0, (2.23)

where s is the nilpotent BRST operator.
However, if we apply it on eq. (2.22) we find out that,

sSey = s / d g0 fe A (% + ¢t)] #0, (2.24)

which means that the BRST symmetry is softly broken in the non-perturbative
regime. We use the term ’softly’ due to the fact that in the limit in the perturba-
tive limit, which means g — 0, or else v — 0, we reobtain the BRST symmetry.

Since the BRST symmetry is important to prove the renormalizability of the
theory [29; 54|, researchers tried some ways to reestablish it in the GZ model
[52; 55; 56]. Then, in order to circumvent the problem of the BRST symmetry
breaking in the non-perturbative regime, it was proposed on [55] to use a non-

local, transverse, and gauge invariant field AZ’“, introduced in [57; 58]. Explicitly,
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2.2 The Gribov problem in the Landau gauge

AZ“I can be written as an infinite non-local series, given by,

k. k 1 1g| 1 1
h v . 3
AM = (5/“’ — #) <AV — 19 ﬁaA, AV + 5 @814, 8,,@814 + O(A )> .
(2.25)
with AZ being BRST invariant, since,
sAl = 0. (2.26)

With this non-local field we can rewrite the GZ action of eq. (2.22) in the

form,

SGZ _ SYM + Sﬁp . /d4ZL‘ (Q_SZCMab(Ah)QSZC . wszab<Ah)wzc) +

+ / d'z g2 [ AR (G0 + o) + 4y V(N = 1)] (2.27)
with,
M®(AY) = —6%0" + gf* AR, (2.28)

Even though we have the localizing auxiliary fields ¢, ¢, w and @, the action
(2.27) is still non-local due to the presence of the non-local field AZ. Thus in
order to localize this new action, we add a new Stuekelberg field £* as in [59].

Then we rewrite the field AZ in a local fashion, in the form,

i
Al =htA,h+ EhTa’“‘h (2.29)
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2.2 The Gribov problem in the Landau gauge

with,

h = 981", (2.30)
At last, we implement the transversality condition of the AZ@ field,

9 Al =0, (2.31)
leading the action (2.27) to become,

Saz = Sym+ Spp— / d'z (¢ M (A"l — @i M (AM)wi’) +
+ /d4CL’ [g,VQfabcAZ,a (gg‘l;c + (b/llc) + 4/74V(N2 . 1)} +
+ / d'z [T, Al — i M (AMn'] | (2.32)
which is the local and BRST invariant version of the action (2.22). Here, 7 is a
Lagrange multiplier to ensure the transversality condition and the fields (7%, n%)
are just ghost-like fields that come from the Jacobian that appears due to the

implementation of such a restriction.

Finally, the complete set of BRST transformations that leaves the action
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2.2 The Gribov problem in the Landau gauge

(2.32) invariant is

sAj = —Dzbcb, sct = gf“bccbcc,

s = b7, sb* =0,
sgozb:(), swzb:(),
s@/‘ibzo, S@szo,

sh'l = —igc™(T*)*nM | SAZ’C” =0,

st =0, sn® =0,

sn® =0, s€* = g™ (), (2.33)

where, )
gh() =~ + Lpovege — L pamr pringagr L 0(F), (234)

and s is a nilpotent, i.e. s> =0, BRST operator.

2.2.2 Extension to the linear covariant gauges

As it was previously seen on section 1.4, the Landau gauge, denoted by 9, Aj, = 0,
stands out as a special case (a« = 0) of the linear covariant gauges, denoted by
O, A}, = —iab®. Thus, after obtaining a BRST invariant form of the GZ action
in the Landau gauge, lets now obtain its generalization for the linear covariant
gauges.

First of all we need to state that one important difference between the Lan-
dau and the linear covariant gauges is regarding the Hermicity property of the
Faddeev-Popov operator DszZ. This operator is Hermitian only for @ = 0,
while for non-vanishing values of the parameter « it develops complex eigenval-
ues (meaning it is not Hermitian). Therefore such issue ends up spoiling the

Gribov-Zwanziger analysis for the removal of infinitesimal Gribov copies (zero
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2.2 The Gribov problem in the Landau gauge

modes) from the path integral measure. However, thanks to the works of [55; 56]
that gave us the basis for the formulation of a BRST-invariant GZ action in the
Landau gauge, we are able now to overcome this problem in the linear covariant
gauges also. The idea is basically the same of the section 2.2.1.

We will take the linear covariant action (1.45) and we will rewrite it in terms
of the non-local and transverse gauge field AZ, defined on eq. (2.25). Then
we rewrite this field in a local fashion using eq. (2.29) where we introduce a
Stuekelberg field £%. Finally, we impose the transversality condition 8HAZ =0on

the non-local field, leading us to the following action,

Saz = Sym+ Slejcg — /d4l‘ (QZ_SZCMab(Ah)ngZC — @ZCMab<Ah)wzc) +
+ /d4l’ [g,VQfabcAZ,a (Q;Zc + ¢Zc) + 4,}/4‘/(]\[2 o 1)} +

+ / d'z [0, AN — " M (A"’ (2.35)

where SES is the Faddeev-Popov action in the linear covariant gauges, given by
eq. (1.45). So eq. (2.35) is the local and BRST invariant form of the GZ action
in the linear covariant gauges. This means that with the action (2.35) we are
implementing the restriction of the path integral to the Gribov region €2, which

will be given by
Q= {A2]0,A% = —iab®, M®(A") > 0}, (2.36)

where M (A") is given on eq. (2.28).
From the action (2.35) we are able obtain the gluon propagator of the theory

in the linear covariant gauges, which will be given by,

(AL(R) AL (=) =

= ko bk ] o
W(éuy— '};2 >+Oé /]::4 ]5 s (237)
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2.3 The Gribov problem in the maximal Abelian gauge

where it can be easily seen that in the limit o« — 0 we recover the gluon propagator

(2.14) of the Landau gauge.

2.3 The Gribov problem in the maximal Abelian
gauge

As it was shown in the last section, the procedure of removing the infinitesimal
Gribov copies form the path integral leads to a non-perturbative massive term in
the gluon propagator in the Linear covariant gauges.

Now, we will repeat the same quantization procedure in the MAG in order to
be able to analyse how the Abelian and non-Abelian sectors of the SU(2) Yang-
Mills theory is affected by the elimination of infinitesimal Gribov copies. First of
all we derive the equation that defines the Gribov copies.

We start defining a gauge field A,(x) whose Abelian and non-Abelian com-

ponents respectively transform, as in eqs.(1.56) and (1.57), i.e.,

A(r) = A — g’ — gf“bgAZwb, (2.38)
Al(z) = A% — D’ — gfPA W, (2.39)

Over the transformed fields of egs. (2.38) an (2.39) we will impose the Max-
imal Abelian gauge conditions given by egs. (1.53) and (1.54) in such a way
that,

A3 =0, (2.40)
DIP(A)AY =0, (2.41)
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2.3 The Gribov problem in the maximal Abelian gauge

what will give us,

aHAi - 82(,4.)3 . gfab?)aHAZwb o gfab3Aza#wb _ 07 (242)
Dzb(/_l)Az — DZC(A)DZb(A)wb — gf“b?’@i’f(/_l)(AZw?’) =0, (2.43)

and so taking the first order approximation over the gauge parameters w and w*

and imposing again the gauge conditions over the equations above, we obtain,

—Pw — gf 0, Al — gf*PALD W = 0, (2.44)
M®w = 0, (2.45)
with,
ab __ acqych 2 rac3 pbd3 Ac pd
M® = =DIDy — g~ f* "7 AL AL, (2.46)

being the Hermitian, [60] non-Abelian Faddeev-Popov operator. The eqs. (2.44)
and (2.45) give us the conditions for the existence of the Gribov copies. From
eq. (2.44) we can see that the infinitesimal gauge parameter w? is determined in

terms of the parameter w®, as follows,

0
w?=—g “bga—g(AZwb), (2.47)

in such a way that redefining it by @* — w? — ¢ fab?’%(AZwb) we obtain that,

O’ = 0. (2.48)

The parameter w?, in its turn, is determined by eq. (2.45). This means that the
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2.3 The Gribov problem in the maximal Abelian gauge

infinitesimal Gribov copies are essentially determined by eq. (2.45).

It is important to mention here that, as shown in [46], applying such transfor-
mation over the generating functional would lead to a field independent Jacobian,
implying the decoupling of the Abelian ghosts of the theory and as a trivial con-
sequence, they will not be affected by this generalization of the path integral
quantization of gauge theories.

Now, we are finally able to start implementing the Gribov-Zwanziger approach
in order to properly eliminate all the infinitesimal Gribov copies from the path
integral (1.64). To do so, we apply on the path integral (1.64) the restriction to
the Gribov region, which will be defined as,

Qac = {(Aj’;, ALY @;”AZ =0, aMAf; = 0|M*® > 0}. (2.49)

Some of the properties of this region are,

e It is unbounded in all Abelian directions and bounded by the Gribov horizon

in the non-Abelian ones as we can see in the figure 2.2;

e [t is convex, meaning that any straight line drawn through an arbitrary
point on this surface, in any direction, will intersect at most two points of
the horizon. In simpler terms, this means that when we combine two gauge
fields, denoted as A}, and A?, belonging to the Gribov region, their sum
)\AL + UAZ will also lie within this region if the coefficients A and o satisfy
A+o0 =1and A\, o > 0. This result has been established and demonstrated
in [46] and [47].

Such restriction will be implemented by adding into the action (1.65) the
Horizon function [47; 61; 62; 63],

HYAG(A) = g7 / d'ad'y [0 AL (o) [M )" (2, y) FP AL (), (2.50)
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A b

Quac

Figure 2.2: Gribov region in the MAG (3]
in such a way that,
SMAC — Syap + SHAY 4 A HMAC(A) + 44V (N? — 1), (2.51)

with SMA being given by eq. (1.66). As in Linear covariant gauges, the Horizon
function (2.50) is non-local. It can be localized by means of suitable auxiliary
fields, as can be seen on [44; 64; 65]. Doing so, we obtain the following local and

renormalizable [64] action,

SUAC = Syns + SpC + SMAC 4 gMAG, (2.52)
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2.3 The Gribov problem in the maximal Abelian gauge

with,

S = [ dtady (Gt M, ) dl) - @) M i), (259

and,

5006 = I [ 0 A30) 030 0) + 0(2)), (2:54)

while the first two terms of eq.(2.52) are respectively given by equations (1.66)
and (1.63).
From the action (2.51) we obtain the propagators,

(AL(k)AD(=k)) = %<5MV— kz’?)m (2.55)
(AL (k)AL (—K) = (kugNgQ%) <5W—%)633, (2.56)

where v is the Gribov parameter. It can be seen from the expressions above that
the elimination of the infinitesimal Gribov ambiguities only affects the Abelian
sector of the YM theory, leading it to become supressed in the non-perturbative
(infrared) regime. This happens because the Gribov parameter leads the poles
of the Abelian propagator to acquire complex values, meaning that the Abelian
gluon masses get out from the physical spectrum in the non-perturbative regime.
This can be interpreted as an evidence of gluon confinement, since if a particle is

confined, we expect its mass to be unphysical, since we can not measure it.
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2.3 The Gribov problem in the maximal Abelian gauge

Regarding the BRST symmetry of the action , in the MAG they are given by,

SAZI—(DZbe—l-gfabBAZC?’), s¢t = gfMBde3
sAz = — (9, - gf“b?’AZcb) , s¢> =0,
sc® = 1b*, sb* =0,
s¢® =ib%, sb3 =0,
5¢Zb = wa ; swzb =0,
s’ = i’ s¢u =0, (2.57)

where s is the nilpotent BRST operator. As well as in the Landau gauge, we

have that the auxiliary field wzb can be transformed as,
2
wl‘jb — wa + 5 /cl‘ly[]\/[1]“‘3]‘01’3(@03 + gfde3Aﬁce), (2.58)
and applying it on the action (2.52) we find that,

SeF S = Syu + SpP + SUAY + A HMAG(A) + 49 V(N — 1) +

2
"y al a ab —0oa
+ g/d4x(®“b¢z —s(@ubwz ))s (2.59)
Now applying the BRST operator s on the action above we obtain,
MAG iV ab b
SSGZ = S/d I’(g@i ¢ua)

2
v a a a c ¢ @
) /d437[f b?’AiWZ —f bg(auc3+gf dgAucd)(bZ]
0,

£ (2.60)

meaning that the BRST symmetry is softly broken as in the Landau gauge, since

due to the presence of the v? term, we have that the breaking terms vanish for
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2.4 Refined Gribov-Zwanziger in the linear covariant gauges

v — 0.

2.4 Refined Gribov-Zwanziger in the linear co-
variant gauges

As it was shown in the previous sections, the localization of the Gribov-Zwanziger
action is implemented by means of the introduction of pairs of bosonic and
fermionic auxiliary fields. In the linear covariant gauges such a procedure leads
to the resulting local action (2.32). From that we realize the existence of a scaling
behaviour for the form factor of the gluon propagator that vanishes in the limit
k — 0. However, lattice simulations [66; 67; 68; 69] have already showed that
the zero-momentum limit of the form factor of the gluon propagator has actually
a finite value. This means that the Gribov-Zwanziger action was was not com-
patible with such gluon propagator behaviour. There could yet exist some other
features that were not being taken into account. Fortunately, it was observed in
[14; 70] that non-trivial condensates are formed due to infrared instabilities of
the GZ action [15].

With this in mind, it was also shown in [14] that we can take such condensates

into account from the beginning by introducing into the action a term of the kind,
So = /d4x (JO = pg*J), (2.61)

where O is a 2-dimensional operator, J is the source, and p is a dimensionless
parameter needed in order to grant the renormalizability of the theory since it is

responsible for removing any potential divergencies proportional to g.J. Moreover
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2.4 Refined Gribov-Zwanziger in the linear covariant gauges

we have that J and p form a BRST doublet, since,
sp=14J, sJ=0. (2.62)

As the source J has a mass squared dimension we can rewrite J = M?,
where M? will be the mass of condensate (O) and will enter into the poles of
the propagator modifying its physical spectrum. The resulting action of such a
procedure is called as the Refined Gribov-Zwanziger action (RGZ). In the linear

covariant gauges the RGZ action is given by [71],
Sraz = Saz + Sm + Sy, (2.63)

where,

]' a a
S, = / d*x (§m2AZ’ Al ) (2.64)
S, = / d%( — 12 (P — wgbwgb)) (2.65)

are respectively the actions that give the contribution of the condensation of the

2-dimensional operators A%® A% and ¢2°¢> — 02w, From eq. (2.63) we obtain

that the gluon propagator in the linear covariant gauges becomes,

(AL(R) A (=) =

k'2 + [1/2 5 . k,u,kl/ + ak}th 5ab
(k2 + m2) (k2 + 122) + 2Ngy \ ™~ k2 P

(2.66)

From this propagator one can see that in the limit of £ — 0, and taking o — 0,
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2.5 Refined Gribov-Zwanziger in the maximal Abelian gauge

we obtain,

2

k. k
Al Ab o — K _ ab' 2.
< u(k) 1/( k)> k0 m2,u2 +2Ng2’y4 <6MV kz >5 ( 67)

This shows that at low momenta the propagator reach a finite value, which is in
good agreement with the lattice results [66; 67; 68; 69], even at 1Gev and in [69].

It is important to state that the mass parameters m? and p? are determined
each one by their own gap equation which are obtained by following the proce-
dures discussed in [71]. Yet, regarding the Gribov parameter v*, we have that in

the RGZ context it will be determined by the following gap equation,

1—§N2/ g ! (2.68)
17 ] o (@ md) (@ + )+ 2Ng '

which was derived following the same steps that we took to derive eq. (2.13).

2.5 Refined Gribov-Zwanziger in the maximal
Abelian gauge

As in the Linear covariant gauges, we can also analyse the condensation of two
dimensional operators in the infrared regime of the Yang-Mills theory in the
Maximal Abelian gauge.

To do so, we will start by adding to the action (2.52) the operators Af A7,
&Z%Zb — @wazb by means of the same procedure shown on eq. (2.61). Here the
operator A} A7 does it is not written in terms of the non-local gauge field AZ,
however this implies that the action will not be BRST invariant, as in the linear

covariant case. Therefore, the refined Gribov-Zwanziger action in such gauge
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2.5 Refined Gribov-Zwanziger in the maximal Abelian gauge

becomes,

M2 a Aa “ab a —ab, a

Swex = Saz o+ / d'z (—2 ALAL = (B8 —wfwf)) . (269)
+ab Lab__ —~ab, ,ab : a pa

where the mass p stands for the condensate (¢3¢’ —wi’wi”) while M, for (A5 A%).

Then, analogously to [50; 72; 73; 74|, we obtain that the non-Abelian and Abelian

gluon propagators are, respectively,

ADAD) = sy (o o) 0% (270
3 3 _ (K + 1) Ruky '\ a3
AADAD) = e (= H5 )% 2

One can see here that the mass parameter M that comes form the condensation
of the two dimensional operator (A§Af) affects the non-Abelian gluon sector of
the theory, while the mass parameter p that comes form the condensation of the
operator (qubqﬁzb — @zbwl‘jb> affects the Abelian one.

Taking the limit £ — 0 we find that,

a 1 kuky\
(AL (K)AL(=K)) |kso = 70 (@W — 22 ) 5, (2.72)
2
% kK,
(ADA) hoo = 4 (m—#) 5, (2.73)

which means that at low momenta the form factors of the Abelian and non-
Abelian sectors will reach a finite value, differently from what happens without
the Gribov parameter and the masses of the condensates. It is important to say
that such masses were already fitted with lattice on [75] and the results agreed
with the Abelian dominance conjecture, since the non-Abelian mass M shows
to be much bigger than p. In other words this means that the non-Abelian

propagator has a shorter range than the Abelian one.
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2.5 Refined Gribov-Zwanziger in the maximal Abelian gauge

Another important result we can obtain from (2.71) repeating the same steps

followed in section 2.4 is the new gap equation,

2 4
g / 'k ! ~ 1, (2.74)
2 | @m)p IR+ 1) 1 2NgP

from which becomes evident that the condensation of the one dimensional op-
erators will affect the energy of the lowest energy state, since the gap equation
gives the difference between the vacuum energy state and the energy of the first

excited state.
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Chapter 3

The Yang-Mills-Chern-Simons
theory

In this chapter, we will examine the Yang-Mills-Chern-Simons theory within the
Gribov-Zwanziger scenario. Our focus will be on how the addition of the Chern-
Simons term and the elimination of infinitesimal Gribov copies influence the prop-
agators of the 3-dimensional Fuclidean Yang-Mills theory. We will perform our
calculations in both the Linear covariant gauges with SU(N) symmetry and in
the Maximal Abelian gauges for the SU(2) case.

One of the relevant aspects of 3-dimensional Euclidean Yang-Mills-Chern-
Simons theories lies in their connection to high-temperature Quantum Chromo-
dynamics (QCD) [9]. At high temperatures, the quarks decouples from the glu-
ons, forming a plasma of free quarks, and the gluonic sector of QCD becomes a
pure Yang-Mills theory. The high-energy regime of the 4-dimensional Minkowski
Yang-Mills theory can then be described by an effective Yang-Mills-Higgs model
[8; 9; 76; 77; 78] in the 3-dimensional Euclidean space [9]. The Higgs term (D;Ay)?
introduces a mass to the gauge field propagators by breaking the symmetry of

their vacuum expectation values. In this regime, 4-dimensional integrals over
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4-momentum become 3-dimensional integrals over Euclidean 3-momentum.

As noted in [8], the Yang-Mills-Chern-Simons and Yang-Mills-Higgs theories
are analogous from a qualitative point of view, as they both have the same number
of massive physical degrees of freedom. However, the mechanism for generating
mass is different in these two theories. In the Yang-Mills-Chern-Simons model,
the mass is generated by the topological Chern-Simons term.

The Yang-Mills-Chern-Simons (YMCS) action in three Euclidean dimensions

with SU(N) gauge group is expressed as,
Symcs = Sym + Scs (3.1)

where the Chern-Simons action Scg being
B ]' a a g aoc a (&
SCS = _Zc/d3x€upu (iAuapAV + gf b AMAZ;AV) y (32)

with C being a mass parameter and €, is the totally anti-symmetric Levi-Civita
symbol. As we can see the metric does not appear explicitly in the Chern-Simons
action, since we do not have a scalar product between vectors. This implies that
C'is a mass of topological nature [8].

One important feature of the action (3.2) is that it is invariant under infinites-
imal gauge transformations, as we can see in [8; 79; 80]. However, under finite
gauge transformations the Chern-Simons Lagrangian Lgg transform as,

1C 12im2C

Lcs — Leog + Zeumﬁutr(&,uu’lfla) + a0

n(u), (3.3)

where the second term is a total derivative, while,

1
n(u) = mem,atr(u’lﬁﬂuu’l&,uu’lﬁau), (3.4)
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is the so called winding number density of the group element u, whose integral
must be an integer in order to make the Chern-Simons Boltzmann factor to be

gauge invariant under finite gauge transformations.

3.1 Quantization of the SU(NN) Yang-Mills-Chern-
Simons theory in Linear covariant gauges

Following the prescription of section 2.4 and the work of Fabrizio Canfora [13;
81] we have that the YMCS partition function quantized in the linear covariant

gauges and restricted to the region free of many infinitesimal Gribov copies will

be,
Z=N / [D@][D¢)[Dw][De][De][Dé][Db][ D[ Di] [Dy] [D Ale 5623 ("1 (3 5)

where Sgz is the BRST invariant form of the YMCS action free from infinitesimal

Gribov copies, being given by,

Scz = Siits — [ da(FEN Al - Nt (Al) +

+ 72/d3ngabcAZ,a(¢+ ¢)Zc + /d3x<7aaMAZ,a . ﬁaMab(Ah)ﬁb> ’
(3.6)

with,

S¥ies = Symcs + / & (baauA;;— %b”b“JrE“aqujbcb) .
(3.7)
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The tree-level gauge-field propagator arising from the action (3.6) will be,

20,4 2.4 2
+29°7"N) Cp” (€unpA)
Al Ab o — 5ab p (p j)T 4
(AL() AL (=p)) 7+ 25N T O W(p)+p—4+29274N +
i apyfu 7
p
(3.8)
with,
PuPv
P (D) = 0 — —;2 : (3.9)
being the transverse projector. If we take v — 0 or p — oo we can see that,
1 C Dup
a b _ ab T uv
<Au(p)Au(_p)> =9 p2 +C? (j)p,l/(p) + E@Lx\u}h) + 047] )
(3.10)

we obtain the gauge propagator of the ultraviolet regime of the theory, which
means the propagator of the perturbative regime [71; 81|, that is the regime in
which the coupling constant g is ¢ << 1. Thus, we obtain in such limit the
regime in which the infinitesimal Gribov ambiguities are negligible.

From eq. (3.8) we can observe that there are two different sectors that can
be analysed; the parity-preserving and the parity-violating ones. The parity-
violating sector is the one multiplied by €,y,, while the parity preserving is all
the rest.

The parity-violating sector, as we can see, is deeply affected by the elimina-
tions of the infinitesimal Gribov ambiguities but it is not dependent on the gauge
parameter . Yet regarding the parity-preserving sector, we can see that only

the transverse components were affected by the Gribov massive parameter v and
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the Chern-Simons mass C'. We can also see that if we take C' — 0 we obtain,
a ab [ 1 PPy
(Asp)AL(-p) = 5 b(];?,mp) ¥ @;—4> .

which is the usual 3-dimensional gluon propagator in the linear covariant gauges.
Moreover, the parity-preserving and transverse part of (3.8) does not depend on
« at the tree level and coincides with the result in [13].

As we already saw in the previous section, the Gribov parameter is not a free
parameter but determined by the so called gap equation, which in this case will

be given at 1-loop by,

2N2 d3 4 224N
g/(p P+ 297y (3.11)

3 2m)3 (p* 4 2¢29AN)2 + C?pb -
This equation sets v as a function of C' and g. The 3-dimensional integral (3.11)
is convergent and can be solved directly, but the result is a complicated expres-
sion with two free parameters, g and C'. In contrast to theories without the
Chern-Simons term, the massive parameter C' brings a distinct mass scale to the
theory. The solution for the gap equation in the presence of C' can be found in
[82].Additionally, the gap equation at one loop does not depend on the gauge

parameter . This is expected since the non-local form of the gap equation,
(H(AM) = 3V(N? — 1) (3.12)

is manifestly gauge invariant and does not depend on «. Since 7 plays a role in
gauge-invariant correlation functions, it has a physical character and should not
depend on «.

Another important feature that can be observed form eq. (3.11) is that, due
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to the no pole condition,

p(0,A) < 1. (3.13)
it follows that,
2
g
<1 3.14
6mC ' (3.14)

meaning that in the weak coupling regime the theory is automatically within the
Gribov region.

More than that, the fact that the Chern-Simons term is not invariant un-
der large gauge transformations, even though the partition function is gauge-
invariant, has been noted in literature [8; 13]. To ensure the gauge-invariance of
the partition function, we must impose a quantization rule for the Chern-Simons
mass C' given by 47r% = n, where n is an integer (1,2, 3, etc.). Substituting this
into eq.(3.14), we find that for values of n > 2, the no-pole condition (3.14) will
always be satisfied, regardless of the value of C', implying that the Gribov copies
associated with finite gauge transformations will not affect the results.

In other words, we can say that since the YMCS theories are invariant only
under infinitesimal gauge transformations then just the infinitesimal copies are
relevant and restricting the path integral to the Gribov region removes the in-

finitesimal copies.

3.1.1 Analytic structure of the gluon propagator

The propagator described in equation (3.8) is influenced by both the coupling
constant g and the Chern-Simons mass C. Its pole structure is intricate and
the poles are a function of these parameters. Understanding the behavior of the

poles as g and C' change is crucial in comprehending the various regimes in which
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the theory can exist, as discussed in recent studies of Yang-Mills theories with
Higgs fields and gauge theories at finite temperature [8; 9; 13; 76; 77; 78]. In
the plane of g and C, the region where the gauge propagator poles are complex,
or negative, is considered to caracterize a confining regime, as both complex and
negative poles cannot be linked to a physical excitation in the mass spectrum.
Conversely, the region where the poles are real and have positive residues is seen
as a deconfined area with a massive gauge particle in the spectrum.

This is so due to the fact that when a propagator has a pole with a positive
residue, it means that it corresponds to a stable particle [83]. More than that, the
positive residue indicates that the particle has a positive probability of existing
and propagating through spacetime. These stable particles typically have real
masses and are observed as long-lived entities.

On the other hand, when a propagator has a pole with a negative residue, it
is usually interpreted as an unstable (short-lived) particle or a resonance. The
negative residue indicates that the particle has a negative probability of existing
[83], meaning that they are unphysical states. Thus, as we are talking about the
non-perturbative regime of gauge fields, we will interpret such unphysical states
as confined particles, since confined particles are not physical observables.

To determine the poles of the propagator in equation (3.8), we must locate

the roots of the following polynomial,

P(p®) = (p"+2¢°7'N)* + C*°
= ¢+ C"+2G¢" + G

= (0" +ma)(P* + ma)(p® + ms) (p* + my), (3.15)

where we used G = 2¢?v*N in order to be able to compare our results with the

ones of Canfora in [13].
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To clarify our analysis of the pole structure of the gluon propagator, we will

separate it in its two sectors; the parity preserving and the parity-violating ones,

as follows,

<Au(p)AV(—p)> = GW(p) |par +Guu(p) |pa7’—viol7 (3'16)
where,

2/ 4 2 4
p*(p* +2g°7'N) Pubv
_ _ 1
G,uu(p) |par (p4—|—2g2”y4N)2 +C2p6 5/“/ p2 ) (3 7)
Cp*

G,u,l/ (p) ‘par—viol Eugypo-- (318)

(p4 + 292,‘}/4]\])2 + 02p6

Now we make use of the partial fraction decomposition on equations (3.17) and

(3.18) we obtain,

N1 NQ N3 N4 Dbubv
Gu(D) lpar = (2 2 T 5 3t 3 SRR 2) <5W— H2 ’

p°+my p +m; pT+my  pT+my D
(3.19)

H, H, Hj Hy
Cpovbos (320
(p2+m%+p2+m§+p2+m§+p2+mi Fpouter (320)

Guy (P) |pa7"—viol

where Ny, No, N3, Ny, and Hy, Hy, H3, H, are, respectively, the residues of the

parity-symmetric and parity violating parts of the propagator and are given by,

. ml(V —|—m1)

M= T Ry e — ) () (3.21)
. _mQ(’Y +m4)

N = o R g — ) (g — ) (3.22)
. m3(’y —|—m3)

Na = (m% - m3)(m2 m3)(m3 m4) (3'23)

Ni=— ;m‘*g” +;n4) S (3.24)

(mi —mi)(m3 —m3)(m3 — mj)
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and,

my
B = o =y o — )k — ) (3.25)
Hy = —m , (3.26)
(m3 — m3)(m3 — m3)(m3 — m3)
Hy = m (3.27)
2 2 2 2 2 2

(m? —m2)(m2 — m2)(m2 —m2)’ (3.28)

Such residues are important for the analysis of the degrees of freedom of the
YMCS theory because in order to a pole be considered as a physical (deconfined)
degree of freedom, it not only needs to be positive valued but also needs to have
a correspondent positive valued residue [13; 81; 83]. Then in order to analyse the
positivity or not of a residue, we need to analyse the discriminant of eq. (3.15),

which is given by,
A = 254C*G° — 27C3G* (3.29)

We can distinguish two regimes in the theory, one with four complex masses
(A > 0or G > (3C/4)*) and another with two complex and two real masses
(A <0or G < (3C/4)"). At low values of C' and high values of G, all excitations
are confined, while at high C' and low G, real poles appear in the propagator
and the theory becomes deconfined. Within the deconfined regime, there are two
parts: one with intermediate values of C' and G, where there are two massive
poles, and another in the weak-coupling regime with large C'; where the Gribov
problem is not present and the theory resembles perturbative behavior.

By using computer algebra, the four roots of eq. (3.15) can be computed and

plotted in terms of the theory’s parameters. If the reader wants to see the plots of
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the real and complex parts of the masses m; and my it is encouraged to see [13].
What can be seen there is that the masses for the parity-violating and conserved
parts of the propagator are the same, but their residues differ slightly. In both
cases, the residues of m; are positive, while those of ms are negative, meaning
the state associated with ms cannot be physical.

This results are in qualitative agreement with those obtained in [84; 85] for
Yang-Mills-Higgs theory. A regime was discovered with two masses with the cor-
responding residues being one positive and one negative. When the weak coupling
condition is met, the standard particle spectrum, as described by gauge propaga-
tor (3.8), is obtained. It was also revealed in [81] that the Gribov gap equation in
pure Yang—Mills theory at finite temperatures produced a phase diagram similar
to those in [84; 85], with temperature serving as a substitute for the Higgs vac-
uum expectation value. This will also be seen in the next chapter were we will

talk about such finite-temperature effective models in more details.

3.2 Quantization of the SU(2) Yang-Mills-Chern-
Simons theory into the MAG

As previously seen, the maximal Abelian gauge (MAG) is a specific choice of
gauge in which the gauge fixing condition is chosen in order to be able to study
the Abelian and non-Abelian sectors of the gauge fields separately, allowing us
to study the the phenomenon of the Abelian dominance of the theory in the
non-perturbative regime. This is why we will now try to understand how Yang-
Mills-Chern-Simons (YMCS) theory behaves in the maximal Abelian gauge, in
particular when infinitesimal Gribov copies are taken into account.

The Yang-Mills-Chern-Simons action in three Euclidean dimensions with SU(2)
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gauge group is expressed as,

4 puvs opy

1
= Z/d3$

— Z'Ceuay<%f3bcA3AbAc + %fa?)cAaA?)Ac + %fab3AaAbA3)

1
Symes = / d*x (FA FA — iCepan (Fﬁ,Aﬁ + g fABCAfAanC»

(FLFS + FFS —iCeuan Fl AL — iCeua Fo AS) +

uv= v puvs py purta pur o

. (3.30)

Vil Zalre' Vil ZalieY Vil Zalre'

where we have explicitly decomposed the Abelian and non-Abelian terms of the
action, and where,
a _ ab Ab ab Ab
Fi, = DA, —DJA,, (3.31)
FS o= 0,A0 —9,A% + gf*PALAL. (3.32)
In order to implement the MAG condition in eq. (3.30), we have to introduce

a BRST-exact! term given by eq. (1.66). Hence, the Faddeev-Popov quantization
of the Yang-Mills-Chern-Simons in the MAG is given by the path integral

AMAG = / [Dpymcs] e, (3.33)

with S = Symes + S%/[PAG and [D/JJYMCS] = [DA] [@b] ['DE] [@C]
The tree-level propagators for the non-Abelian and Abelian gauge fields are,

respectively,
a §b kK, k
<Au(k’)AZ(—k)> i ((5;“, - % + C'k—ge,wy) , (3.34)
and
1 kK, k
<Au(l{}>A,,(—k>> = m ((Sw/ — % + Ck._geﬂp’/) . (335)

1See the appendix of [74] for more details on the BRST transformations.
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The tree-level result depicted in expressions (3.34) and (3.35) reveals that both the
Abelian and non-Abelian sectors of the gauge field have obtained contribution of
a topological mass. While their propagators are transverse, this may not remain
accurate in the non-Abelian sector at higher orders due to the non-linear gauge
condition specified in (1.66).

As it was shown in chapter 2 the MAG is faced with the existence of the
Gribov copies, as demonstrated in various studies including [86]. By confining
the functional integral to the Gribov region, the Gribov problem is partially
resolved. In fact, the Gribov region is free from infinitesimal Gribov copies and,
in this case, the presence of the Chern-Simons term ensures that gauge invariance
is upheld only for infinitesimal transformations. Thus, for Yang-Mills-Chern-
Simons theory, removing the infinitesimal Gribov copies actually constitutes a
full solution to the Gribov problem, as seen on [74; 87]. However, to guarantee
the invariance under finite gauge transformation, the mass parameter C' must
comply with a quantization rule, as stated in [74; 79; 80].

In order to eliminate the infinitesimal Gribov copies we have to restrict our
path integral to the Gribov region, which in the maximal Abelian gauge will be,

as we saw in the last chapter, given by,
Quac = {(AL, A7), DPAY = 0,0,45 = 0| M™ >0} . (3.36)

Such a restriction can be achieved through the application of the Gribov no-
pole condition. This entails ensuring that the ghost propagator has a single
pole at p*> = 0. This procedure was previously established in pure Yang-Mills
theories (see [86]), and can be applied to the Yang-Mills-Chern-Simons theory in
three dimensions by imposing the condition on the non-Abelian ghost fields. The
restriction is a geometrical process that can be carried out for any dimension of

spacetime.
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At leading order in the coupling g, the ghost two-point function is
5(p) = 55 2 (@@ (=p))a
B
(1+0o(p,A) + o (3.37)

where V' stands for the spacetime volume, (...)4 denotes that the correlation

function is computed by taking A as an external field and,

o(p, A)

4g? / Bk Au(k)Aa(—k) (338)

"3V ) @ (p-k2

where B is independent of p and it is positive. Thus, only o(p, A) can cause a
pole that isn’t trivial with a value of p? = 0, and the terms featuring B are not
relevant to the current discussion.

The generation of a non-trivial pole can be prevented if o(p, A) < 1. This
condition is satisfied if o(p, A) decreases monotonically with p?. To enforce the
restriction that no non-trivial poles are generated, the condition ¢(0,A4) < 1
can be imposed, referred to as the no-pole condition. Such a condition will be
implemented in the partition function (3.33) by adding a step function 6(1 —
0(0, A)) as follows,

ZnaG = / [Dpymes] e 20(1 — 0 (0, A)), (3.39)
where,
001 — (0, A)) = / A o) (3.40)
’ —100+€ 27TZC . .

It’s possible to translate the change to the path integral measure into a factor
in the action, which results in a modified gluon propagator. This modification

features o(0, A), which encompasses the Abelian gauge fields. Upon considering
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only quadratic terms over the fields in the partition function and integrating out
all other fields, the following expression is obtained,

i = Jim, X [ e e A de A (@A

a,—0

where N is a normalization constant and,

1
Aff; = gab {5uyp2 _ (1 + 5) PubPv — Ceupypp] , (3.42)

- 8 1
Ai?, = 6 [5 (p + %i) — (1 + B) Pubv — Ceupvpp] . (3.43)

where the o and g parameters are gauge parameters that enter in the effective
action of the theory after integrating out the Lautrup-Nakanishi fields b* and b3,
respectively, in the path integral (see [46]).

The determinant of the operator A% s Will be absorbed in the normalization
factor by defining N’ = Ndet™/ QAZ?/ since it does not depend on (. Then, we

will make use of the saddle-point method in order to evaluate the integral that

we obtain after that, giving us,

Zatag = N el (3.44)
with,
1
J(O)=¢=In(=5Trin A% (3.45)
and (* being the solution of,
aj(;—(f) = (3.46)
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This leads to the expression,
11 [0A% 1
1-— —-T —’“<A33> ~0 3.47
C* 2 r aé- av e ) ( )

where after taking the limits V' — oo and 8 — 0 while holding y* = 8%2—‘/4* finite
yields
8¢° d3p Pt
3 ) @m)* O+ (p* 4+ )7

=1. (3.48)

which is the so-called gap equation which determines the massive Gribov param-
eter v in terms of the coupling constant g and the Chern-Simons mass C'.
It is important to say that, as in the linear covariant case, the no-pole condition

c(0,A) < 1 leads to,

g2

6rC

<1, (3.49)

which together with the quantization rule 4#% = n will guarantee that the
elimination of the infinitesimal Gribov copies is enough to grant the elimination
of all the Gribov copies of the path integral of the YMCS theory.

We can finally compute the propagators of the theory from eq.(3.42) and
(3.43), yielding,

a 1 pupy | C a
<AM(P)AZ(_Z9)> = m (5u1' - ;2 + Eaug,,pg> 59, (3.50)
) Pup Cp?
A3 A3 . — (p 5 L, — %% Do (533
< u(p) 1/( p)> (p4+74)2+02p6 M p2 + (p4 +74)€H p ’

(3.51)

where we can see that only the Abelian sector of the theory is affected by the

restriction to the Gribov horizon since the Gribov parameter « only appears in the
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poles of the Abelian gluon propagator. Furthermore, taking C' — 0 we reobtain
the usual propagators of the pure 3-dimensional Yang-Mills theory. The effects
of the Gribov parameter to the pole structure of the gluon propagator will be
discussed in the next section.

Building upon the previous findings, we can now present the action associated
with the Gribov-Zwanziger framework in the context of Yang-Mills-Chern-Simons

theories that have been quantized in the MAG. The expression is as follows,

SeA = Symes + Spp ¢ 4+ SpY 4+ SMAC 4 HMAY(A) + 44 V(N? - 1)

(3.52)

with! SMAAG  GMAG " fpMAG(A) and Sf/W AG being respectively given by the equa-
tions (1.66), (2.53), (2.50) and (2.54). It has been demonstrated that when there
is no topological mass present (C' = 0), the action given in equation (3.52) is
renormalizable in four dimensions according to [61]. However, the topic of the
renormalizability of action (3.52) in the presence of the Chern-Simons is still an
open question.

In this stage, various formal aspects related to action (3.52) can be examined.
Of particular interest is the impact of the introduction of the horizon function on
BRST symmetry, which leads to its soft breaking. This breaking is considered
soft because in the extreme ultraviolet limit, the Gribov parameter vanishes, and
BRST invariance is regained. The subject of BRST breaking has been widely
explored in the literature [88; 89; 90; 91; 92; 93]. However, as mentioned in
section (2.2.1) and on [55] for linear covariant gauges and extended to the MAG
in [94], it is possible to have a manifestly BRST-invariant formulation of the

horizon function. Despite these interesting aspects, we will instead concentrate

'We have performed a redefinition of the Gribov parameter v2 — gy2 and Vol is a volume
term whose explicit form is irrelevant for the present purposes.
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on analyzing the analytic structure of the gluon propagator in the next section.

3.2.1 The analytic structure of the Abelian gluon propa-

gator

To analyse the analytic structure of the Abelian gluon propagator basically means
to analyse its pole structure in such a way to tell if it has physical degrees of
freedom associated to them or not. In the present case, the poles of the propagator
(3.51) are given by the roots of the following polynomial,

F(p) (p* + ")+ C?*p° = p® + 4% + 2p"y" + C*p°

= (P*+mi)(p* +m3)(p* + m3)(p* +m3), (3.53)

with (m?,m3, m3, m?) standing for the roots of (3.53). Decomposing the propa-

gator (3.51) into parity-preserving and violating pieces as

(Au(p)Au(—p)) = KB (p) + K (p) (3.54)
with
2.4 4
pres(y _ P (0" +77) PP
gc/uz (p) (p4_|_74)2 +02p6 6uu p2 5 (355)
and

Cp*
€xwD) -
(p + 1) + C2pp

Ky (p) = (3.56)

Each sector of the propagator is written in a partial-fraction like decomposition,

leading to

4
res EZ Pubv
Ks(p) =Y 53 ((LW — £ ) , (3.57)

e m
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where
20,4 4
B = — - ) . (3.58)
Hj:l,j;éz‘(mi - mj)
For the parity-violating sector, the decomposition is expressed as
4 B,
K (p) = Z mﬁuxup,\, (3.59)
i=1 i
with
C'm}
B; = 7 5 - (3.60)

The pole and residue structure of the Abelian gluon propagator are evident in
equations (3.57) and (3.59). The structure is dependent on the coupling constant
g, the Gribov parameter 7, and the Chern-Simons mass C', which are linked by
the gap equation (3.48). A full examination of the propagator’s analytic structure
would entail solving the gap equation to a certain degree of perturbation theory.
However, this study, similar to [13], allows for the parameters to have unrestricted
values and characterizes the theory’s spectrum with those values. Though this
approach gives a wider range of allowed parameter values, it does not rely on a
fixed solution from perturbation theory and may allow for more extensive results
in the future.

Now in order to be able to determine if the poles of the propagator are asso-
ciated to confined or deconfined degrees of freedom, we need to analyse the roots

of eq. (3.53), whose correspondent discriminant is,

A = 2560170 — 27CP410 (3.61)

In Fig. 3.1, the plot depicts the sign of the discriminant A as a function of 2

and C.
What we conclude by this is that if A > 0, it is a known fact that either the
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Figure 3.1: Sign of the discriminant A of F(p) as a function of C' and ~2.

poles are all real or all complex. This is established by the sign of subsidiary
polynomials defined by,
P(C,7) = 169* — 30, (3.62)

and

D(C, ) = 32M*~* — 3C5. (3.63)

The presence of real roots in the system is dependent on two conditions, P(C, ) <
0 and D(C,7v) < 0. However, when analyzing the parameter space with the
chosen values of v2 and C, no overlap of regions fulfilling both conditions was
found, thus resulting in no real roots. On the other hand, if either P(C,~) > 0
or D(C,v) > 0 with A > 0, all roots are complex. The region where these
conditions are simultaneously satisfied coincides with the area in Fig. 3.1 where
A > 0. This means that for a wide range of (7%, C) values, the poles are all

complex and therefore, the excitations are not part of the physical spectrum.
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This could be interpreted as evidence of confinement.

If A is negative, then F has two real roots and two conjugate complex roots.
This can be seen in Fig.3.1 where the region where A is negative is indicated.
Possibility of physical excitations being generated arises due to the two real roots.
The signs of residues determine this. Parity-preserving and violating parts of the
propagator have the same poles. For negative A, it is possible to find appropriate
values of 4% and C so that the residue associated with one of the real poles is
positive, which means it can be associated with a physical excitation. As a result,
the theory can exhibit different regimes by changing the values of these " free” pa-
rameters - a confining regime, where all poles are complex and cannot correspond
to physical excitations, and a different regime where physical excitations can ap-
pear. Fig.3.2 and 3.3 show the values of the residues for the parity-preserving
and violating parts of the propagator.
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Figure 3.2: Residue A; - associated to the parity-preserving part of the propagator - for
C = -5.

For the other real pole, the residues are negative and therefore, it cannot be
associated to a physical excitation. The residues for C' = —5, as a function of ~?
are plotted in Fig. 3.4 and 3.5.

Thus, in the parameter space, there exists a region where the discriminant
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Figure 3.3: Residue B; - associated to the parity-violating part of the propagator - for
C = -5.
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Figure 3.4: Residue A, - associated to the parity-preserving part of the propagator - for
C = -5.
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Figure 3.5: Residue By - associated to the parity-violating part of the propagator - for
C = -5.

A takes on a negative value and results in the creation of two real poles. One
of these poles has positive residues, indicating the presence of a physical excita-
tion. Conversely, the other real pole does not exhibit positive residues, as seen
in Fig.3.4 and Fig.3.5. As a result, the theory showcases two distinct phases
in the parameter space. In one phase, A is positive and all poles are complex,
representing confined excitations. Meanwhile, in the other phase where A is neg-
ative, two real poles emerge, one of which with positive residues and is hence
regarded as a deconfined excitation. This difference arises due to the interplay
of the topological mass parameter C' and the restriction to the Gribov region in
~2. This transition from confined to deconfined phases has also been observed
in Yang-Mills-Higgs and Yang-Mills-Chern-Simons-Higgs systems in the Landau
gauge, as mentioned in references [76; 77; 84; 85] and [95]. However, this phe-
nomenon only occurs in the Abelian sector and not in the non-Abelian sector
due to the absence of competing mass parameters. Hence, the non-Abelian prop-
agator exhibits a Yukawa-like behavior, and the Abelian-dominance hypothesis
states that the mass should be large enough to separate these degrees of freedom

in the infrared.
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the MAG

In 3 dimensions, the shift from confinement to deconfinement is a widely
understood concept, first explored by Polyakov in his study of SU(2) Yang-Mills
theories linked to Higgs fields in the adjoint representation of the gauge group
[96]. As seen in this study, there are two phases - one where all components of the
gauge field are confined, and another where just one component, Ai, is confined,
with the phase transition being influenced by the gauge coupling ¢ and the Higgs
field’s vacuum expectation value. However, the present model doesn’t involve
any additional fields and the phase transition solely occurs due to the existence
of the topological mass. The restriction to the Gribov region leads to a Gribov-like
propagator for the Abelian component AZ of the gauge field, while the off-diagonal
components always display a Yukawa-like behavior. This sets the present model
apart from standard Yang-Mills theories linked to Higgs fields, as the off-diagonal
components are always deconfined, and the Abelian component can have physical
excitations based on the value of the topological mass. The criterion used in this
work to determine confinement is based on the preservation of the propagator’s
reflection positivity, and the propagator was computed using the MAG condition,
which is different from the gauge used by Polyakov, thus preventing a direct
comparison of results. Despite this, the present model still captures the essence
of phase transitions from confinement to deconfinement without the need for
additional fields, and further exploration of this model in the presence of a Higgs
field could provide deeper insights into the phase structure of 3-dim Yang-Mills

theories.
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Chapter 4

Finite temperatures

4.1 Introduction

In previous chapters, we explored the treatment of Yang-Mills theories, which
involves introducing a gauge-fixing term to define the gauge field propagator.
The Faddeev-Popov method is commonly employed in perturbation theory to fix
the gauge. However, beyond perturbation theory, the assumptions of this proce-
dure are no longer valid, leading to the existence of Gribov copies. Gribov and
Zwanziger [36; 39; 44; 46; 49; 57] proposed addressing this issue by introducing
the Gribov region, which is a region free of infinitesimal Gribov copies, in addi-
tion to the standard Faddeev-Popov gauge fixing. It is important to note that
the choice of gauge should not impact the correlation functions of observables,
and any proposed solutions to the Gribov problem in different gauges must take
this into consideration. While the GZ and RGZ actions have shown promise in
the Landau gauge [38; 46; 97|, their applicability may not extend to other gauges.
Therefore, addressing the Gribov problem in different gauges like the linear co-
variant gauges remains a complex task. Nevertheless, the study of the Gribov

problem has provided valuable insights into the nature of gauge fixing and its
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implications for the underlying theory.

With all of this in mind, in this chapter we will analyse how the Yang-Mills
theory within the GZ framework behaves at finite temperatures and we will iden-
tify how does the Gribov parameter affect the phase transitions of the theory and
its critical temperatures. We will do so by means of a hybrid approach where the
thermal masses are derived through perturbative propagators as a stepping stone
for a self-consistent treatment. The resulting action collects the effects of the
elimination of infinitesimal Gribov copies as well as the thermal masses. At the
end we will verify the existence of three different phases for the gluonic degrees of
freedom; one of complete confinement at low temperatures, an intermediate one

of partial confinement, and one of complete deconfinement at high temperatures.

4.2 Immaginary time formalism

Finite-temperature Yang-Mills theory can be effectively investigated by employ-
ing the powerful mathematical framework known as the imaginary time formalism
[81; 98; 99]. This formalism establishes a crucial connection between the gener-
ating functional of the corresponding quantum field theory and the partition
function of a quantum statistical system. By compactifying the temporal coordi-
nate, the imaginary time formalism allows for a rigorous exploration of thermal
effects within the theory.

In this formalism, the length of the compactified time serves as a represen-
tation of the inverse temperature of a thermal bath. As such, it provides a
comprehensive platform for analyzing the behavior of the system at finite temper-
atures. The partition function, which encapsulates the essential characteristics of

the finite-temperature Yang-Mills theory, can be elegantly expressed within this
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framework by,

= 1 YT 3 A A
Zymw = T /[DA]ea:p Z/0 dT/d aF o), (4.1)

n=—0oo

where we made the transformation ¢ — it over the temporal parameter ¢t and

we identified the temporal integration limits |0, %], where T is the variable of
temperature.

To facilitate calculations and analyses in momentum space, temperature-
dependent fields ¢(7,z) are expanded using a Fourier series over discrete Mat-

subara frequencies w,,, in such a way that,

— d3k e—iwnT—ik.;v w
o) = [ gl B ),
wp, = 2mnT. (4.2)

This choice arises from the identification of the temporal integration limits of
[0,77'] in the formalism. By considering these specific frequency components,
we can investigate the intricacies of the YM theory in linear covariant gauges
and extract valuable insights into its thermal properties and phenomena. In
particular, in the next section we will calculate the gluon self-energy at finite

temperatures

4.3 The gluon self-energy and the thermal mass

In this section we will calculate the thermal contribution to the poles of longitu-
dinal and transverse sectors of the gluon propagator. This will be done by means
of the components Hﬁ) and H,(i) of the gluon self-energy H,(fy) .

Then, to do so, we need first to write down the propagators and vertices of

the theory in order to be able to build the diagrams that will contribute to the
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4.3 The gluon self-energy and the thermal mass

gluon self-energy.
From eq.(1.45) we obtain that in the linear covariant gauges the gluon and

ghost propagators in the Euclidean space, given respectively by,

1 ki ks Kk
(AL (k)AL (=F)) = [p (%— X >+a i ]5 "

ERER) = 05 (4.3

Regarding the vertices, we find that they are given by,

Vc%cf(%? G2, q3) = (27T)4i9fgfh ((Ch — q3)p0ax T (@3 — q2)adpr + (g2 — Q1),\5a5)
Vagg’?:(QD 42,43, CI4) = _(27T)492 (fabedee(éa’y(sa,B - 50045B'y) +

+ fadefbce<5a,850"y o 601760,8) + Jz‘acefbde((501/650_’y o 6001657))

Vi(p, k,r) = —(2m)Yigf*p, (4.4)

where p is the momentum of the ¢®(p) field.

Now, we are able to write down the diagrams that contribute to the gluon
self-energy. In order to do that, we will consider, for the construction of the
vertices, a positive sign for all the momenta entering the vertex and a negative
sign for the ones exiting from it. Moreover, as we will make calculations in the
Minkowski space-time, we will write down the diagrams taking into account the
Wick rotation & — k.

B e b ord] e
()

(a) (b)
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4.3 The gluon self-energy and the thermal mass

The diagram (a) is,

L dd 500’ 5dd/
AR (k) = —gfect fre / (27:;[ (Pu (k+p), (_F) (—m))
_ ac C ddp p (k+p)y
= _92f dfb d/ (27T)d (p/;(k —l—p)Z )

— _92N5ab/(ddp <pu (k+p)u>’ (45)

2m)d \ p*(k + p)?

while the diagram (b) is,

2

ZHLQI)ab(k) _ % (fabefcqe (5u55nv o 5UM5V5> + faqefbce (5/1115775 . 6;1557111) +

ace pbae d'p |6 Ppsp
+  focefh (00n5 — 5nu5v5)> /W ? <55n —(1- a)%)

- gQN(sab/(ddp <(1—Oé)pﬂpﬂr(Oé+d—2)(p'p)5;w>’ (4.6)

2)d o
and the diagram (c) is,

dp
(2m)

+ (=k—p- k)x%) ((k +p = (=p))u0ps + (=0 — (—k))p0us +

A (k) = %ff“df‘f”’d' / [((k’ — P)eOur + (p— (=k = p))udrr +

dd’

PADs
+ (k—(k +P))65pu) 7 ((&5 —(1— &)?> X

gee (/{J —i—p)T(l{: + p)P) ] '

/

(ko7 <5W B P
(4.7)

Making the transformations t — it and p — (p — k) and using the approxi-
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4.3 The gluon self-energy and the thermal mass

mation p >> k in the numerator, we find for the gluon-ghost diagram, eq.(4.5),
that,

. al al ddp p pl/
znﬁ2%k>=—g%w5j/<%ﬂd< z (18)

p*(p— k)
Doing the same approximation on eq.(4.7), we find,

@M—Ummq_@m

M (k) = g*No* / = (pupy — P*0u) — 5

di | «
(2m)

Thus, summing eqs.(4.6), (4.8) and (4.9) we obtain

d'p [ (p-p)duw — 2pup
T2 (k) = 2g° N5 / S . 4.10
M) =200 | G\ ™ o~k 10
As we can see, by using the High-Termal loop (HTL) approximation, we canceled
the gauge parameter o dependence in the total self-energy.
Now we will calculate the components p = v and (u,v) = (4,4) of the total
self-energy (4.10) in order to calculate the thermal masses of the longitudinal and

transversal sectors of the propagator of the Yang-Mills theory, given respectively

by,

K2

HL = ﬁHZM’ (411)
1

Oy = §(HW—HL), (4.12)

-

where K, = (k4, k) = (—wy, lg) and the propagator is given in the HTL approxi-

mation by,

(PT)/W (PL>W + aK#KV

DNV<K) = K2+HT K2+HL K4 ) (413)
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4.3 The gluon self-energy and the thermal mass

with (Pr),, and (Pp),, being respectively the transversal and longitudinal pro-
jectors.

The p = v component of the total self-energy (4.10) is given by,

ddp 1

ZH(,}Total(k) = 492N/
= 4¢°NT
FNTY /
=2 [ dPp /“’"”d 49* Nnp(po)
T 2in ) 0P Jas T\ R
B 492N ood P
o2, P\ e 1
g2NT2

= = (4.14)

where we considered that the dimension is 8, = d = 4, np(p) = —5— and =

The (p,v) = (4,4) component of the total self-energy (4.10) is given by,

@ _ d'p (=6 45 7)
g rota(k) = g N/ (2m)d ((p —k)? " p*(p— k>2>

d'p (=6 A(p-p)
2]\7/ —_ 4+ — . 4.15
I eryi\ 2l kP (415)
where we used that dy = —1, pi = —w? and w? = —p* + p- p. Here we have to

take into account that,

72 ' !
= = (3 — Plog £ ) (4.16)
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4.3 The gluon self-energy and the thermal mass

Thus, eq.(4.15) becomes,

2 2 2 2 . iw,
, —g°NT g°NT w =141
zHii)Total(k:) = 5 5 3 — ?llog & .
k
G*NT? wr | (4.17)
= — — 108 - . .
6 koS

So with the eqgs. (4.14) and (4.17) we find that the longitudinal and transversal

sectors are given in terms of the temperature 1" by,

2 2 172 : Wy
g°NT* K 1wy il
I, = — — log - 4.1
L ( 2]{: Og Wy _1 7 ( 8)

3 k2
92 NT2

Iy = 5

(4.19)

Making the analytic continuation iw — w+id, with the Minkowski four-momentum,

K, = (w, l;), we find the propagator,

(PT)W . (PL)W . KMKV

Dy (K) = — : 4.2
”< ) K2 —Tlp K2 —T1I; @ K4 ( 0)
with,
2 2 2 w
g NT* K , w w Z+1
m, — 2 (1 @(1--)--1 , 421
L 3 k?(“” K)ok e (4.21)
2 2 2 w
QNT K . w w E—i‘l
M, = 1-2 |1 @(1——)——1 (422
r 6 k?(“” F) T aplsu—y )| (22
and,
(Pr)w = 5#5,]/(% E_2]>’
koK,
(PL)MV 6/11/ 22 - (PT);,U/~ (423)
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4.3 The gluon self-energy and the thermal mass

w

Using the series expansion 7 logﬁ—j =1+ % + O(25) and having that for
k

(1-%)<0—=06(—¢%)=0 we find that, after taking the limit ¢ — oo,

g°NT? _ wh 2

Iy (w,k=0) = lp(w,k=0)= o =3 =Y
1
D k= = — 4.24
L,T(W7 O) w2 _ w]g)la ( )

92 NT2
3

and Dy r(K) = (K* — I r(K))™! being the form factor of the longitudinal and

with w? = being the Debye screening mass, w,, is the plasma frequency
transversal sectors of the gluon propagator at finite temperature. This means
that both the longitudinal and transverse non-static gluon propagators in the hot
plasma oscillate with a characteristic wy = “—\/% frequency, which, from now on,
we will call simply as the plasma mass "M = wy,;’.

With the results of eq.(4.24) we are now able to build an effective action for
the description of the Yang-Mills theory at finite temperatures that is able to
obtain an identical result for the gluon propagator. Basically, all we need to do

is to add a term %M2AZAZ into the action (1.47), in such a way that,
1 a a
From such action, it is easy to see that the gluon propagator will be,

(AL(R) A (=) =

1 k,k, kuky |
S T
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framework

4.4 The effective thermal massive model within

the Gribov-Zwanziger framework

4.4.1 Effective formulation 1

As we saw at the end of section 4.3, in order to study the Yang-Mills theory at
finite temperatures, one can build an effective action with which we are able to
recover the gluon propagator (4.20). To do so, we just need to add a term of
the kind %M 2AZAZ into the action of the theory. Then, for the RGZ case, our

effective action at finite temperatures becomes,
S = Sraz + Swu, (4.27)

where,

1
Su = / d'x (éMzAZAZ) (4.28)

is the effective term that adds the thermal mass contribution into the theory and

2NT2 .
M? = £5— is the plasma mass.

So the quadratic part over the fields of eq.(4.27) will be,

1
uadr a
gouodr / d%{ SA

kyuky 2 2N9(2)’Y4
+ (5,“,— 12 ><m +/€2—|—u2

1
k26, — (1 — E) kyk, + M35, +

5“”A’;}, (4.29)
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framework
from which we obtain the that the gluon propagator is given by,
k? + 1
A% (R)AY (—k)) =
(LB A, (=) (k2 + m? + M2)(R? + 42) + 2N g2yt
k. k ak,k
5 L, — nhv uhw
X ( Z aM2+k;2> WIS
ok ke, M? (K2 + 12) sab
k2 (aM? + k2) [(k* + M2 + m?) (k? + u2) + 2N g3~*] ’
(4.30)

where we can easily see that taking o — 0 we recover the Landau result. In the
same way, if we take M — 0 we recover the O-temperature result.

As it can be observed, the thermal mass M? modifies not only the transverse
sector of the propagator but also the longitudinal one, since the effective term Sy,
of the action is given in terms of the fields A}, and not of the non-local transverse
fields AZ"‘. Therefore, by taking the limit v — 0 on the propagator (4.30) we
can easily see that it does not reobtain the same propagator of eq. (4.20). This
means that the present approach is not the most suitable in order to describe the
gluon infrared behaviour at finite temperatures. Then, because of this, we will

try in the next section a slightly different approach.

4.4.2 Effective formulation 2

Differently from the previous section, in order to study the YM theory at fi-
nite temperatures, we will add to the RGZ action an effective term of the kind
%M QAZ"LAZ’“. Here the AZ’”L field is the non-local, transverse, and gauge invariant
field given as an infinite non-local series presented on eq. (2.25). This approach
has the advantage of maintaining the gauge invariance of the theory.

As well in the previous case, we have that the total action of this effective
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model will be,
S = Sraz + Swu, (4.31)

but with,

1
Sy = / d'z <§M2AZ’“AZ’“). (4.32)

being the effective term that adds the thermal mass contribution into the theory.
Just like before, M? = # is the plasma mass.

So the quadratic part of eq.(4.31) will be,

1
Gauadr /d4x{§AZ k26, — (1 - —) Kk, +
Kk, 2 2, 2Ngiy!
— M
+ <5W k2>( +m +k2+#

from which we obtain the that the gluon propagator is given by,

5% Ab } (4.33)

(AL(R) A (k) =

k2 + p AN
(k2 +m? + M?)(k? 4+ p2) + 2Nggr* \ "7 k2
k k,

a7 5. (4.34)

By taking a — 0 we can see that the propagator (4.34) recovers the Landau
result. In the same way, if we take M — 0 we recover the O-temperature result.

Differently from eq. (4.30), the propagator (4.34) does not have its longitudi-
nal sector affected by the thermal mass M, but only the transverse one. This is
due to the transversality property of the field AZ’“. Then, taking the limit v — 0
we see that the propagator (4.30) reobtains the propagator of eq. (4.20). This
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4.5 Analysis of the poles of the propagator

means that this second effective formulation is a good candidate for the descrip-
tion of the infrared behaviour of gluons at finite temperatures and, because of
this, it will be the model that we will consider in our analysis along the next

sections.

4.5 Analysis of the poles of the propagator

Having obtained the gluon propagator (4.34) we need now to analyse its physical
spectrum in order to identify the confining and deconfining regimes of the theory.
To do so, we will analyze its poles, which will give us the masses of the gluonic
degrees of freedom. Then, depending on the value of such masses, we will know
if they are associated to physical or unphysical degrees of freedom. Basically,
if a pole is real and positive, it will be related to a physical degree of freedom.
Otherwise, if it is negative or complex, it will be associated to an unphysical
degree of freedom. Ultimately we will interpret the physical degrees of freedom
as belonging to the deconfined regime, while the unphysical ones will belong to
the confined regime.

This is so due to the fact that immaginary poles lead to the positivity violation
of the spectral density function of the Kallén—Lehmann representation, which
is interpreted as an evidence that their associated degrees of freedom are in a
confined regime, since in such regime we do not expect to observe asymptotically
free states, as it can be seen on [53; 100].

With this in mind, lets rewrite the gluon propagator (4.34) in the following
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4.5 Analysis of the poles of the propagator

way,
240, 24y,
a b _ lI:qul - !liQiFUQ k,uku
(As()AL(-k)) = |- G — 52 ) +
\/(—p? +m?2 + M2)2 — 8N géy*
kuky | o
+ « 24 ]5 ,
(4.35)
where,

W= = (\/(—M2+m2+M2)2—8N9§74+,u2+m2+M2>,

1
2
<\/(_M2 +m? + M2)* —8Ng2y* — > — m? — MQ) . (4.36)

N | —

We can see that,

e For (—p*+m?+ M2)2 < 8Ng2yt, or —2v2Ngyy? + p? — m? < M? <
2v/2N gory? + 1?2 — m? both poles will be complex, which means that we have

a regime of confinement for all the degrees of freedom.

e For (—,uQ—I—mQ—i—]WZ)2 > 8Ngivt, or 22Ngyy? + p> — m? < M? <
—2v2N goy? + 12 — m? we will have two real poles, but only one of them
will be positive, which means that we will have only one deconfined degree
of freedom. Then we can say that we have a regime of partial confinement-

deconfinement.

e [f there is no solution for the gap equation, the only consistent choice for
the Gribov mass parameter is v = 0 leading to a free gluon propagator

(deconfined phase).

As M? = @ the relations above give us the critical temperatures in which
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4.6 The RGZ Gap equation in Linear covariant gauges

each one of the three regimes occur.

Comparing to the paper of Canfora [81] we find out that our results reobtain
his ones in the limit of m, u — 0.

It also is important to state that if we make the calculation of the longitudinal
and transverse thermal masses taking into account the Gribov parameter and the
condensate masses, we will find a more complex pole structure and probably
more confining and deconfining regimes. However, we will leave this discussion

for later.

4.6 The RGZ Gap equation in Linear covariant
gauges

Another way to analise the phase transitions of the theory is by studying the RGZ
gap-equation at finite temperatures. This is so due to the fact that from it we can
calculate the relationship between the Gribov parameter v* and the temperature
T. Then, if we make use of a consistent procedure, its solutions should be, in
the limit 7" — 0, the same of the zero-temperature solution. In other words,
we should obtain solutions that describe confined gluons in the limit of 7" — 0
and for sufficiently high temperatures we should obtain no solution at all for the
gap-equation, meaning that we would be at a regime of freely propagating gluons.

In order to obtain the gap equation, we will follow again the steps of [71], that

we used to derive the previous gap equation (2.13), where we obtain that,

1 1
_l’_
4 2 _ 47
(q2 + 12) <q2 M2 em2 (q21u2)) 4V (N2 — 1)y
(4.37)

1 = —=Ng
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4.6 The RGZ Gap equation in Linear covariant gauges

which can be rewritten as,

Ng2x?
2 | g2 2 | g2
(R*+62)* + (m+u+367r )(R—i—@)

_ } (435)

where we used that the thermal mass is given by

Ng*T? B Ng?\?

M? = 9 = 3602 (4.39)
and we used the following parametrizations,
r
R = —
A’
21T
A= —
A Y
0, = % =n\,
N oN1/4
r o~ @Ng) "y (4.40)

A

We can see that the gap equation is still the same as the Landau one. This
means that the gap equation do not depend on the gauge parameter a. Moreover,

after solving the summation,

8:;<

1
(R2+02)2 + (m2 + 2 + NET)(R2 + 62) + p2(m? + 857 + F4)
(4.41)
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of eq. (4.38), we obtain that,

0
X
4\4 N2 2 2 2 2!2 m4
2/\\/%1 (N4_4F4>+91/;4]:4 +7 72 ( 7)|'\2N — 36 ) ;\27r2N +
242
T(g AN 1, 2 2 Ly 4
h|—- — 2 — | = —4I
[cot [A<72w2+2(“ +m® 4 2R%) — {7 (u ) +
4y4 N2 212 22,2 N
g NN 1 5 (g°I°N 9 gNuN  m*\ 2
il — 36 _J APt
sisant T2\ s Tn T4 8
242 4y4 N2
gNN 1, 9 2 1, o g*A*N
[7%2 +2(u +m® + 2R?) 4(u 4r)+51847r4+
_1
i 2 gz)\QN —36 2 _92 2M2N ﬁll ’ +
7 2 s 272 4
242 434 N2
(g AN 2 2 2 4 4 gNN
th | — — 2R
o [)\<727r2 g (20 {7 (e T
1, (g*° 2N ) PANEN mA\ 72
il — 36 _Jar ot
2" ( 2 a orr x
242 4y4 N2
g AN L2 2 2 1 4 4 g AN
[7%2 +2(u +m® 4+ 2R%) + 4(u 4r)+51847r4+
_1
1 ) 92)\2]\[ %6 ) g2 2M2N m4 2 2
72 2 )7 e T ’
(4.42)
which means that 8 is a function of R, A\, I', m and u, as follows,
8§=S(R,\T,m,pu) (4.43)

Then, from equations (4.38) and (4.43) we obtain that the gap equation can be
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written in a simpler form as,

FO\T,m,p) =1, (4.44)
where,
3Ng*\ (! 5
F\T,m,u) = 6.3 dR| R*S(R, N\, T,m,pn) | =1, (4.45)
m 0

from which we obtain the Gribov parameter as a function of A\, m,  and g.

4.7 Analysis of the regimes of the theory

In this section we will make a more detailed numerical analysis of the regimes
of the theory and we will obtain the critical temperatures related to such phase
transitions. In order to reach our goal, we shall analyse the gap equation (4.45)
numerically. Basically we will plot the dependence of the left side of eq. (4.45) in
terms of the factors A, which encode the temperature dependence, and I', which

encode the Gribov parameter dependence, as we can see on Figure [4.1], where,

Ng*x !
FOLT,m, ) = 229 /dR(st(R,A,r,m,u)), (4.46)
0

with the coupling constant g being given in the hard thermal regime (7" >> 1)
by,

872 872
2
g (\) = = ) (4.47)
111n (aX)
27T
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Figure 4.1: Plot of the surface F for different values of A and I". Here we con-
sidered m = 0.5 and g = 0.1. The intersection with the plane F' = 1 occurs for
A\ below the critical value A\Y = 1.048. We might emphasize here that we took
a = 1, but the qualitative behaviour of the gluon propagator does not depend on
a.

and,

A
Agep

a= (4.48)
In this image we can see that the existence of the solution of the gap equation,
which is represented by the plane given by F(\,T';m,u) = 1, depends on the
temperature 7.

Thus, we can see from figure [4.2] that the critical temperature occur when

)\gl) = 1.048, which means at,

7

QCD

= 0.1668, (4.49)

when we consider the masses of the condensates fixed with values m = 0.5 and

i = 0.1. However when we turn off such massive terms we can see from figure
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F(1.03,T)
F(1.048, T
~— F(1.07,T)

Figure 4.2: Plot of the surface F/(\,T') when A = 1.03, A = 1.048, A = 1.07. Here
we considered m = 0.5 and g = 0.1. The red line is where plane F' = 1 intercept
the blue surface of figure [4.1].

F(1.048, T, 0.5, 0.1)
F— F(1.156, T, 0, 0)

-3 2 3

Figure 4.3: Comparison of the plot of the surface F'(A\, I, m, u) for the case when
the masses of the condensates are m = 0.5 and p = 0.1 with the case in which
they are null.

[4.3] that the critical temperature becomes,

T
Agep

= 0.1840, (4.50)

meaning that the masses of the condensates have the the effect of lowering the
temperature of phase transition.

Now, the three regimes can be read as follow:
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1.0F .

T
1

0.5

0.0 C1 . . . . 1 . . . . 1 . . . . 1 ]
1.00 1.05 1.10 1.15
A

Figure 4.4: Plot of I'(\). Here we considered m = 0.5 and p = 0.1 for the
orange curve. It can be seen that I' reaches zero when A reaches the critical value
)\g) = 1.048. Yet the blue curve represents the case in which the masses of the
condensates are null. For this case I' reaches zero when A reaches the critical
value A = 1.156.

e When 7" > Tc(l) (or A > )\El)) there is no solution for the gap equation,
meaning that in this regime the massive Gribov parameter is null and all

the gluonic degrees of freedom are asymptotically free.

e When T < T, c(l) the solutions of the gap equation are generated, in such a
way that the Gribov parameter 7 is defined. In this regime, as we can see
from figure [4.4] the I' parameter decreases to zero while the temperature
increases. Actually this happens when A = 1.048 in the RGZ case and
when AV = 1.1840 GZ one. Moreover, even existing a solution for the gap
equation, the total confinement of the propagator will only happen when

the discriminant 40* — (—z2 + m? + M?)? of eq. (4.36) changes its signal.

It is so because, as we can see the from figure [4.5] and eq. (4.36), for
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Figure 4.5: Plot of \/4F4 — (—p2 +m?+ M?)? in terms of A. We can see here

that when m = 0.5 and p = 0.1 there is a phase transition at AP = 1.0128
from a semi-confined to a confined phase. In other words, we can say that the

L. .. . (2)
critical temperature of such a phase transition is Tj\ = 0.1612. However, when

the masses of the condensates are turned off, the phase transition occurs at AP =

1.0375 and the critical temperature becomes Tj(i) = 0.1651

AL > A > A2, with A2 = 1.0128 for the RGZ case and A = 1.0375 for
the GZ one, we have a partially confined phase, with one confined and one

deconfined (physical) degrees of freedom.

e When T' < T?, with ATS% = 0.1612, we have a completely confined phase
in the RGZ case, while the same happens at ATQC% = 0.1651 for the GZ one.

It is important to state that from a qualitative point of view, our results are
in complete agreement with the ones obtained in [81] by considering only the
Gribov copies in the Landau gauge. The only difference is that in our results the
critical temperatures are reduced do to the fact that we are also considering the

existence of the masses m and pu.
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4.8 The infrared regime

After having analysed the hard thermal regime, we need now to make the same
work for the infrared one, which is defined by A < 1. In order to do so, we need
to generalyse the coupling constant g to the infrared regime, what is made in a

consistent way by,

2
2(go, A Jo 4.51
900 A) = T I I 1 T a2y (4:51)

since the mass M? goes to zero and the coupling constant g goes to gy when the

temperature 7' is reduced to zero too, allowing us to reobtain the zero-temperature

results.
0§
AN
o ' 100

0 g0
Figure 4.6: Plot of g(go, A).

Let us note that for large go the behavior of g(go, A) becomes insensible to
small variations of gy itself; see figure [4.6]. This is consistent with the fact that
in quantum field theory bare quantities are infinite but unobservable and they
need to be renormalized.

As well as on section (4.7) we will analyse numerically the gap equation, which
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will be given in this case by,

3g°N )\

90, A T) = 1673

/ 1 dR(R*S(R, go, A\, T)). (4.52)

Choosing gy = 1000 we find the same qualitative behaviour that we found in
section 4.7, with the same phase transitions, as we can see from figure [4.7].

However, the critical temperatures this time will be given by,

e For the transition from the deconfined to the semi-confined regime,

7Y
A =0.628 — = 0.0999 ~ 0.1, (4.53)
AQCD

for m = 0.5 and p = 0.1, while,

T
A =117 — = 0.1862 ~ 0.1, (4.54)
QCD

for m = =0, as we can see from figures [4.8], [4.9] and [4.10].

e For the transition from the semi-confined to the confined regime,

7
A% =0.396 — = 0.063, (4.55)
AQC’D

when m = 0.5 and p = 0.1, while,

¥
AP =0.64 — =0.102, (4.56)
QCD

for m = p =0, as we can see from figure [4.11].

Before concluding, we must emphasize that the qualitative behaviour of our plots

do not depend on a.. The only thing it would change is that increasing/decreasing
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the « value, it would increase/decrease the critical tempertures in a completely

analogous way to the one showed on [81].

00 05 10 15 59

Figure 4.7: Plot of the surface G for different values of A and I'. The intersection
with the plane G = 1 occurs for A below the critical value A = 0.628.

1.5

G(0.5,T)
G(0.628, T
Z— G(0.7,T)
3

Figure 4.8: Plot of the surface G(A\,I',m, ) when A = 0.5, A = 0.628, A = 0.7
(for m = 0.5 and p = 0.1). Here the blue line is where plane G = 1 intercept the
surface of figure [4.7].
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—6(0628.T.05,01)
“F— G(1.17,T, 0, 0)

-3
Figure 4.9: Plot of the surface G(A\,T',m, ) when A = 0.628 (for m = 0.5 and
p=0.1),and A = 1.17 (for m = 0 and p = 0).

1.5r
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A

Figure 4.10: Plot of I'(\). Here we can see that I' reaches zero when A reaches

the critical value ALY = 0.628 for m = 0.5 and pw=0.1. Yet form =p=0it
occurs at A\ = 1.17

100



4.9 Calculating the thermal mass in terms of the RGZ masses
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Figure 4.11: Plot of /4% — (—p2 +m2 + M?2)?; in terms of A. We can see

here that for m = 0.5 and p = 0.1 there is a phase transition at AP = 0.396
from a semi-confined to a confined phase. In other words, we can say that the

)
critical temperature of such a phase transition is Tj\ = 0.063. However, for

m = p = 0 the phase transition happens at )\9) = 0.64, which means at the

o )
critical temperature Tj\ = (0.102.

4.9 Calculating the thermal mass in terms of

the RGZ masses

It is important to state that what we did until now was to add a term of the kind
MTQAZAZ into the Lagrangian of the theory and to calculate how it might modify
the physical spectrum of the theory in order to give rise to some phase transition
into the theory.

However, as it could be seen, the thermal mass M? that we calculated was
obtained in therms of the components Hﬁ) and H,(i) of the gluon self energy, which

were calculated without considering the existence of the Gribov copies and the

masses of the condensates.
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4.9 Calculating the thermal mass in terms of the RGZ masses

Now our goal is to make the same calculation, but considering the diagrams
that represent the 2-point functions of the Yang-Mill theory within the Refined

Gribov-Zwanziger framework at at 1-loop.

4.9.1 Diagrams

At 1-loop the refined Gribov-Zwanziger action (2.63) gives rise to 13 diagrams,

w{}m%}m%
P s
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4.9 Calculating the thermal mass in terms of the RGZ masses

are respectively the gluon propagator (i),

k% + p? k. k k. k
a b( _ L — pv pvv 5ab
(AL(R) A (=F) (k% + u?) (k% +m?) 4+ 2¢2N~*) On k? o k4 ’
(4.57)
the ghost propagator (i),
b 5ab
(c*(k)c’(—k)) = e (4.58)
the bosonic auxiliary field propagator (ii7),
2.4 fabr fcdr
~ab cd gy f f kuky
_ = — 6 v
GRS RN = G e ) T 2N ( .
5ac5bd5 y
o (4.59)
the bosonic auxiliary field propagator (iv),
2.4 rabr rcdr k k
ab cd —k - gy f f 5 - fophv
<¢# (k)¢y ( )> (k‘2 +N2)((k2 —l—,uz)(/{fZ +m2) + 292]\7,}/4) = k2 ’
(0 ()il (k) = (g (k)i (—F)), (4.60)
the fermionic auxiliary field propagator (v),
Y . 5ac5bd5 5
(@ (k)wi™(—k)) = —WJQ (4.61)
and the mixed propagator (vi),
- ~2 fabc k k
ab c(_f - _ gy f 5 L — fphv
<¢M (k)Ay< )> ((k’2 + Ng)(k,Q + m2) + 292]\7,}/4) H k’2 9
(O ()AL (k) = (8 (k) AL(—F)). (4.62)
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4.9 Calculating the thermal mass in terms of the RGZ masses

However, in the high Thermal Limit (HTL) only 7 of them will contribute
to the gluon self-energy, while the other 6 will vanish when we take the internal

momentum k£ — 0.

This 7 diagrams in the HTL are:

e The diagram (a) is,

. ddp g2Npupu5ab
(2)ab —
TR (k) / (27r)d< | (4.63)

p* (k= p)?

e The diagram (b) is,

d 2 2 .9\ sab
M) /dp(_29N<m AL
(

27)d 2

(?(a+d = 2)g" — (@ = p"p") ) ey
(294g2N + p2m? — p* (12 + m2) + (p)°)

e The diagram (c) is,

e dp [ 2¢?N (m* —p*)’ 5
mi) - [ (-

(p? — 23) (p* — 3)
—a +2d — 2)p'pY + ap?g™)
k—p)?—af)((k—p)?—a3) |

(4.65)

e The diagram (d) is,

i (2)ab ddp B 78(d_1)96N3pup1/5ab
ngew = f <27r>d( 12 =) (ot = 1) (7 — a3) (k= p)? — 23)
1
. <<k—p>2—m?)(—(k—p>2+x%>>' (460
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4.9 Calculating the thermal mass in terms of the RGZ masses

e The diagram (e) is,

T k)

d’p 5o
= / 2ny {gQNQp“p 57 [8}92 (—=p® + 27 +23) x

(N2 —1)

o (P an) +

X (— (v'(d = 1)g?) + dp?

N?2 -1 N? -1

4 2,22 !
+ 8y'(d = 1)g 951‘”2] (ke =p? +m) (k—p)? —23)

! } (4.67)

4(m? = p?) (p* — a?) (p* — 23) (k — p)* — 21)

X

e The diagram (f) is,

. . ddp dg2N N2—1 pupu(sab
Q) (k) = /( ( ( ) . (4.68)

2m)®\ (m? — p?) (=(k — p)* +m?)

e The diagram () is,

iHEi)Gb

dp 7H(d = 1)g" N2pip ot
) / () ((w% P P —ad) (~(k—p+a))
y 1
(R

(4.69)

(\/—87492N +mt — 2m2p2 + pt +m® + M2> :

N =N =

(—\/—874g2N +mt — 2m2pu2 + pt +m? + u2> . (4.70)
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4.9 Calculating the thermal mass in terms of the RGZ masses

Summing the diagrams 4.63, 4.64, 4.65 ,4.66, 4.67, 4.68, 4.69 we obtain the
gluon self-energy z'Hf,,)ab. Then taking the components iHﬁ) and ZHLQH) we obtain
both the longitudinal and the transverse thermal masses, respectively II; and
[I7, by means of the eqgs. (4.11) and (4.12). Then, considering the propagator at

O-temperature (4.57), we can rewrite it as,

1 ok, \  akuky |,
m(éﬂv‘ P )* 2 ]5”7 e

(AL(R)AL(=F)) =

with,

2N g3~

_2 2
m°=m +—k52+u2’

(4.72)
which means that if we make the analytic continuation iw — w + id, with the
Minkowski four-momentum, K, = (w,E), we find that the propagator of the

theory at finite temperatures will be,

(PT>W (PL)#V KMKV
D (K) = — - - :
w(K) K2 —m?_Mp KZ-m?2_1, = K¢
2N g2~y*
—2 2 0

or, in oder words,

(K2 + p?) (Pr)uw

D, (K
oK) (—K2+m2—|—HT)(—K2+,u2)+2Ng§74+
4 <_K2 + N2> (PL),UV _ &KMKV (4 74)
(—K2+m?2+1I1)(—K? + p?) + 2N g2~* K+

with II; and IIy being really complicate functions of m, u, and v even after
removing all the divergent terms.

Doing so, one important result that we found this time is that the masses I},
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and Iy are not the same in the limit £ — 0, since they are given by,

1
= §(—\/—8]\7g2fy4—|—,u4—2/L2m?—i—m4—2;L21_IL+2mZHL—i—l_[%—i—

+ u2+m2—|—HL>,

1
T = 3 (\/—8]\79274 + pt — 2p2m? + m* — 20210, + 2m2T0;, + 112 +

+ w4+ m?+ HL), (4.75)

for the longitudinal sector, and,

1
7 = — —\/—8Ng>y* + pt — 2u2m?2 + m4 — 22Ty + 2m>2Ily + 12 +
i : Y+ pt —2p pu 117

+ u2+m2+HT),

1
U = 3 <\/—8Ng2fy4 + pt —2p2m? + m* — 2p2Tp + 2m21y + 112 +

+ o Em? 4 HT) : (4.76)

for the transverse one. This is relevant since, in principle, it prevents us from
adding the classic effective term —A“Aa into the action in order to describe the
theory at finite temperatures. However, it is well known that the condensates of
the 2-dimensional operators A} A} and (b“%“b Wy w b only exist in the infrared
regime, which means that they might vanish as long as we get closer to the
ultraviolet regime.

This would in principle give us back the opportunity to build an effective
field theory from which we could obtain a propagator that would emulate the
behaviour of the results of eq. (4.74). However, in order to do so, we would need
first to obtain the gap eq. of the masses of the condensates and solve them at

finite temperatures in order to be able to obtain expressions of the transverse and
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longitudinal masses of the gluon propagator purely in terms of the temperature
T. Then we would be able to determine an even more accurate behaviour than
the one obtained in the previous section. However, as this is not a simple task,
we will not let this analysis for a future work, where we will also analyse whether
the transition between the confining and the deconfining phases occur in such

case.

4.10 Conclusions and future perspectives

In this work we studied the Refined Gribov-Zwanziger theory at finite tempera-
ture in order to obtain information on the effects of the Gribov parameter and of
the masses of the condensates on the pole structure of propagators of the theory
and the behaviour, revealing us the phase transitions of the theory due to the
variation of the temperature T

In order to do such kind of analysis we used a semi-classical approach in which
we considered an effective massive Yang-Mills theory in order to add the thermal
effects into the poles of the gluon propagator. Basically what we did was to add
a term %M ?A, A, into action of the theory. Here the massive term M? represents
the 1-loop finite-temperature corrections of the theory, meaning that it contains
all the thermal information. So without this term we would not be able to see
any kind of phase transition.

By means of this method we were able to identify two critical temperatures of
phase transitions. One that is related to the transition between a purely confined
phase to a partially confined one, with a physical degree of freedom and a non-
physical one. The other one is related to a phase transition between the partially
confined phase to the completely deconfined one.

At the end, we calculated the thermal mass M? in terms of the Gribov param-
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eter and the masses of the condensates. From it we showed that there still exist
regimes of temperatures for which there are confining and deconfining phases.
However do to the complexity of the results, we were not able to write down an
effective action from which we could obtain results that could mimic the ones
from eq. (4.74), which is something that we intend to do in a future work. In
such a work, would be surely interesting to calculate the masses of the conden-
sates by solving their respectively gap equations at finite temperature, in order
to be able to analyse the longitudinal and transverse masses II;, and Il purely
in terms of the temperature 7', which would facilitate a lot our analysis of the

phase transitions of the theory.
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Chapter 5

The massive Yang-Mills theory

Summary

As it was seen on chapters 2 and 3, the Gribov-Zwanziger quantization procedure
in the Maximal Abelian gauge leads to the arising of non-perturbative massive
term (Gribov parameter) into the poles of the propagator (2.71) and (2.70) of
the Abelian sector of the Yang-Mills theory. Moreover, due to the non-local
structure of the Horizon function, which is introduced in order to eliminate the
infinitesimal Gribov copies, we are led to introduce two pairs of bosonic and
fermionic fields in order to implement a suitable localization of the complete
action. However, their own dynamics renders the formation of condensates, which
are due to dynamical infrared instabilities of the model leading to the refined
Gribov-Zwanziger action (RGZ). Such condensates give massive contributions
into the poles of the propagators of both Abelian and non-Abelian sectors of the
theory. Consequently their behaviour becomes qualitatively in good agreement
to the one obtained on lattice [4; 101] where it was shown their finiteness in the
limit £ — 0. More than that it was shown that the mass of the non-Abelian

propagator is bigger than the Abelian one, which is a lattice evidence of the
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Abelian dominance in the deep infrared regime.

With this in mind, in this chapter we will introduce a different effective method
to study the Abelian dominance in the non-perturbative regime of the Yang-Mills
theory. Basically, the idea is to define an effective massive Yang-Mills theory by
adding three massive terms of the kind mTQAzAi, MT2AZAZ and —S2%¢%?. Such
masses will enclosure all the non-perturbative features of the theory and will, at
the end, be determined by fitting the form factors of the Abelian and non-Abelian

gluon propagators corrected at 1-loop with the lattice results of Bornyakov’s paper

[4].

5.1 The massive SU(2) Yang-Mills Theory in the
Maximal Abelian gauge

We start writing the massive SU(2) Yang-Mills action in the maximal Abelian

gauge in the Euclidean space,

S = SYM+SMm+SI{\~4PAG+Sa, (5.1)
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gauge
where, using the Cartan decomposition (1.49) we have,
Syw = [dw(SPAFAY) = [ty (TFo pe 4+ Lps g
YM — xz ZMV w | — Zz Z;W ,ul/—i_zl vt py
1 a a a a 1
- [ lg(wy)(wu) - <8MA,,><8VAH>) + 5((6#143)(8#149 "
- ((%A?;)(@Ai)) +gf" <(3pA3)A§AZ - @AZ)AZA3> +
1 a, a a 1 Qa C a c
boLgp (@Aimm - <auAi>AyAz) L e g AL A AL
1 Qa ac; C c
+ 50 3(A2AZA2AV—A2AZA?;AH> , (5.2)

which is the Yang-Mills action,

1 1
e =[] Lo apa oo

2
) ab3 rac: 3 pAc ads c3=a AcC ac3 rcb3 ¢ é
=+ ﬁf bdf SAiAZAiAV—i_ng ddfb?)c AMAZCb_i_ng 5fb3c AiAZCb‘i‘

. gfab3(8u63)AZCb + gfab3 ((auéa)AiCb — CaAi(aucb)> + Ea(auauca) +
_ 53(auauc3)] : (5.3)

is the Faddeev-Popov action in the maximal Abelian gauge,
S = d* 1M2A“A“ L ZA3 A3 5.4
Mm - € 5 nep + Em [V ? ( * )

are the effective massive terms whose masses we will fit with the lattice [4], and,

1
S, = /d4x (Zag2f“b3f6d35aébcccd + %baba — S2E“ca> , (5.5)
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are external terms added in order to garantee the renormalizability of this effective
massive Yang-Mills theory, as it was shown in [29; 102].

Moreover, we might also mention that besides the terms —A3 A3 and 22 SALAL,
which generate masses into the poles of the Abelian and non-Abelian gauge field
propagators, we also added a term —S?¢%c® that will give rise to an effective mass
S? into the pole of the non-Abelian ghost propagator, which is in agreement with
the works [47; 61; 64] in the RGZ framework and with [4] in the lattice.

From eq. (5.1) we can calculate the propagators of the theory. The non-

Abelian and Abelian propagators of the gauge fields are, respectively, given by,

(AR Y1) = ﬁ(é—%m)&

(AL (R)AD(—F)) = m(aﬂy—kkk )533 (5.6)

or, in another way, decomposing its transverse and longitudinal parts,

1 kHEY aktk”
Aa Ab o — 12 ab ab
(Au(k) A, (=) k2 + M? (5 k2 )6 (/{;2(/@2—1—04]\/[2))5 ’

(A% (R)AS(—F)) = ﬁ (@W - klf )533 (5.7)

while the non-Abelian and Abelian propagators of the ghost fields are, respec-
tively, given by,

W) = o™, 5:5)
EEHR) = 5% 5.9

We can see from eq. (5.7) that the Abelian gluon propagator is purely trans-

verse while the non-Abelian one has a massive longitudinal part that goes to 0
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when a — 0 as well as its mass aM?. Regarding the ghost propagators, we can
see that only the non-Abelian ones will obtain an effective mass, since the Abelian
ghost sector decouples from the theory, meaning that there is no reason why to

consider a model that contains massive Abelian ghosts propagators.

5.2 Vertices

As our main goal in this chapter is to calculate the Abelian and non-Abelian
gluon self-energy, in order to be able to write the propagators of the theory with
their masses corrected at 1-loop order, we need, first of all, to obtain the vertices
of the theory. Yet, in order to calculate the vertices of the theory we will use the

Fourier transformation to the momentum space defined in the following form,

U(r) = / %(@(p)e_im). (5.10)

Then from the action of eq. (5.1) we obtain the following vertices,

o A-A-A

ngj(ﬂh, @.q3) = —ig(2m)* 0 (@1 + @2 + q3) fI* <5Q’B(Qf —q3) +

1

+ 0745 — a3) + 07 (a5 —at) — —

(q50°7 — Q?55”)) :

(5.11)
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o A-A-A-A
VJ;:;(QM 92, 43, Q4) - (27T)4g254(ql + g2 —+ qs + q4) fsn3fhf3 <55)\5acr +
5&0550) + ffs3fnh3 (5oa65)\ . (5(7)\(55&) X
+ (5“5”/3 - w(saﬁ)] :
(5.12)
and,

1
vof;agi(qb q2, 43, Q4) = (271')492 [fah3faf3 <50>\50¢5 _ 5C¥)\505 + _5[”\6040) +
(0]

4 faf3fah3 (60)\55a . (')‘BA(SUQ 4 léa)\550> ] %
«

X 54(611 + ¢2 + g3 + qq).
(5.13)

o A-c-c
V2 g1, qo, qs) = —ig(2m)* [0 0 (g1 + qa + q3) (g5 — ¢5),  (5.14)

and,
VP (qu, g0, 3) = igf b (2m) 6 (1 + 2 + g3). (5.15)
o A-A-c-c

V:B(QD 02, q3,qa) = _2925ab5w/(27)454(Q1 + @2+ g3+ ), (5.16)
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and,

VI (g1, a2, a3, @) = g70M 2m) (f12 1973 4 1173 19936 (g1 + @2 + a3 + qu).

(5.17)

® C-C-C-C

VI (g1, G2, g3, qu) = —ag?(2m)  (fM3 195 — o3 I 6 gy + go + g3 + qa)-

(5.18)

5.3 Diagrams

In this section we will finally calculate the Abelian and non-Abelian two-point
functions of the gauge fields at 1-loop. In order to do so, we will adopt some

conventions, as follows;

e We will represent non-Abelian gauge propagators by straight lines, while
waved lines will represent the Abelian ones and the dotted lines will repre-

sent the non-Abelian ghost propagators.

e For the construction of the vertices, we will give a positive sign + for all the
momentum entering on a vertex and a negative sign — for all the momentum

exiting from a vertex.

In order to properly solve the diagrams we made use of the Wolfram Math-
ematica package FeynCalc [103]. With this package we are able to implement a
symbolic semi-automatic evaluation of Feynman diagrams and algebraic expres-
sions in quantum field theory. Basically, this package allows us to automatize

the process of tensor reduction and partial fractioning of loop integrals. Both of
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5.3 Diagrams

these functionalities are very usefull for us, specially the partial fractioning one.
With it we are able to write the diagrams in terms of its master integrals before
evaluating them.

However, as all theses intermediate calculation process in order to solve the
1-loop Feynman diagrams is too extensive, we will leave them out of this thesis
and leave the reference of [102] for more details. Moreover, as the results of our

diagrams are also too wide, we chose to rewrite them in terms of the following

functions,
M) = e (1-5) (5.9
n(my,my) = (4;)51“ (2 — g) /01 dx (pzx(l —z)+axm + (1 — :U)m2> 2_2,

(5.20)

which will give us a more fancy look to our final solution.

5.3.1 Abelian gluon self-energy

The two-point function of the Abelian sector of the gauge fields is given as the

sum of the four diagrams of the figure below.

However, to evaluate these diagrams means in principle to evaluate their self-
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energy, which is represented by the core of each diagram with its external legs
amputated. The total self-energy of the Abelian gluon two-point function will be
given by,

i (k) = a4y @ (k) + il ) (k) + illhy © (k) 4 iI14 D (k) (5.21)

where,

e il157 (@ (k) is the self-energy of the ghost sunrise diagram (a), being given

by,

r7Hv (a) 2 pba3d pa’b’3 ddp Qo 50«(1/ By
ZH33 (k> = —g f f (2ﬂ)d 5 Pa — (_k _p)Oé 6 X

p2 +52
(5bb’
((’f +p)s — (—P)B> hrp)iT 8

= _g2fba3fab3/ ddp (k+2p)“ (k+2p>u
(271')d p2+52 (k._|_p)2+52

X

: (5.22)

where 1 is the symmetry factor.

o I157(®) (k) is the self-energy of the ghost tadpole diagram (b), being given

by,

’ ddp
. V(b _ 2 caa v
Mgy O (k) = 24%0° 6" /(Zw)d
= [ 2
(2m)¢

where 1 is the symmetry factor.

1 /
Jaa
p2 + SQ ]

L | (5.23)

p2+52

o il157(©)(k) is the self-energy of the gluon sunrise diagram (c), being given
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5.3 Diagrams

X ne a o't ddp
M) =~y [ o

5(1(1’ 500/ B (1 . a)papa’ y
p2 +M2 p2 +OJM2
X (507(29 — (=k=p)" + " ((=k —p) — k)7 + "7 (k —p)" +
1 1 -1
= =k —=p)7o7 — p"fV“)) <5" "(=p—(k+p)"+

(=k—(=p)" +

- é((/€ +p) 67— (—p)"'57/”)> X

) P (5 (A —a)(k+p)(k+p)" )] . (5.24)

+ 0 ((k+p) — (k)7 + 67

(k+p)?+ M? (k +p)? + aM?
where 1 is the symmetry factor.
o il157 (@D (k) is the self-energy of the gluon tadpole diagram (d), being given
by,

/ / / 1 /
ang(d)(k) _ g2 [fac SfaCS <5ul/577’ —§TVEHT 4 aé"r V57'/,L> +

/ ! / 1 /
+ fac3fac3(5uy577_57u5u7+aéru(57u>] %

d?p 1 5 (1—a)pp” o
(2m)? | p? + M? p? 4+ aM?

_ ac3 rac v ddp (1—04) (1_l+io¢)
= 292f 3f 3 5H /(27‘(’)d [_ <p2—|-]\/[2)<p2j—a;\l42)

(d—1+(2))
p2+M2

X

, (5.25)

where 1 is the symmetry factor.
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After solving the integrals of eqs. (5.22), (5.23), (5.24) and (5.25) in order

to obtain the solution of Abelian gluon self-energy of eq. (5.21), we contracted

it with the external legs of these 1-loop diagrams and multiplyied the result by

P

1
D-1

found,

Hdiag <p2)

w in order to take only the transverse sector and, changing k <> p, we

392

8(D — 1)M* (m? + p?)°

2p*n (M?, aM?) (2]\/[2])2(04 —2D +3)+

(a—1)°M* +p4> — (4M? + p*) n (M?, M?) x

(4(D — 1)M* + 4(3 — 2D)M*p* + p*) + 32M* 5%y (S, 5%) +
8M*p*n (S?,5%) — p°n (aM?, aM?) + AM°p*n (aM? aM?) +
4aMPp*n (aM? aM?) — 16aM°y (aM?, aM?) +

AM*p*n (aM?, aM?) 4+ 16aM*p*n (aM?, aM?) — 8D*M*x (M?) +
16DM*y (0?) 4+ 2M*p*(a + 4D — 9)x (aM?) — 8DM?p*x (M?) +

8(D — 2)M*x (aM?) 4+ 24DM*x (M?) — 2aM?*p*x (M?) +

18M?p*y (M?) — 16M*x (M?) |, (5.26)

where we used the relations of egs. (5.19) and (5.20) in order to write the solution

in a compactified fashion. Then taking the gauge parameter @« — 0 and the ghost
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effective mass S? — 0 we obtain,

3g°

I ia 2 =
s () = D A (i 1 )

2p’n (M?,0) (2(3 — 2D)M?*p? +
+ M —|—p4) + (—4AM? = p*) n (M?, M?) (4(17 —1)M* +

+ 4(3—2D)M?*p?* + p4) + 4M*p*n(0,0) + 4M?p*n(0,0) +
+ p%(—n(0,0)) — 8D*M*y (M?) — 8DM?p*x (M?) +

+ 24DM*y (M?) 4+ 18M?p*x (M?) — 16M*x (M?) |.  (5.27)

This is the total correction at 1-loop of the Abelian gluon two-point function. So

our new 1-loop corrected Abelian gluon propagator will be,

1 Pulv
G giag(p?) = 8 — 2| 633, 5.28
d g(p ) p2 + m2 . Hdiag(pQ) ( % p2 ) ( )

which means that the form factor that we will analyze will be,

1
p? + m? — iy (p?)’

Diag(p*, m?) = (5.29)

5.3.2 Non-Abelian gluon self-energy

As well as in the previous subsection, let’s now write down the total self-energy
il1%7 (k) of the non-Abelian gluon two-point function, which is given by the sum

of the diagrams below.
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o - G

5% <‘¢.)
+ +
(¢) (d)
In other words,
I (k) = ng‘l’:(“)(lﬁ) + ng,l)’(b)(k:) + Z'Hg‘b”(c)(k) + ng‘g’(d)(k) (5.30)

where,
e JI1"/(@ (k) is the gluon sunrise (a) self-energy, being given by,

d
O T | %([MT(ls—(—k—p))”nt

+ 07 (=k—p—pl+5Hp—k)+

1 e
(k=) ) k+pZt M2

% 5TT’ . (1 — Oé)(k‘ _'_p)T(k +p)T/ 533
(k +p)* + aM? p? +m?

)
p

b0 (p (kD)) — (R~ ( +p>f'5””’>] ) (5:31)

/

07 (k+p — (=k))7 + 07" (—k — (=p))" +

where % is the symmetry factor.
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o iI1"/®) (k) is the non-Abelian gluon tadpole (b) self-energy, being given by,

2
ZH;aLll;(b) (]i]) — % <fc’03fba3 ((51/7" SHT 5#7“51/7‘) + fac/Sfch (5TM6VTI +
. 67’7"51/,u) + fc’b3fac3 (5#7’671/ . 577’5uu)> %
/ ddp 600’ 67—7—’ B (1 _ a)p‘rp‘r’
(2m)? | p? + M? P+ aM?

_ 2 pac3 pcb3 ddp . (1 - a)(p“py _p25l“’>
= o | (W[ T M+ a?)

X

(1 — d)om

- .32
p2+M2 ’ (53)

where % is the symmetry factor.

o iI1"/()(k) is the Abelian gluon tadpole (c) self-energy, being given by,
/ ’ 1 /
Zﬂgbl/(c)u{;) — g2 [fdb?)fda?) (57‘7’ SHY _ gHT STV L 5T 5#7‘) +
(6]
+ fda3fdb3 (677/51/# . 51/7—/57—,u + léuT/(sle)] >
0%

de 1 T
/ P 57—7—’ _pPp 533

(2m)d | p? + m? p?

1 1 1 d?p
= 2¢%0%"[d—24 -4+ = — — /
g ( * a * d da) (2m)d

X

1
p2 + m2
(5.33)

I

where 1 is the symmetry factor and f3 fda3 — fbd3 fad3 — ¢3bd 3ad _ g§ab
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o 11"/ (k) is the ghost tadpole (d) self-energy, being given by,

ZHZII:(k) — g25,ul/ (fc/a?)fcb?) + fc’b3fca3> / (27T)d

5cc’
p2 + 5'2

dp

, (5.34)

where 1 is the symmetry factor.

Like in the Abelian case, after solving the integrals of egs. (5.31), (5.32),

(5.33) and (5.34) in order to obtain the solution of non-Abelian gluon self-energy

of eq. (5.30), we contracted it with its external legs, then multiplied the result

by ﬁPW in order to consider the transverse sector only and, changing k < p,

we found,

Hgf f (PQ)

+ o+ + o+

_|_

9250,17
(D= 1)prmaME (g2 + M)

—2m?* ((2D — 3)p” + aM?) + (p* + 04]\42)2 +m?) +
(

(p2 +m?+ M2)277 (mz,aMQ) X

—2m? (M? — p?) + (p* + M?)* + m4> n (M?,m?) x
(2(2D — 3)ym?* (M? — p*) +2(3 = 2D)p°M? + p* + m* + M*) +
(p® + M?)* 5 (M?,0) (2(3 — 2D)p*M? + p* + M*) — (0* + M?)” x
(p* + aM?)*n (aM?,0) — My (m?) x

(zm2 (p° (a4 2D* —=8D +7) + M*(ov — 2D + 3)) + (p* + M?) x
(p*(a+4D —5) + (a = 1)M?) + m* (o + 4D — 9)) +

m’ (x (M?) (—2(2D* —=8D +7) p*M?* + (7 — 4D)p* +

(4D — 7)ym* (M? — p®) + (7 — 4D)M* + m*) +

8(D — L)p*M*x (5%) ) +m?x (aM?) ( — ((7—4D)p* +

m? (7T — AD)p* — (a — 2)M?) — 2p*M*(a + 4D — 6) + m* +

(1— 2a)M4))], (5.35)
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where we also used the relations of egs. (5.19) and (5.20) in order to write it in
a simpler form. Then taking the gauge parameter a — 0 and the ghost effective
mass S? — 0 we obtain,

25mn
o (0°) = J ? ln (m?,0) ( —2(2D — 3)k*m? +

4(D — Dk2m2M? (k2 + M?
+ k:4+m4) (K2 +m? + M?)* - (—Qm2 (M? — k) +
+ (M) + m4)17 (M?,m?) (2(21) —3)m?* (M? — k?) +
+ 2(3—2D)K*M* + k' +m" + M4) + (K2 + M?)% (M2,0) x
x (23 = 2D)K2M? + K + M*) — k*(0,0) (K2 + M?)* +

- M?*x (m?) <2m2 ((2D* —8D +7) k* 4+ (3 — 2D)M?) +
+ (K + M?) (4D —5)k* — M?) + (4D — 9)m4) +m?y (M?) x
X ( —2(2D* = 8D +7) K’ M? + (7 — 4D)k* + (4D — T)m” x

x (M?—=k*) +(7T—4D)M* + m4> , (5.36)

which is the total correction at 1-loop of the non-Abelian gluon two-point func-
tion. This means that the 1-loop corrected non-Abelian transverse gluon propa-

gator will be given by,

1 Z, “
a7 () — Bub )5 b, (5.37)

= O
PP+ M2 —1lop (p?) ( P
which means that the form factor that we will analyze will be,

1
p?+ M2 —Tlpp(p?)

Dfo(P27m2) = (5.38)
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In a similar way, the longitudinal sector of the non-Abelian gluon self-energy
(5.30) can be obtained on Mathematica and it is given by,

2
—9
Il (p?) = AT [ — p'n (M2, m?) (2m2 ((2D = 3)M? +p*) + m* +

+ (M? +p2)2) +p* (m* + 2m*p® + p*) n (m?,0) +
+ p*(M? 4 p*)*n (MQ, O) — p®n(0,0) + M?p*x(m?) +

+ m2p4x(1\/[2)] : (5.39)

From it we obtain the 1-loop corrected longitudinal non-Abelian gluon propaga-

tor, which will be given by,

«

— mLW(pQ)éab. (5.40)

fo f(p2>
As we can see, the longitudinal term GOLf 7 (p?) is proportional to the gauge param-
eter o, meaning that in the limit of @« — 0 it becomes identically null. Because
of this in the next section we will focus our analysis only to the transverse sector
of gluon two-point functions. However, we might state that this does not mean
necessarily that the longitudinal sector of the Abelian and non-Abelian gluon
two-point functions might not be affected by the addition of the effective masses
m and M, since at higher orders in the loop expansion a longitudinal contribution

can still appear.
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5.4 Analysis of the Abelian and non-Abelian sectors

5.4 Analysis of the Abelian and non-Abelian sec-
tors

After having calculated both the self-energies of the Abelian and non-Abelian
gluon sectors of the theory, we are finally able to fit our results with the ones
obtained in the Bornyakov’s work [4]. In its work, Bornyakov calculated on the
lattice the gluon propagators in the Maximal abelian gauge and plotted their
form factors and dressing functions, as we can see on figure 5.1. After that he
compared the data obtained with the form factors and dressing functions of the
most prominent massive models at the time to describe the infrared regime of the

Yang-Mills theory. To do so, he fitted the following functions,

‘ Zm2a
thl(Z, m, a) = W’ (541)
. Zm?a
fito(Z,m,a) = TS BT (5.42)
. Z
thy(Z, m, (l) = m, (543)
. A
fltyg(Z7 m, k’) == np4—22’ (544)
e +m“+p
2
. Pz
fita(Z,m,p) = gy (5.45)

with the graphics of figure 5.1. Here, the functions (5.43) and (5.44) are Yukawa
type form factors and (5.45) is a Gribov-like one.

It was found through fits that in the limit of low momenta p — 0, the Gribov
form factor did not provide a good fit to the data. In every other instance, how-
ever, it was found that these models not only provided a good qualitative match
to the data, but also replicated propagators that showed the Abelian predomi-

nance in the theory. The outcomes of the fitted parameters m, «, k, and Z can
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Figure 5.1: (a) The form factors D(p?), and (b) the gluon dressing functions p? D(p?) in terms
of the momentum p. This figures were obtained on lattice in the Bornyakov’s work [4].

be seen in figure 5.2. There it can be seen that the non-Abelian gluon masses are
at least two times bigger than the Abelian ones which is an evidence of Abelian
dominance in the infrared regime.

However, between all the fittings, the function (5.41) was the one that better
reproduced the qualitative and numerical behaviour of the lattice propagators.
With this in mind, we fitted our own form factors (5.29) and (5.38) with the
function (5.41).

To be more precise, what we did was to reproduce the fitting of the function
(5.41) obtained by Bornyakov for the Abelian gluon propagator. After that, we
fitted our Abelian form factor (5.29) with (5.41) in order to determine all of
our free parameters, as we can see on figure 5.3. Doing so, we obtained that
m = 0.308GeV, M = 1.37GeV, un = 2.82 and g = 2.18, which are respectively
the Abelian effective mass, the non-Abelian effective mass, the renormalizarion
constant that comes from the MS renormalization scheme, and the coupling
constant. We can see here that the non-Abelian mass is much bigger than Abelian

one, which is a good evidendce of the Abelian dominance in the infrared regime.
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fit | m, GeV | @ or K | Z | Pmax, GeV | 2 /dof
Transverse diagonal
fit 1 0.73(2) 0.92(3) 16.9(4) 137 0.8
fit 2 0.58(2) 0.49(5) 3.5(2) 1.0 0.4
Gribov fit 0.33(1) - 4.58(5) 0.9 0.9
Yukawa 2 fit | 0.50(2) 0.19(3) 8.3(3) L7 0.9
Transverse off-diagonal

fit 1 1.6(2) 0.6(2) 1.3(2) 1.7 1.0
fit 2 1.26(4) 0.19(4) 0.73(2) L7

Yukawa fit 1.08(2) 0 0.63(1) 1.7 1.5
Yukawa 2 fit | 1.29(6) 0.15(5) 0.81(5) 1.7

Longitudinal off-diagonal

fit 1 14(2) | 05(3) 1.0(3) 17 1.1
fit 2 1.14(6) | 0.19(6) 0.63(3) 1.7 1.1
Yukawa fit | 0.96(3) |0 0.52(1) 1.7 1.3
Yukawa 2 fit | 1.14(8) | 0.12(7) | 0.66(6) L7 1.1

Figure 5.2: Graphic of the dressing function p?D(p?) vs p?. In blue we have the transverse

Abelian dressing function while in orange we have the fitting of the function in the Bornyakov’s
work [4].
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Figure 5.3: Graphic of the form factor D(p?) vs p?. In blue we have the transverse Abelian

form factor while in orange we have the fitting of the function (5.41) that was fitted with lattice
in the Bornyakov’s work [4].

129



5.4 Analysis of the Abelian and non-Abelian sectors

After that, we substituted these values on the non-Abelian gluon form factor
(5.38) in order to compare its behaviour with the abelian one, as we can see on
figure 5.4. Thankfully, what we obtained was a really nice graphic in which it
can be observed the dominant behaviour of the transverse Abelian form factor
with respect to the non-Abelian one, which is the most important conclusion of

this chapter.

100 ¢ E

10}

0.10

001k o o o v v o TS e e e
0 1 2 3 4 5 6

Figure 5.4: Graphic of the form factor D(p?) vs p?. In blue we have the transverse Abelian
form factor while in orange we have the transverse non-Abelian one.
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Chapter 6

Conclusions

In this thesis we explore different methods to obtain information about all the
nuances regarding the Yang-Mills theory in the infrared regime. In particular, we
were interested in two main features: the Abelian dominance conjecture and the
gluonic phase transition between confined and de-confined regimes.

To do so, we followed 3 different paths.

e The first path was to investigate the Yang-Mills-Chern-Simons theory, since
it is an effective 3-dim field theory to describe the 3-dim Yang-Mills-Higgs
model, which in its turn is an effective field theory to describe the 4-dim
Yang-Mills theory at high temperatures. In such a way, it can be seen
as a toy-model to study the Yang-Mills at high temperatures, where the

Chern-Simons mass contains all the thermal information of the model.

By adding the horizon function in order to eliminate all the infinitesimal
Gribov copies of the theory, it adds a novel massive term called Gribov
parameter which couples to the gluon fields. Such parameter is determined
via gap eq. and modifies the pole structure of the gluon propagator gen-
erating degrees of freedom with complex masses. This is uderstood as an
indication of confinement since such degrees of freedom are necessarily out

of the physical spectrum and, more than that, they lead to a positivity
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iolation of the spectral density, which are both conditions that need to be

fulfilled in order to consider a particle to be confined in the infrared regime.

Besides that, due to a quantization rule imposed in order to grant the gauge
invariance of the Chern-Simons action, we found out that by restrincting
the domain of the path integral to the Gribov region by adding the horizon
function, we eliminated not only the infinitesimal Gribov copies but also all
the finite ones, giving rise to a path integral completely free from Gribov

copies.

Another important result that was obtained was the fact that the topolog-
ical Chern-Simons mass modifies the gap eq. that determined the Gribov
parameter, which is something that was not obtained in previous works [81]

in Landau gauge, meaning that these are novel findings.

This work led us to publish two articles [71; 74], one where we analyzed
the Yang-Mills-Chern-Simons theory in the maximal Abelian gauge and the

other we analyzed it whithin the linear covariant ones.

In the linear covariant gauges, we obtained results that were in good qual-
itative agreement with the ones obtained in [84; 85] for Yang-Mills-Higgs
theory. This study led us to obtain a regime with two masses, one positive
and one negative for the gluon propagator, and when the weak coupling con-
dition is met, the standard particle spectrum is obtained. The Gribov gap
equation in pure Yang-Mills theory at finite temperatures produced a phase
diagram similar to previous studies [84; 85|, with temperature substituting

for the Higgs vacuum expectation value.

Yet in the maximal Abelian gauge we were able to analyze the Abelian
and non-Abelian sectors of the theory separately thanks to the Cartan de-

pomposition. After calculating the propagators of the theory we saw, as
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it was already expected, that the Gribov parameter enters only into the
poles of the Abelian propagator. This means that the model is distinct
from standard Yang-Mills theories linked to Higgs fields, as the off-diagonal
components are always deconfined, and the Abelian component can have
physical excitations based on the value of the topological mass. The shift
from confinement to deconfinement is influenced solely by the existence of

the topological mass and is not dependent on any additional fields.

In the second path we investigated the Refined Gribov-Zwanziger model
at finite temperature to understand the effects of the Gribov parameter
and the 2-dim condensate masses on the pole structure of propagators and
phase transitions of the theory. We used a semi-classical approach in which
we introduced an effective massive Yang-Mills model in which the effective
massive terms incorporated all the thermal effects. We identified two crit-
ical temperatures for phase transitions and we showed that the masses of
the condensates decrease the temperatures of phase transitions. The inter-
mediate phase of partial confinement is an essential finding as it agrees with
other works [81; 104; 105; 106; 107] on the quark-gluon plasma’s transition
behavior. Then we concluded by discussing the complexity of extending
such method to 1-loop order the results and our plans for future research,
including calculating condensate masses at finite temperatures and analyz-
ing the longitudinal and transverse masses in terms of temperature, since

this would increase the precision of our results.

In the third path we built an effective massive Yang-Mills model in order
to study the infrared regime of the Yang-Mills theory within the maximal
Abelian gauge. Basically, we added two massive terms inside which all

the non-perturbative information of theory is contained. After that, we
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calculated at 1-loop order the gluon self energy of both the Abelian and
non-Abelian sectors of the model. Then we used them to write the Abelian
and non-Abelian gluon propagators with their masses corrected at 1-loop.
Finally we fitted our Abelian and non-Abelian form factors with functions
that where previosly fitted with lattice results on [4]. In such a way, we
could determine the value of the Abelian and non-Abelian effective masses
that we introduced at the beginning of the work into the Yang-Mills action.
We concluded then that not only our model reproduces very well the lattice
resimulations as also reveals to us that the non-Abelian mass is considerably
bigger that the Abelian one, which is a really important result, since it is a

good evidence of Abelian dominance in the theory.

Said that, we must emphasize that even though these studies led to really
nice results that were in good qualitative, and in some cases even numerically,
agreement with lattice, we still intend to improve the precision of our results in

future works. Between them we have:

e The calculation the gluon self energy of the Refined Gribov-Zwanziger
model at 1-loop, in order to be able to plot the form factor of the gluon
propagator with its first order corrections and compare it with lattice. This
is a work that is already being done in the linear covariant gauges and might

to be sent to publish as sooner as possible.

e The calculation of the gluon self energy of the Yang-Mills-Chern-Simons
theory within the Refined Gribov-Zwanziger framework in linear covariant

gauges at 1-loop. This is also a work that was already started.

e The calculation of the masses of the 2-dim condensates at finite tempera-
tures. This would be interesting since it would allow us to have a better

understanding on how such masses, together with the Gribov parameter
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affect the phase transition of the Yang-Mills theory at 1-loop, since this
would give us much more precise results for the effective thermal masses

calculated in this thesis.

The study of the SU(N) massive Yang-Mills theory in the maximal Abelian
gauge. This work would be interesting since it would extend to the SU(N)
the study of this thesis, which was done only in the SU(2).

The calculation of the gluon and quark two-point functions at 1-loop within
the Refined Gribov-Zwanziger framework. This work would be interesting
since, as already stated in previows works [108; 109], the Gribov-Zwanziger
model allows us to add a novel term into the action that couples the
Faddeev-Popov operator to the quark sector leading to the arising of a
Gribov-like mass into the poles of the quark propagator. Hence, it would
be interesting to analyze how this modifies both the gluon and quark two-

point funcions behaviour at 1-loop.
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