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Abstract

In this thesis, we investigate solutions of the Boltzmann equation from the method of moments.
This approach, originally proposed by Grad, consists in expanding the single-particle distribution
function in terms of its irreducible moments using a complete and orthogonal basis of irreducible
momenta. The problem of solving an integro-differential equation for the single-particle dis-
tribution function is then converted into solving a set of coupled differential equations for its
moments. Traditional fluid-dynamical theories can be obtained by systematically truncating the
so-called moment expansion including solely the 14 independent degrees of freedom that appear
in the continuity equations that describe the conservation of particle, energy and momentum. We
first extend this truncation by also including nonhydrodynamic currents and derive a third-order
formulation of fluid dynamics. One expects that the inclusion of more terms in the moment
expansion leads to more accurate solutions for the Boltzmann equation, which typically requires
the inclusion of moments that lie far beyond the hydrodynamic limit. We then systematically
derive a general equation of motion for irreducible moments of arbitrary rank and show that,
as more moments are included in the hierarchy of equations, the solutions for the moments
themselves converge. We then reconstruct the single-particle distribution from the solutions
for its moments, thus actually solving the Boltzmann equation. We demonstrate that the mo-
ment expansion for an ultrarelativistic gas in Bjorken flow is actually divergent and physically
meaningful results can only be obtained with the implementation of resummation schemes.
In particular, we observe that the exact energy-momentum tensor is well described by fluid
dynamics, whereas the single-particle distribution function itself is not. Thus, the nonequilibrium
dynamics of a massless gas is not quantitatively well captured by a fluid-dynamical description
and is primarily governed by nonhydrodynamic contributions. This implies that, for a classical
massless gas undergoing a Bjorken expansion, fluid dynamics works even though the system is

not in equilibrium.

Keywords: Kinetic theory, Boltzmann equation, method of moments, relativistic dissipative

fluid dynamics.
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Introduction

Quantum chromodynamics (QCD) describes the strong interaction in terms of fundamen-
tal particles, namely quarks and gluons [3,4]. Quarks possess two intrinsic quantum numbers:
flavor — six types have been observed so far (up, down, charm, strange, top, bottom), each with
specific mass and electric charge; color charge, the analogue of electric charge in quantum elec-
trodynamics (QED), but with three types (red, green, blue) that combine into color-neutral states.
The interactions between color-charged particles are mediated by gluons, which themselves carry
color, allowing not only quark—quark but also gluon—gluon interactions. This self-interaction,
which is absent in QED since the photon has zero electric charge, renders first-principles calcu-
lations extremely challenging. Furthermore, QCD exhibits two unique properties: asymptotic
freedom [5-7], where the interaction between quarks weakens as the energy is increased, and
color confinement [8], which forbids the existence of free color-charged particles. In particular, at
extremely high temperatures, asymptotic freedom dictates that quarks and gluons become weakly
interacting and thus cannot form any bound states. Thus, such property predicts a deconfined
phase of nuclear matter, the so-called quark-gluon plasma (QGP), a state in which hadrons

cannot exist and the system is composed solely of weakly-interacting quarks and gluons.

Over the past decades, several experiments were launched with the common goal of
producing this novel state of nuclear matter and understanding the thermodynamic and transport
properties of QCD. These experiments consist in colliding heavy ions at ultra-relativistic veloci-
ties with the purpose of creating systems with the highest energies and densities ever achieved in
a controlled environment. The first efforts of this experimental endeavor started over five decades
ago, with heavy-ions being collided at ~ 1 GeV per nucleon at the Bevatron, Berkeley. Later
on, heavy-ion experiments were launched at the Alternating Gradient Synchrotron (AGS) [9],
Relativistic Heavy-Ion Collider (RHIC), both located in Brookhaven National Lab, in Upton,
USA, as well as at the Super Proton Synchrotron (SPS) [10] and the Large Hadron Collider
(LHC), at CERN, at Geneva. The current ongoing experiments both at RHIC and LHC achieve
energies in the order of TeV per nucleon, thus providing a rather powerful tool to investigate the

QCD phase diagram.

The far-from-equilibrium system formed shortly after the collision evolves into the
quark-gluon plasma, whose dynamics is governed by relativistic fluid-dynamical equations.
In particular, phenomenological computations estimate that such system takes 7 ~ 1 fm/c to
reach a hydrodynamic behavior [11]. However, if and how the system thermalizes so fast still
remains an open question in the field [12]. In particular, it is not trivial to understand how the
competition between the system’s expansion and the interactions between the particles drive it to

a hydrodynamic regime.
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Numerous experimental evidence corroborate the fluid behavior of the QGP. In particular,
the QGP is expected to be formed in the region where the two incoming nuclei overlap. In
general, the overlap region is not perfectly isotropic in the transverse plane, but instead has an
almond-like shape, that is, the bulk matter is more squeezed in one direction in the transverse
plane of reaction. Hydrodynamics thus dictates that larger pressure gradients are generated in this
direction, implying that particles are expected to be emitted with larger momenta in this particular
direction. Therefore, spatial anisotropies in the system are converted into pressure gradients in the
presence of collective behavior. This is imprinted in the so-called flow harmonics — denoted by
vy, —, coefficients of a Fourier expansion of the azimuthal distribution of the outgoing particles in
the transverse plane which quantify the momentum anisotropies of the emitted particles. The first
three coefficients are known as the directed flow (v,), the elliptic flow (vs), and the triangular
flow (v3). Measurements of the flow harmonics determine the flow configuration of the QGP,
which in particular reflects the system’s initial geometry, thus serving as striking evidence of the

fluid character of the quark-gluon plasma [13-17].!

Another evidence for the formation of the QGP comes from jet quenching [20-23].
The energy of the hot and dense system produced in ultrarelativistic heavy-ion collisions is
sufficiently large to allow for the production of parton—anti-parton pairs. Naturally, conservation
momentum impose that these sprays of particles, known as jets, are emitted in opposite directions.
One of the tails of the jet travels inward the hot and dense medium, losing energy from the strong
interactions with the particles of the system, thus being significantly stopped from reaching the
azimuthally opposite side of the detectors. This leads to an asymmetry in the detected final-state
particles, as the other end of the jet, traveling outside the QGP region, does not experience the
same effects and reaches the detector rather intact. These observations have been reported by
various experiments and provide reliable probes of the QGP [24-29]. This phenomenon is known
as jet quenching and further supports the hypothesis of the formation of a strongly coupled fluid
of quarks and gluons.

The QGP is the fluid with the smallest specific shear viscosity, 17/ s, ever observed [30-35].
Nevertheless, dissipative effects should not be disregarded in order to consistently describe the
evolution of this system. Therefore, one must invoke a formalism of relativistic dissipative fluid
dynamics. The most intuitive approach is to resort to a relativistic extension of Navier-Stokes
theory, the first description of relativistic fluids, derived independently by Eckart [36] and
Landau [37]. The derivation of the Navier-Stokes theory relies on a nonequilibrium entropy 4-
current that contains only terms up to first order in the dissipative currents. Then, from the second
law of thermodynamics, one obtains the so-called Navier-Stokes equations, a set of constitutive

relations in which the dissipative currents are expressed as gradients of velocity, temperature

' Nevertheless, we remark that, for ultracentral collisions, hydrodynamic models fail to quantitatively predict the

elliptic and triangular flows — in particular, the first is too large or the latter is too small, or even both [18, 19].
Even though this problem has been pursued by several authors in the recent years, the so-called ultracentral
puzzle remains an open problem in the field.



21

and chemical potential. However, this is an ill-defined formalism, since perturbations around
a system initially in equilibrium propagate with infinite speed and increase with time [38,39].
Such unphysical pathologies, which can be traced back to the parabolic and acausal nature of

Navier-Stokes equations, forbid its application to describe realistic systems.

The derivation of causal and stable theories of relativistic hydrodynamics has a long
history. It started with Israel and Stewart in the 1970s [40]. Israel and Stewart generalized the
formalism proposed by Grad in the nonrelativistic regime [41] and showed that the unphysical
behavior of Navier-Stokes theory can be circumvented by introducing a transient theory of fluid
dynamics [40, 42]. In these formulations, the dissipative currents are treated as independent
fields that relax dynamically to the usual constitutive relations employed in Navier-Stokes theory,
thus satisfying equations of motion rather than constitutive relations. Israel and Stewart have
performed this task in two different ways, namely from phenomenological [40] and microscopic
[42] calculations. In the first, the nonequilibrium entropy 4-current considered in Navier-Stokes
theory was extended to also incorporate terms of second order in the dissipative currents. In this
case, the second law of thermodynamics yields the Israel-Stewart equations, a set of hyperbolic
equations of motion for the dissipative currents. The hyperbolic character of Israel-Stewart-like
equations is a crucial feature for causality and stability of such formulations [43]. Nevertheless,
the transport coefficients cannot assume arbitrary values and must be appropriately constrained
from a linear stability and causality analysis, a problem that has been addressed by several
authors in the past [44-57].

So far, we have only discussed phenomenological derivations of fluid-dynamical theories.
Such approaches rely on the construction of an entropy 4-current from the dissipative currents and
then imposing the non-negativity of the entropy production to obtain equations for the dissipative
currents. Nevertheless, this is by no means the unique form to derive a fluid-dynamical theory [58].
One possible approach is to derive such equations from a microscopic perspective, in particular
using kinetic theory. For this purpose, the Boltzmann equation is traditionally used as a starting
point, since it allows for the most complete derivation of a hydrodynamic theory, including all the
second-order terms as well as nonlinear terms. The Boltzmann equation describes the dynamics
of the momentum distribution in a dilute gas, encoded in the so-called distribution function,
defined as the density of particles per momentum [59, 60]. However, in practice, obtaining
general solutions for the Boltzmann equation is a rather nontrivial task, and it is often necessary

to resort to approximate methods.

The Chapman-Enskog method is the most widespread form to obtain solutions in the
hydrodynamic limit of the Boltzmann equation [61]. It consists in expanding the single-particle
distribution function in powers of gradients and solving the Boltzmann equation order by order
perturbatively. The single-particle distribution is then reconstructed from the solution at each
order. In particular, truncating the Chapman-Enskog expansion at zeroth order yields the Euler

equations of ideal fluid dynamics. A truncation at first order leads to the relativistic Navier-Stokes
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theory. As was previously discussed, this formulation suffers from mathematical pathologies
that lead to unphysical instabilities that forbid its application to the description of realistic
systems. Furthermore, truncations at second order and beyond lead to Burnett and super-Burnett
theories, which are unstable even in the non-relativistic regime [62]. Thus, we conclude that the

Chapman-Enskog method yields theories that are unsuitable for practical purposes.

An alternative to obtain fluid-dynamical theories from the Boltzmann equation that does
not display non-physical features of the Chapman-Enskog method is the method of moments.
It was originally developed by Grad for non-relativistic gases [63], introducing an expansion
for the single-particle distribution function in terms of a complete and orthogonal basis of
generalized Hermite polynomials [41]. Three decades later, Israel and Stewart were the pioneers
in extending Grad’s work to relativistic systems [42]. In the absence of a convenient orthogonal
basis, they simply expanded the single-particle distribution function using a basis of 4-momenta,
1, ky, kuk,,---. This expansion is then truncated at second order, so that the distribution function
is described solely in terms of degrees of freedom that can be matched to the independent fields
appearing in the conserved currents. The truncated distribution function is finally inserted into the
first three moments of the Boltzmann equation, leading to the so-called Israel-Stewart transient
theory of relativistic fluid dynamics. The derived equations are shown to be linearly causal and
stable as long as the transport coefficients satisfy certain constraints, cf. Refs. [45,47,48,53,64].
We remark that a major difference between the method of moments and the Chapman-Enskog
method is the fact that the first relies on a truncation in degrees of freedom, while the latter
corresponds to a truncation in a small parameter, characterized by gradients of the fluid-dynamical

variables.

In Ref. [2], the relativistic version of the method of moments was generalized and the
single-particle distribution function was expanded in terms of a basis of irreducible’ momenta,
L, kquy, kqukyy, - - - In contrast to the basis chosen by Israel and Stewart, the irreducible momenta
form a complete and orthogonal basis [58,60]. Hence, the expansion coefficients can be obtained
in exact form without relying on a matching procedure, and their equations of motion stem from
the Boltzmann equation. In practice, one replaces the Boltzmann equation by an, in principle,
infinite set of coupled partial differential equations for the moments of the single-particle
distribution function, and fluid-dynamical theories are then obtained from a systematic truncation
of these equations. As a matter of fact, fluid dynamics requires a coarse-graining of this myriad
of variables in order to provide a macroscopic description in terms of a finite number of degrees
of freedom. In their original work, Israel and Stewart proposed a truncation for the moment
expansion such that the single-particle distribution function is completely expressed in terms of
the traditional fluid-dynamical variables, namely net-charge and energy densities, bulk viscous
pressure, fluid 4-velocity, net-charge diffusion and shear-stress tensor, comprising a total of 14

degrees of freedom.? This truncation is commonly referred to as the 14-moment approximation.

2
3

with respect to Lorentz transformations that leave the fluid 4-velocity unchanged, i.e., A*,u” = u* [60].
The energy diffusion is set to zero using Landau matching conditions [37].
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In this case, the moment equations are truncated including terms up to second order in gradients.
Overall, the generalization of the method of moments proposed in Ref. [2], has been consistently
employed to obtain and study causal fluid-dynamical theories from the Boltzmann equation,
cf. Refs. [2,65-82].

The relativistic method of moments constructed in Ref. [2] is, nevertheless, incomplete.
This happens because the equations of motion for the moments of the single-particle distribution
function were not fully derived — only the equations of motion for the moments that contributed
to the hydrodynamic equations were obtained. While this is not a problem for deriving the
traditional transient second-order fluid-dynamical theories, it is insufficient for solving the
Boltzmann equation itself using the method of moments or deriving higher-order hydrodynamic
formulations. In this thesis, we bridge this gap and derive for the first time equations of motion for
arbitrary moments of the single particle distribution function [83]. We then use these equations to
derive higher-order hydrodynamic theories [72] and to understand how the Boltzmann equation
can be solved using the method of moments [84]. In this thesis we demonstrate for the first
time that, while the solutions for the moment equations display a convergent behavior, the
moment expansion itself diverges. This divergence is completely unexpected and makes it rather

complicated to solve the Boltzmann equation using its moments.

This thesis is organized as follows. In Chapter 1, we discuss the phenomenological deriva-
tion of relativistic hydrodynamics. We start discussing the equations of motion for ideal fluids and
then demonstrate how dissipation can be included into the description. Two fundamental theories
are approached: the relativistic Navier-Stokes theory [36,37] and Israel-Stewart theory [40]. We
detail how these theories are constructed from the second law of thermodynamics and discuss
their corresponding linear stability of the global equilibrium state. We clearly demonstrate that
Navier-Stokes theory is linearly acausal and unstable [38], as already stated above, and obtain
constraints for the transport coefficients that ensure the causality and stability of Israel-Stewart
theory [45-48,53].

In Chapter 2, we derive the relativistic Boltzmann equation and explain how the tradi-
tional Navier-Stokes equations are derived from it. This is accomplished by the well known
Chapman-Enskog expansion [61], a perturbative expansion of the Boltzmann equation in powers
of gradients or, equivalently, the Knudsen number. In this Chapter, the constitutive equations
employed in Navier-Stokes theory are derived, as well as microscopic expressions for the trans-
port coefficients that appear in such relations. In Chapter 3, the derivation of fluid dynamics
from the Boltzmann equation is further discussed, now via the method of moments — the main
formalism used and developed in this thesis. In this case, we explain the traditional 14-moment
approximation and derive the famous Israel-Stewart equations [42]. The remainder of this
Chapter is dedicated to the first new results presented in this thesis: a derivation of third-order
fluid-dynamical equations [72], that arise as a correction to Israel-Stewart theory to describe

rapidly expanding plasmas.
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In Chapter 4, we develop one of the main results of this thesis and establish a complete
relativistic version of the method of moments [83]. As already mentioned, the equations of
motion for the moments originally derived in Ref. [2] were not complete and only contained
the moments that appeared or were required to derive the fluid-dynamical equations of motion.
In this Chapter, a complete set of moment equations are derived and the convergence of their

solutions is analyzed and confirmed. These results were published in Ref. [83].

Finally, in Chapter 5, we analyze for the first time the convergence of the moment
expansion itself, another new result from this thesis. Considering an ultrarelativistic plasma
undergoing Bjorken flow, we demonstrate that the moment expansion does not converge for
this toy model of a heavy ion collision [84]. We then show how the moment expansion can be
resummed via a Borel-Padé scheme and analyze if an ultrarelativistic plasma in these conditions
can be close to local equilibrium. We then end this thesis with our Conclusions and final remarks.
The results in this thesis are also complemented by several Appendices, which contain some of

the more tedious steps of our derivations.

Throughout this work we employ natural units, c = h = kg = 1, and adopt the

mostly-minus convention for the Minkowski metric tensor, " = diag(+, —, —, —).
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1 Relativistic fluid dynamics

Fluid dynamics is a macroscopic effective theory that describes the evolution of a many-
body system in terms of a reduced number of degrees of freedom, called the hydrodynamic
variables — namely particle and energy densities and fluid velocity. The application of fluid
dynamics requires a coarse-graining of the system, which is then discretized into a collection
of fluid cells. Each fluid cell must be large enough to contain a sufficiently large number of
particles, so that it can be described as a thermodynamic system in /ocal equilibrium. On the
other hand, fluid cells must also be much smaller than the typical length scale of the system in
order to enable a consistent description of fluid cells as point-like particles, that is, disregarding
its dimensions. In this sense, the application of fluid dynamics requires a separation of scales in
the system, which is typically quantified by the Knudsen number, a ratio between a microscopic
and a macroscopic scale of the system, Kn ~ #\,icr0/ Limacro- In principle, one can consistently
evoke fluid dynamics when Kn < 1. The goal of this chapter is to discuss the fundamentals

aspects of relativistic fluid dynamics.

1.1 Thermodynamic identities

A fluid-dynamical description is expected to be valid for systems close to an equilibrium
state. In this context, we first develop the thermodynamic relations that describe a macroscopic

description of a system in equilibrium.

The first law of thermodynamics describes the conservation of the energy of an arbitrary
system, E,
dE =TdS — PdV + pdN, (1.1)

where T is the temperature, S is the entropy, P is the thermodynamic pressure, V' is the volume,
(1 1s the chemical potential and /N is the number of particles. It then follows that

or ) D)
(35),,, =7 (@)= (o), = "

We remark that the energy of a system is an extensive quantity, i.e., it is directly proporti-
onal to its macroscopic variables [85]. Therefore, if the system’s entropy, volume and number of

particles are changed by a given factor, its energy also changes proportionally,
E(AS,A\V,AN) = AE(S,V,N), (1.3)

with A\ being an arbitrary real number. Hence,

oE oE oE
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Taking A = 1 and employing Egs. (1.2), we obtain the Euler equation
E=TS— PV + uN. (1.5)

From the first law of thermodynamics and the Euler equation, Eqgs. (1.1) and (1.5), one obtains
the Gibbs-Duhem equation
SdT'—VdP + Ndu = 0. (1.6)

In the applications that follow in this thesis, we are not particularly interested in the
total volume of the system. In this context, it is convenient to express all these relations in
terms of densities of the thermodynamic variables with respect to the volume. The Euler and

Gibbs-Duhem equations then become

e+ P =Ts+ un, (L.7)
sdl"— dP + ndu = 0, (1.8)

where we defined the energy density, ¢ = E/V, the entropy density, s = S/V, and the
particle density, n = N/V. Combining the two equations above, we obtain the first law of

thermodynamics in terms of densities,
de =T'ds + pdn. (1.9)

An additional useful thermodynamic relation can be obtained by combining the Euler and
Gibbs-Duhem equations, Egs. (1.7) and (1.8), respectively, leading to

n B
= dow — dP. 1.10
P e P (1.10)

dp

where we defined the inverse temperature § = 1/7 and the thermal potential o« = /7.

The thermodynamic relations obtained in this section will be essential in the derivation

of the fluid-dynamical equations of motion.

1.2 Ideal Relativistic Fluid Dynamics

We first study ideal fluids, in which the system is assumed to be always in a state of
local thermodynamic equilibrium. That is, each fluid element is a thermodynamic system in
equilibrium itself. In this case, we shall demonstrate that the dynamics of such systems can be
completely described in terms of conservation laws and an equation of state. The conserved
quantities considered in this chapter are the net-charge, energy and momentum, which satisfy

the following conservation laws

9N* = 0, (1.11a)
0, T =0, (1.11b)
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where N* is the net-charge 4-current and 7" is the energy-momentum tensor.

Under the assumption of local thermodynamic equilibrium, it is possible to determine
the exact form of the conserved currents N* and 7"". In practice, this is done by performing a
Lorentz-boost to their local rest frame (LRF), in which the fluid elements are at rest. In this case,
there is no energy flux, and thus Tﬁ%F = (. Furthermore, the momentum density is zero, and
therefore the components T4 also vanish. Finally, due to the assumption of thermodynamic
equilibrium, the force per surface element between adjacent fluid elements is isotropic and equal
to the thermodynamic pressure F, therefore Tﬁjﬁp = 5" P,. Hence, the energy-momentum tensor

has the following form in this frame

0 0 0 0
0 P 0 0

™™ — . (1.12)
LRE 0 0 P 0
0 0 0 P

We remark that the thermodynamic pressure is determined by the net-charge density and energy
density via an equation of state, Py = FPy(ng, £9). The subscript ‘0’ is employed to characterize

fluid-dynamical quantities in an equilibrium state.

Furthermore, in the local rest frame there is no net-charge flux, and thus the spatial
components Nz are identically zero. Therefore, the net-charge 4-current in the local rest frame
can be written as

o

Nigr = 0 : (1.13)
0
0

where here n is the net-charge density. Finally, the entropy 4-current in the local rest frame can

be written analogously as

Sirp = o | (1.14)
0

Since the fluid elements of an ideal fluid are in local thermodynamic equilibrium, the entropy

,L‘ .
flux, Si gy, s zero.

So far, the energy-momentum tensor, the net-charge 4-current and the entropy 4-current
of an ideal fluid have been obtained only in the local rest frame. In order to obtain the general form
of the conserved currents, a Lorentz-boost must be performed with the 4-velocity u* = v(1, V),
with V being the fluid 3-velocity, and v = 1/ v/1 — V2 being the Lorentz factor. We remark
that the 4-velocity is a normalized 4-vector, i.e., u,u" = 1. Then, the following expressions are
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obtained
™ = Te’g’ = gout'u” — A" Py, (1.15)
N“:Ngfl:nou”, (1.16)
St = Sk, = sou, (1.17)

where A" = g" —u*u” is the projection operator onto the 3-space orthogonal to u*. We remark
that these expressions are valid only for a fluid in thermodynamic equilibrium, denoted by the
underscript "eq". The most general form of the conserved currents for nonequilibrium system

will be the topic of the next section.

Since the thermodynamic pressure is given by an equation of state and the 4-velocity is
normalized, the conserved currents N* and 7" contain a total of five independent degrees of
freedom, namely n, €, and V. Therefore, the conservation of net-charge, energy and momentum,
Egs. (1.11), which constitute five equations, are sufficient to completely describe the dynamics

of an ideal fluid. The next step is to explicitly obtain these equations of motion.

First, it is convenient to decompose the conservation of energy and momentum in terms of
its parallel and orthogonal components with respect to the fluid 4-velocity. This is accomplished
by projecting Eq. (1.11b) with u* and A?, respectively. Thus, the conservation of net-charge

number, energy and momentum in an ideal fluid can be expressed as

u, 0, T =0, (1.18)
A0 T =0, (1.19)
8Nk =0, (1.20)

which lead to the following equations of motion for the hydrodynamic variables

€o + (80 + Po)@ = O, (121&)
(g0 + Po)i* — V Py = 0, (1.21b)
ng + no = 0. (1.21¢)

Here, the dot denotes the comoving derivative, A= u"d, A, 0 = 0,u* is the expansion rate and
VH = AP0, is the spatial projection of the covariant derivative. Equations (1.21) are the Euler

equations of ideal fluid dynamics.

We now derive an equation of motion for the entropy density. The thermodynamic

relation (1.9) implies that, '
. € .
S — TT(()) — QNyg. (122)

Then, using Egs. (1.21a) and (1.21c¢), we have

P
%:-(%ﬂo—awOa (1.23)
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Finally, from the Euler relation, Eq. (1.7), it follows that
50 + 500 = 0. (1.24)
In particular, this equation can be cast in the following form,
By (sou) "= 9,81 = 0. (1.25)

The occurrence of a continuity equation implies that the entropy of an ideal fluid is conserved.
However, this is no longer the case when dissipative effects are taken into account. Nevertheless,
in order to actually conclude this, first it is essential to understand how the energy-momentum
tensor and the net-charge 4-currents must be modified to consistently accommodate dissipative

effects. This will be the topic of the next sections.

1.3 Dissipative Relativistic Fluid Dynamics

In the last section, we have derived expressions for the energy-momentum tensor, net-
charge and entropy 4-current for an ideal fluid. In this case, we obtained a closed system of five
fluid-dynamical equations that, supplemented by an equation of state, completely describe the
evolution of an ideal fluid. The main goal of this section is to understand how to consistently

include nonequilibrium effects in the fluid-dynamical equations.

In the case of dissipative fluids, one assumes that energy can be transferred between fluid
elements also in the form of heat as well as friction. Thus, the system can no longer be assumed
to be always in local thermodynamic equilibrium. This implies that the fluid cannot be described
solely in terms of its equilibrium variables and the addition of novel nonequilibrium degrees of
freedom is required. Therefore, the conservation laws must then be supplemented by additional
relations for the dissipative currents for closure and the relations derived in the previous section
must be revised. In what follows, we thoroughly investigate the derivation of two different

prescriptions for dissipative fluid dynamics, namely Navier-Stokes and Israel-Stewart theories.

For the sake of simplicity, we assume that the fluid is close to a local equilibrium state. In
fact, fluid dynamics is expected to be valid in this regime. Naturally, the presence of dissipative
effects in the system imply that it is never in an equilibrium state, but the assumption of proximity
to a local equilibrium state enables a consistent description of the system in terms of a reduced
number of degrees of freedom. However, we remark that there are infinitely many different
possible equilibrium states accessible by the system. The reference equilibrium state is then
uniquely defined by the imposition of the so-called matching conditions, as will be discussed in
Sec. 1.3.1.

In general, the energy-momentum tensor and net-charge 4-current can be expressed as

N# = N + 5N*, (1.26)
TH = TH 4 §TH, (1.27)



30 Chapter 1. Relativistic fluid dynamics

where N/, and T/ are the equilibrium net-charge 4-current and energy-momentum tensor, given
respectively by Egs. (1.16) and (1.15), whereas ) N* and §T*" are the corresponding dissipative

corrections. In what follows, we obtain the exact form of these terms.

We now analyze the explicit form of the nonequilibrium terms § N* and §7*". We remark
that the energy and net-charge densities in the local rest frame of the fluid remain being defined
as, € = u,u, " and n = u, N*, respectively. We consider the system to be close to a fictitious
local equilibrium state, with temperature 7" and chemical potential y, such that the net-charge

and energy densities can be expressed as

n = no(T,p) + on, (1.28a)
e =¢eo(T, ) + de, (1.28b)

where n and €, denote the net-charge and energy densities of the aforementioned fictitious equi-
librium state, with dn and de being the corresponding nonequilibrium corrections. In particular,
we remark that £ and n are the energy and net-charge densities of a fluid out of equilibrium, and
therefore, in general do not satisfy the thermodynamic relations (1.7)—(1.10), since these are
only valid for systems in equilibrium. Such relations are satisfied by the equilibrium densities n

and &.

Without loss of generality, § N# and 67" can be decomposed in terms of the fluid

4-velocity as

ON* =dnu" + n", (1.29)
ST™ = §eulu” + u'h” + u’h* + 11", (1.30)

where n* is the net-charge diffusion 4-current, A" is the energy 4-diffusion and II*” is the
component of d7* that is doubly orthogonal to u*, which can be further separated in terms of a
traceless part, defined as 7, and a component that carries the trace, defined as —3II. In this
case, one obtains

0T = deulu” + u"h” + u”’h* + o — AFII, (1.31)

with [ = —%AO‘B 11,5 being the bulk viscous pressure and 7 = AZ;H‘*B being the shear-stress
tensor. Here, we have defined the double traceless symmetric projection operator onto the 3-space

orthogonal to the fluid 4-velocity u*.

ALy = 3 (DAY + ABAY) = AW A, (1.32)

Then, it is possible to recast the conserved currents in the following form
T = (gg + de)utu” — A*(Py + 1) + u”h” + u”h* + 7, (1.33a)
Nt = (ng + dn)u” + n*. (1.33b)

Here, the bulk viscous pressure II can immediately be understood as a viscous correction to the

thermodynamic pressure P, defined by an equilibrium equation of state Py = Py(u, T').



1.3. Dissipative Relativistic Fluid Dynamics 31

Naturally, the conservation laws (1.11) remain valid also in the presence of nonequili-
brium effects in the system. In this case, the inclusion of dissipative terms in Eqgs. (1.33a) and
(1.33b) lead to the occurrence of new terms in addition to the ones that already appeared in
the equations of motion for an ideal fluid, Egs. (1.21). The general equations of motion for a

dissipative relativistic fluid then read

o+ g+ (e + Py + 110 + 0, h" + u,h* — w0, =0,  (1.34a)
(e + Py 4+ )i — VA (Py + T1) + AN hy, + h*0 + h* AN du,, + AN, 7" =0,  (1.34b)
fig + 0n +nf +dn* = 0. (1.34c)

One can straightforwardly recover the equations of motion for the ideal case, Eqs. (1.21), by
simply setting to zero the dissipative currents I, n#, h* and 7#”, as well as the nonequilibrium

corrections to the net-charge and energy densities, on and de, respectively.

In the case of dissipative fluids, the conservation laws (1.34) comprise five equations
that feature nineteen independent degrees of freedom, namely ng, g, on, de, 11, u*, h*, n*
and 7. Nevertheless, the conserved currents N* and 7" contain a total of fourteen degrees
of freedom. The five additional degrees of freedom can be removed by the imposition of the
so-called matching conditions, which fix the values of 7', 1+ and u* of the fictitious equilibrium

state. This will be discussed in the following.

1.3.1 Matching conditions

Before proceeding to the actual derivation of the explicit form of the dissipative currents
and their respective contributions to the nonequilibrium equations of motion, it is crucial to
state the physical meaning of the fluid-dynamical variables that feature Eqgs. (1.33). The most
widespread approaches are due to Eckart [36] and Landau and Lifshitz [37], the so-called Eckart
and Landau picture, respectively. In both cases, ng and €, are fixed as the net-charge density and

the energy density of the fluid in the local rest frame, respectively,

e =u,u,T" = eo(T, p), (1.35)
n=u,N"=no(T, p). (1.36)
This implies that the corresponding nonequilibrium corrections to the energy and net-charge

densities are identically zero,
omn=0, de=0. (1.37)

The next step is to provide a definition of the fluid 4-velocity. For dissipative fluids, there is no
frame where the flow of energy and net-charge are simultaneously zero. In the following, we

shall discuss the two main definitions widely used in relativistic fluid dynamics.

In the Eckart picture [36], the 4-velocity is defined by following the net-charge 4-current,

N* = nut, (1.38)
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which implies that the net-charge diffusion 4-current is zero, n* = 0.

In the Laudau-Lifshitz picture [37], the 4-velocity is defined by following the energy

4-current, as an eigenvector of the energy-momentum tensor
u, T" = eut, (1.39)

which in turn implies that the energy diffusion 4-current is zero, h* = 0. Throughout this thesis,
we shall only employ the Landau-Lifshitz picture. Within this choice of matching conditions, the

fluid-dynamical equations (1.34) reduce to

€0+ (e + Py + 1) — u, 0,7 =0, (1.40a)
(e + Py + )it — VA (Py + ) + A)9,m =0, (1.40b)
no 4+ nd + o,n* = 0. (1.40¢)

In fact, we note that the above equations comprise five independent equations that feature
fourteen independent fields, n, ¢, I1, u*, n* and 7*”. Hence, nine additional relations for the
dissipative currents are required to close this set of equations. In the following sections, we
revisit two widely explored approaches to this problem, namely the relativistic Navier-Stokes

theory and the Israel-Stewart theory.

1.4 Navier-Stokes theory

It was shown in Sec. 1.2 that the entropy 4-current of an ideal fluid satisfies a continuity
equation, which implies that for an ideal fluid, the entropy itself is always conserved, as displayed
in Eq. (1.25). This occurs due to the fact that in an ideal fluid, all fluid elements are always in
thermodynamic equilibrium, and the second law of thermodynamics further implies that, in such
case, the variation of entropy must be zero. However, for a dissipative fluid, this statement is
no longer valid. Instead, the occurrence of irreversible thermodynamic processes, due to heat
transfer and friction, will lead to an increase of the entropy of the fluid. Therefore, for dissipative

fluids, the entropy 4-current is no longer expected to satisfy a continuity equation.

The first efforts to derive an expression for the non-equilibrium entropy 4-current were
addressed independently by Eckart [36] and Landau and Lifshitz [37]. In both cases, the equations
of motion for the conservation laws, Egs. (1.34), combined with fundamental thermodynamic
relations, were used to obtain the following identity

1 1
Oy <Su“ — %n”) = fw‘“’aw — fﬂﬁ — nuvu%, (1.41)

with 0, = Az‘f@auﬁ being the shear tensor. The left-hand side of the above equation was

identified as the divergence of the nonequilibrium entropy 4-current, defined as

Hon

Skg = su! — ik (1.42)
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Thus, the right-hand side is identified as the entropy production due to dissipative effects. If
the dissipative currents are set to zero, one can easily recover the conservation of entropy in an
ideal fluid, given by Eq. (1.25). Furthermore, the second law of thermodynamics states that the
variation of entropy must be non-negative, leading to the following inequality
Loy 1
T T
Then, the simplest form to assure the entropy production is positive definite for any fluid

g — n“VM% >0, (1.43)

configuration is by assuming that each term must be positive definite separately. Thus, the

following ansatz is made, leading to the Navier-Stokes equations

= —(0, (1.44a)
nh = g,V (T> , (1.44b)
T = 2not, (1.44¢)

where we introduced the bulk viscosity, ¢, the diffusion coefficient, «,,, and shear viscosity, 1. In

this case, the entropy production reads
1 1 1
0,5" = ——m " + —II* —
" o e T T

Since n#n, < 0 and 77, > 0, the second law of thermodynamics is satisfied as long as ¢, x,,

n,n*. (1.45)

and 7 are positive. These transport coefficients dictate the dissipative properties of the fluid, and

must be obtained from a microscopic theory, such as kinetic theory.

With the purpose of being the simplest form to ensure the second law of thermodynamics
from the Landau-Lifshitz non-equilibrium entropy 4-current, this ansatz takes into account
only first-order terms in the dissipative currents. Hence, the Navier-Stokes theory is commonly
referred to as a first-order theory. Although their addition render the solutions rather complicated,
other approaches considering higher-order terms were also investigated. In the next section, we

explore the Israel-Stewart theory, a second-order theory.

Considering the dissipative currents given by the Navier-Stokes equations (1.44), the con-
servation laws, Eqgs. (1.34), can be completely expressed in terms of gradients of the traditional

fluid-dynamical variables,

E+ (e + P —(0)0 — 2n0,,0" =0, (1.46)

(e + P —(O)r — V(P — 0) + 2A00, (not™) = 0, (1.47)
- niy

i1 + 0, (kY T) 0. (1.48)

As we shall demonstrate later in this Chapter, see Section 1.6, the Navier-Stokes equations
allows perturbations that propagate with infinite speed and such an acausal behavior leads to
unphysical instabilities of the global equilibrium state [38,39,44]. This renders the relativistic
Navier-Stokes theory unsuitable to describe any fluid in nature and thus one must resort to
alternative formulations. So far, the most widespread formalism is due to Israel and Stewart [42]

and will be discussed in the following.
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1.5 Israel-Stewart theory

The relativistic Navier-Stokes theory is built based on fundamental principles in physics,
such as the conservation of net-charge, energy and momentum, and on the second law of
thermodynamics. Therefore, it is initially not clear why a theory formulated from such solid
foundations can display such fundamental non-physical properties. Naturally, the physical
problems that arise from such theory cannot be a product of these properties, and must come

from other assumptions made in the derivation process.

The first successful efforts to fix the acausality and instability problems were due to
Israel and Stewart’s works based on the procedure introduced by Grad for non-relativistic
systems [63]. In their works, Israel and Stewart derived fluid dynamics from the second law of
thermodynamics [40] and from the relativistic Boltzmann equation [42] using Grad’s method of
moments generalized for relativistic fluids. Unlike the propositions by Eckart [36] and Landau
and Lifshitz [37], in which only terms up to first-order in the dissipative currents were included
in the construction of the entropy 4-current, Israel and Stewart further considered the possibility
of contributions from second-order terms in the entropy, and therefore this formulation is often

referred to as a second-order theory.

The second-order terms in the dissipative currents included in the analyses of Israel and
Stewart play an essential role in enabling causal signal propagation in a theory, and can be further
shown to be an essential feature to its stability and therefore cannot be neglected [47,48, 53].
This section is dedicated to the derivation of Israel-Stewart theory from the second law of

thermodynamics, a phenomenological approach.

1.5.1 Nonequilibrium entropy current

One of the fundamental assumptions of ideal fluid dynamics is that the system must
always be in local thermodynamic equilibrium. Naturally, in the presence of dissipation, this
assumption no longer holds. Nevertheless, in order to keep using the same variables that are used
to describe an ideal fluid (equilibrium variables), we resort to the assumption that a dissipative
fluid is in a state that is close to local equilibrium. This considerably simplifies the understanding

of its dynamics and further simplifies the following calculations.

We then assume that the entropy 4-current S* depends only on the conserved currents
N#* and T*, an assumption previously made when deriving the relativistic Navier-Stokes theory.
This is analogous to assuming that S* is completely described by the hydrodynamic variables
n, €, II, u*, n* and 7, and thus it is a function of the type S* = S*(n, e, IT, u*, n* ). The
entropy 4-current is then expanded around an equilibrium state in powers of the dissipative
currents. Then, Israel and Stewart’s approach was based on truncating this series in second order

in the dissipative currents. In this case, the entropy 4-current can be written in the following
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general form

St = syl — %n“ + QM+ O(3), (1.49)

with Q" being the 4-vector that accounts all possible combinations of second order in the
dissipative currents. Note that this expansion is constructed so the truncation in first order in the
dissipative currents leads to the Landau-Lifshitz entropy, see Eq. (1.41), which is the starting
point for the relativistic Navier-Stokes theory. Third-order (or higher) terms in the dissipative

currents shall be neglected. In the Landau frame, the explicit form of Q* is written as
1
Q" = —§u“ (6011 — 8inan® + Gamy,m™) — yolIn# — yyhn”, (1.50)

where dg, d1, 02, 7o and ~y; are scalar functions of the chemical potential and temperature. These
functions are transport coefficients and determine certain dissipative properties of the fluid, and

must be calculated within a microscopic framework.

Naturally, the entropy 4-current introduced by Israel and Stewart leads to a different
entropy production than the one derived in the context of the relativistic Navier-Stokes theory,
with several additional terms, including second-order contributions. In this case, the second law
of thermodynamics applied to the entropy 4-current considering contributions of second order in

the dissipative currents, Eq. (1.49), leads to

1 1

Hence, the entropy production can be explicitly calculated as

0,5"
1

1 1 1 . .
=7 (—9 — §T50H0 — Tyy0unt — iTn“V,ﬂo — §T50H — T50H> (1.52)

1 1 1 1.
+ nt (Vua + 55197% + 51A2n,\ — ’Y()V,u]._.[ — éﬂvu’}/() — leZ‘@VﬂK — §7TZV,,’71 + 55171#)

1 1 1 1.
+ (gw — 5 T0llm 0 NTAN NV ong — §TnaAjj5le = 510 — ngAﬁfﬁaB) :

Once again, the simplest way to ensure that the entropy production is always positive for every
possible fluid configuration is by imposing that each term on the right-hand side of Eq. (1.52) is
positive by itself. This is achieved by assuming that the entropy production is quadratic in the

dissipative currents, leading once more to Eq. (1.45). Nevertheless, this Ansarz will no longer lead
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to constitutive relations for the dissipative currents, but to the so-called Israel-Stewart equations,

T+ T = —CO — %Tnne _ %CTH% <2—;> — (Tyodunt — %ng#vm, (1.53)
TnAf;h,\ +n, =k, Vo + %Tnn;ﬂ + %numn% (;——:)
_ %/@nﬂzvyvl + /ﬁn’ylAz&ﬂrK — %/QHHVM% — kYo VI, (1.54)
T,,Afjfirag + T = 200, — g—ﬂ@ﬂ'w — %WWUTC%_ (;—;) — 277T71A55V5na
+ T AV ong, (1.55)

where the relaxation times are identified as
T =T0(, Th=rkno1, Tr=2Tmn. (1.56)

We remark that the inclusion of terms of second order in the dissipative currents in the nonequi-
librium entropy 4-current leads to equations of motion for the dissipative currents rather than
constitutive relations, as it was the case in the relativistic Navier-Stokes theory. In Israel-Stewart
theory the dissipative currents satisfy relaxation-type equations, in which the gradients of the
primary fluid-dynamical variables act as source terms. The dominant source terms are the ones
appearing in the Navier-Stokes relations and define the transport coefficients 7, (, ,,, related to
the fluid viscosity. The novel transport coefficients, 7., 7,,, and 7y, are relaxation times, which
determine how fast the dissipative currents relax to their respective Navier-Stokes contributions.

Finally, v and ~; are coupling parameters, which couple different dissipative currents.

1.6 Linear causality and stability

In order to be suitable to describe realistic physical systems, fluid-dynamical formulations
must satisfy two fundamental properties in the linear regime, namely causality and stability. The
former dictates that perturbations in a system must propagate with subluminal velocity, while the
latter imposes that such perturbations must be exponentially damped with time. In general, in
order for these properties to be simultaneously satisfied, the transport coefficients that feature the
fluid-dynamical equations cannot assume arbitrary values. In this context, a linear causality and
stability analysis consists in constraining the transport coefficients such that the aforementioned

properties are both fulfilled.

In order to investigate these properties, we assume a fluid initially in a global equili-
brium state with 4-velocity ujf, energy density £y and net-charge ny. We then perform small

perturbations (hereon denoted by 9) on all hydrodynamic variables around such state,

e=¢e9+0e, n=ng+on, u'=ul+ou"

IT = 611, n* = on¥, ™ = ot

(1.57)
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We then linearize the fluid-dynamical equations, neglecting all terms of second order (or higher)

in perturbations. The conservation laws (1.34) become

uy0,0e + (g0 + Fo)0,0ut = 0, (1.58a)
uf0,0n + no0,out + 9,0mt =0, (1.58b)
(0 + Po)uphd,0ur — AJ¥0, (5P + 611) + 9,07™ = 0, (1.58¢)

where we have defined the projection operator onto the 3-space orthogonal to the fluid background
4-velocity as ALY = ¢g" — ufug. Perturbations on the fluid 4-velocity, net-charge diffusion,
shear-stress tensor can be approximated, up to first order in perturbations, to be orthogonal to the

4-velocity,
updu, = O(2) =0, ugon, =0(2) =0, uyjdr, =O0(2)=0. (1.59)

It is practical to express the linearized fluid-dynamical equations in Fourier space. In this

thesis, we shall adopt the following convention for the Fourier transform

X (kM) :/d4x exp (—iz, k") X (z"), X(aV) :/%

where k" = (w, k), with w being the frequency and k the wave vector. It is then convenient to

exp (iz, k") X (k"),  (1.60)

define the covariant variables () and x*,
0= ugku, k' = Ag”’k:,,. (1.61)

with {2 being the frequency and k" the wave 4-vector in the local rest frame of the unperturbed
fluid. Moreover, we further define the covariant wavenumber in the local rest frame of the
unperturbed system, x, as

KMk, = —K?. (1.62)

Then, the linearized fluid-dynamical equations (1.58) in Fourier space read

Qe + (e + Po)r,0ut =0, (1.63a)
Q671 + nok, 00" + K, 00" = 0, (1.63b)
(0 + Po)Qo* — kM(6P + 611) 4 K, 07" = 0. (1.63c)

The fluid-dynamical perturbations du*, dn* and d7* were all shown to be orthogonal to
uyp in the linear regime. It is convenient to further decompose them in terms of their components
parallel and orthogonal to x*. Overall, a general 4-vector A* that is orthogonal to u}; can be

expressed as,
Al = Ayrt + A’i, (1.64)

where A = —r,A"/k is the longitudinal component of the 4-vector (divided by «), and
Al = AP A, is its transverse projection. For this purpose, we have introduced the projection

operator onto the 2-space orthogonal to uj, and x*,
KHFRY
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Similarly, a traceless second-rank tensor, B*”, that is orthogonal to uy, can be expressed in the

following way,

kFRY 1 KY KH
v v v uv
B" = By e +§BHAQL +Bi?+BL?+BL ) (1.66)
with the respective projections being defined as B = k,k,B" /%, B! = —k*A¥B,, /K,

and B! = A®°PB, 5. Above, we introduced the double, symmetric, and traceless projection
operator,

Arveb — % (ALAYP + ARPAYY — AR ALY (1.67)
We introduced this decomposition in Ref. [48] and demonstrated that the equations of motion
for the longitudinal projections of the perturbations decouple from those for the transverse
projections. This considerably simplifies the derivation of the dispersion relations. We explain

this procedure in detail in what follows.

We now decompose the linearized equations for the conservation laws in Fourier space,
Egs. (1.63), into their components parallel and transverse to <. We start with the equations of
motion for the longitudinal projections of the perturbations. Equations (1.63a) and (1.63b) are
Lorentz scalars and are already expressed solely in terms of longitudinal components, namely d¢,
on and du). The remaining conservation law, Eq. (1.63¢), can be projected into the longitudinal

direction by contracting it with , /. This leads to the following set of equations,

Qb€ — (e + Po)rdty = 0, (1.68a)
Qon — n0/€(5ﬂ|| — /ﬁ(WL” = O, (1.68b)
(eo + Po)Qiy — k(5P + 811 + 67)) = 0. (1.68c¢)

An equation of motion containing the transverse components of the perturbations is obtained by
projecting Eq. (1.63c) with A”

k2

(20 + Py)Q6a" — k671 = 0. (1.69)

As already mentioned, we can see that the equations of motion for the longitudinal perturbations
decouple from those of the transverse perturbations. Naturally, these longitudinal and transverse
projections of the conservation laws — depicted in Egs. (1.68) and (1.69), respectively — must
be supplemented by constitutive or dynamical relations for the dissipative currents from a
particular fluid-dynamical formulation. Solving these equations will then lead to a dispersion
relation f(w, k) = 0, whose solutions, w = w(k), are referred to as the modes of the theory
and describe how the original perturbations evolve in spacetime. The solutions related to the
longitudinal perturbations will be referred to as longitudinal modes, while the solutions related

to the transverse perturbations will be referred to as transverse modes.

The modes of a theory depend, in general, on the thermodynamic and transport properties
of the fluid as well as on the properties of the background, i.e., temperature, chemical potential

and velocity of the unperturbed fluid. A linear analysis will determine if there are conditions



1.6. Linear causality and stability 39

on the thermodynamic and transport properties of the fluid that may render the perturbations
causal and stable. This may be investigated by ensuring that the imaginary part of the modes
is positive-definite (given our sign convention for the Fourier transform) and their asymptotic
group velocity is smaller than 1. This task will be performed for both fluid-dynamical theories

discussed in this chapter, namely Navier-Stokes and Israel-Stewart theories.

1.6.1 Navier-Stokes theory

We first investigate the causality and stability of the relativistic Navier-Stokes theory. In
Navier-Stokes theory, the conservation laws are supplemented by constitutive relations, which
relate the dissipative currents to gradients of the fluid-dynamical variables. In the linear regime,

these can be expressed in the following way in Fourier space,

0TI = iCokdiy, (1.70a)

O = ik gKH O, (1.70b)
2

ST = i (/4;“511” + KVOU! + gAg"msa”) , (1.70c)

where (, k5,0, and 7y denote the transport coefficients calculated at the temperature and chemical
potential of the unperturbed fluid. For the sake of simplicity, in the following we neglect any
effects due to perturbations of the diffusion 4-current.

Transverse modes

We start with the equations of motion for the transverse perturbations, since these are
considerably simpler. We first obtain the partially transverse projection of the constitutive relation

satisfied by the shear-stress tensor by projecting Eq. (1.70c) with /@,Aﬁﬁ /K,
67} = ingrdil) . (1.71)
Then, inserting Eq. (1.71) in Eq. (1.69), we obtain
(Q —iyr?) 6] =0, (1.72)

where we have defined the intrinsic hydrodynamic timescale 7, = 1/(o + F). This leads to
the following dispersion relation,
Q—irk* =0. (1.73)

Considering perturbations on a static fluid, uf, = (1,0, 0,0), we have that = w and

r = k, leading to the following mode,
w = itk (1.74)

Since it is a purely imaginary mode, with a positive sign, it describes the exponential damping

of the transverse perturbations — hence being stable. Furthermore, it is a hydrodynamic mode,
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that is, lim_,o w(k) = 0, and describes long-lived excitations in the small wavenumber limit.
We also note that this mode is typically obtained when solving the diffusion equation' and thus
implies that the transverse components of the velocity perturbations diffuse into the background
fluid. Nevertheless, this diffusion-like dispersion relation leads to nontrivial and pathological
consequences in the relativistic regime. In fact, diffusive modes are well known to lead to
perturbations that propagate with infinite speed [86] and, as already mentioned, in a relativistic

framework, such an acausal behavior leads to intrinsic and unphysical instabilities.

This can be seen analyzing the dispersion relation for perturbations on a moving fluid.
For the sake of simplicity, we consider perturbations propagating in the same direction of the
velocity of the unperturbed fluid, e.g. uff = v(1,V4,0,0) and k* = (w, k,0,0). In this case,
Q = y(w — Vpk) and k% = v?(wVj — k)2, with v = 1/4/1 — V2. Then, the dispersion relation
(1.73) can be rewritten as,

Y(w — Vok) — it (wVo — k) = 0. (1.75)

In this boosted frame, the diffusive-like dispersion relation becomes quadratic in the frequency w

and an additional solution appears when compared to the case of perturbations on a static fluid,

1+ 2im,yVok £ /1 4 2ok

k) = ! 1.76
wi( ) 22,7_7]7%2 ( )
In the limit of small wavenumber, £ — 0, the modes can be expressed in the following simple
form,
k2
wy ~ Vok + i1, —, (1.77a)
Y
1
o~ = ) 1.77b
< 77'77‘/02 ( )

We see that the first solution is a boosted version of the diffusion mode, while the other solu-
tion is an intrinsically new nonhydrodynamic mode, i.e., a mode for which limy_,o w(k) # 0.
Nonhydrodynamic modes are associated with short-lived excitations in the small wavenum-
ber limit and, for this reason, do not usually appear in fluid-dynamical theories — hence the
name nonhydrodynamic. It certainly does not appear in the nonrelativistic Navier-Stokes theory,
even when considering perturbations on a moving fluid. It is thus interesting that such a mode
emerges when boosting the dispersion relation of a relativistic theory. Here, we can see that
this happened due to the parabolic nature of the diffusion-like dispersion relation, which is
linear in the frequency but quadratic in the wavenumber. Since the Lorentz transformation mixes
frequency and wavenumber, a quadratic term in the wavenumber will yield a quadratic term
in the frequency when the system is boosted, leading to the additional solution obtained and

discussed above. However, the most striking feature of this novel mode is that it is unstable —

! The diffusion equation for the temperature in a given medium, 3;T' = DV?T, can be written in Fourier space as

(w — iDE?)T = 0, leading to the typical diffusive mode w ~ ik2.
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that is, its imaginary part is negative-definite, and such unphysical behavior cannot be fixed by
tuning the transport coefficients. We remark that this ill-defined instability will always emerge
for any diffusion-like dispersion relation due to its parabolic nature. This unphysical instability
of the global equilibrium state in relativistic Navier-Stokes theory was already mentioned a few

times in this thesis and it renders the theory unsuitable to describe any fluid in nature.

Longitudinal modes

We now discuss the dispersion relations obtained for the longitudinal perturbations. In

this case, the constitutive relations satisfied in Navier-Stokes theory become

oI = iordiy, (1.78)
o) = %inom&]”. (1.79)
Therefore, Eqgs. (1.68) can be recast as,
Q€ — k(eo + Po)duy =0, (1.80)
(eo + Po)Qdty — k6P — ik? (go + %770) oty = 0. (1.81)

These equations can be conveniently cast in the following matrix form

0€
¢ o wth | =, (1.82)
—2k Q —iTgr? ot

with ¢, being the speed of sound in the fluid,

= 9P, (1.83)
860 50,70
and 7. a new timescale, defined as
o+ 370
off = ———. 1.84
Teff (&) -+ Po ( )

Non-trivial solutions are obtained when the determinant of the matrix on the left-hand side of

Eq. (1.82) is equated to zero, leading to the following dispersion relation

O —itegQk* — 2k = 0. (1.85)
Then, the longitudinal modes of Navier-Stokes theory for perturbations on a fluid at rest, ug =
(1,0,0,0), in which Q = w and k = k, are given by

iTerh? & kn/4c2 — T2:k?

wlk) = (1.86)

In the limit of ideal fluid dynamics, i.e., 7.& — 0, we recover the dispersion relation of an
ideal fluid, w(k) = +csk, which is the typical dispersion relation of the wave equation in one

dimension, and we thus identify cg as the speed of sound.
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We now look at the asymptotic behavior of these modes for small and large wave

numbers,

2
w(k = 0) = ek + mff% + O(k*) (1.87)

2
w(k = 00) = iTeff%(l +1). (1.88)

In the small wavenumber limit, the real part of the dispersion relation describes a sound wave
propagating with velocity given by cs, whereas the imaginary part describes the exponential
damping of the perturbations. The time scale 7.¢ then dictates the intensity with which these
modes are damped. In the large wavenumber limit, there is the occurrence of a trivial mode
(w = 0) and a diffusive mode (w ~ ik?). The occurrence of this diffusion-like mode for large
wave numbers will lead to the same pathologies discussed in the previous subsection for the
transverse modes. These can be systematically discussed by analyzing the dispersion relation for
a moving background fluid, but we refrain from performing this analysis here, since it would not

lead to any new insight. Nevertheless, this discussion was performed in detail in Ref. [87].

We thus conclude that both transverse and longitudinal perturbations of a fluid in global
equilibrium described by the Navier-Stokes theory yield parabolic, diffusion-like dispersion
relations, that are known to display acausal behavior. As discussed, in a relativistic setting, such
a behavior leads to intrinsic and unphysical instabilities and this is the reason that causal and

hyperbolic versions of the theory must be developed.

1.6.2 Israel-Stewart theory

We now consider the linear stability analysis of Israel-Stewart theory. In particular, we
shall consider a simple limit of the Israel-Stewart theory, in which any dissipation other than
due to shear-stress is identically neglected. That is, we set perturbations of bulk viscosity and
net-charge diffusion to zero, i.e., on = 0, on* = 0, and STI = 0. In this case, the only nontrivial

equation of motion is Eq. (1.55), which, in the linear regime, reduces to
2
(1Q7, + 1) 07" =in (n“dﬂ” + wYout — gAg‘”/s,\éaA> + (9((52), (1.89)

which must be coupled with the conservation laws (1.63). Analogously to the previous section,

we shall analyze the transverse and longitudinal modes of the theory separately.

Transverse modes

The conservation of momentum (1.69) is coupled with the transverse component of the

shear-stress tensor 07/, which can be obtained by projecting Eq. (1.89) with nuAl)j‘ﬁ /K,

(17 + 1)07) = inrdi) . (1.90)
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Then, from Egs. (1.69) and (1.90), we obtain the dispersion relation associated with the transverse
modes
T —iQ — 7R = 0. (1.91)

Considering perturbations on a fluid at rest, the transverse modes read

dhear L E /1 — 41, k2
wrt =1 or - (1.92)

We observe the existence of a hydrodynamic and a nonhydrodynamic mode, given by w?p}jiar and
w%}jefr, respectively. This contrasts with what was observed for Navier-Stokes theory, in which
there was only a single hydrodynamic mode. In particular, the occurrence of a nonhydrodynamic
mode is a consequence of the inclusion of the dynamics of a non-conserved current. In the
Israel-Stewart theory, the dissipative currents satisfy equations of motion rather than constitutive
relations, as in the case in Navier-Stokes theory, thus yielding nonhydrodynamic modes even for
perturbations on a fluid at rest. In particular, such modes act as regulators of the theory [88] and

are, in fact, essential to guarantee causality and stability are satisfied in the linear regime.

In the small wavenumber limit, the transverse modes of the Israel-Stewart theory become

wibear = L k2 4 O(KY), (1.93a)
: .y
Wi = imyk” + it Tkt + O(KP). (1.93b)

Since the relaxation times are positive-definite transport coefficients, we observe that linear
stability is always satisfied in the small wavenumber limit, as the dominant imaginary part of the
modes is positive-definite. Furthermore, we observe that the shear relaxation time dictates how

fast the perturbations are damped in the system.

In the large wavenumber limit, on the other hand, these modes read

7 T, 1 1
- 4 A — . 1.94
W4 o7 (UTW S T,Tfjk) +0 <k‘4) (1.94)

Therefore, in such limit, the modes are no longer purely imaginary and possess a nonzero real
part — that is, the modes become propagating as well as damped. In particular, these modes
describe perturbations that propagate subluminally as long as the asymptotic group velocity
is smaller than the speed of light, which is ensured if, and only if, the following condition is
satisfied [47,48,53, 89]

lim

ORe(w)
Jim ’— (1.95)

Thus, the condition of linear causality imposes a constraint on the shear relaxation time coeffici-

ent.
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We have shown that the Israel-Stewart theory is always linearly stable for perturbations
on a fluid at rest, whereas causality is satisfied as long as the transport coefficients satisfy
Eq. (1.95). We now investigate the case of perturbations on a moving fluid, in which case the

dispersion relation (1.91) becomes
Tay2 (w — Vok)? — iy(w — Vok) — 7'7772(wV0 —k)? =0. (1.96)

We remark that, unlike what was observed for Navier-Stokes theory, perturbations on a moving
fluid do not lead to the occurrence of an additional mode. This is due to the fact that the Israel-
Stewart equations are hyperbolic and treat time and spacelike derivatives in equal footing, thus
leading to dispersion relations in which the terms of higher order in frequency and wavenumber

have the same power.

The modes in this case are

shear 1T 2kVoy(1r — 1)) £ \/4Tn7ﬂk272(1 — V)% — ikt Voy(1 — V) — 1 (1.97)
Wr+ = (7 — TUVOQ) . .

For vanishing wavenumber, the modes reduce to

shear shear
k=0)=0, E=0)= ———~. 1.98
W — ( ) Wr + ( ) A — Tn%Q) ( )
Therefore, in this regime, stability is guaranteed as long as 7, > 7, V7. The theory must be
stable for any value of the background fluid velocity. In particular, the strongest constraint is
then obtained when the background fluid velocity is maximal, leading to the stability condition
Tr > T, wWhich is exactly the causality condition (1.95) obtained for perturbations on a fluid at

rest. In the small wavenumber limit, these modes become

shear U [TTF + (2 — ‘/02)7-77] . 2 4
= Vo k — ik Ok 1.99
W, + fY(Tﬂ —_ VU2TT7> T — ‘/027_17 0 ITyR™ + ( )7 ( a)
w?p}fe_ar = Vok + it k* + O(k*). (1.99b)

We remark that these modes are the analogue of Eq. (1.93) for perturbations on a moving fluid.
As a matter of fact, taking Vj = 0, one immediately recovers the modes for perturbations on a

fluid at rest, given in the aforementioned equations.

We thus conclude that perturbations on a moving fluid lead to stability conditions that are
identical to the causality conditions obtained for perturbations on a fluid at rest [47,48,53]. In
the linear regime, these two properties are intrinsically connected and thus can only be satisfied

simultaneously.

Longitudinal modes

For the sake of completeness, we now perform a causality and stability analysis for the

longitudinal modes of Israel-Stewart theory. In particular, in the absence of bulk viscous pressure
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and net-charge diffusion, Egs. (1.68) reduce to

Q6 — r(eo + Po)diy = 0, (1.100)
(€0 + Po)Qday — k(0P + 07))) = 0. (1.101)

The longitudinal projection of the shear-stress tensor is obtained by projecting Eq. (1.89) with

Kuky /K2, thus leading to

87y = IR0 (1.102)

4n
(i1 + 1)

These equations can be written in the following matrix form

9) —K 6€P
. . . ot | =, (1.103)
—R(iQ7 + 1) QiQ7, + 1) —igT,k? ou

leading to the following dispersion relation when the determinant of the matrix on the left-hand

side equates to zero,
a3 02 doon . o908 o9
17027 + Q — gtk Q — T iR — sk = 0. (1.104)

The solutions of Eq. (1.104) are, in general, rather intricate and thus shall not be displayed here
in their complete form. Instead, as was done in the previous sections, we once again resort to
analyzing these modes in the asymptotic limits of wavenumber. In the small wavenumber limit,

the longitudinal modes become

~ 2 ~
W = Eesk + ik 4+ O (7). (1.105)
. A
Wshear = Ti — gz'k? +0 <k4) : (1.106)

T

In the small wavenumber limit, the longitudinal modes of Israel-Stewart theory are identical to
the corresponding solutions obtained for Navier-Stokes, Eq. (1.87), with the addition of a novel
nonhydrodynamic mode. Once again, since the relaxation times are positive-definite quantities,

linear stability is always satisfied in this regime.

In the large wavenumber limit, the longitudinal modes become

44 3c27; » 2i 1
ound = T =Tk O~ 1.107
Waonnd 3% m@+san)  O\i) (107

3c? 1
shear — —SA Ol=]. 1.108
Wsh 4+3c§7,rz+ (k;) ( )

Linear causality is satisfied as long as the real part of the sound modes is smaller than 1, thus

leading to the following constraint [47,48, 53]

L, 4
Ty > .
3(1—¢2)

s

(1.109)
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In particular, considering the equation of state for an ultrarelativistic gas, ¢ = 1/3, the causality

condition becomes simply

2
P> 2= >

_ 1.110
T g+ B ( )

Similarly to what was observed in the previous subsection, considering longitudinal
perturbations on a moving fluid, one obtains a stability condition that is identical to the causality
condition (1.110). This discussion will not be further developed in this thesis, since it will not

lead to any additional insight, and the reader is referred to Ref. [87] for a thorough analysis.

1.7 Discussion

In this chapter, we have investigated the phenomenological derivation of relativistic
dissipative fluid-dynamical theories. First, we developed a set of thermodynamic relations to
employ in a macroscopic description of a system in equilibrium. We then started the study of
relativistic fluid dynamics with the simplest possible case of ideal fluids. In this case, the system
is always in local equilibrium, i.e., each fluid element is a thermodynamic system in equilibrium.
We showed that the entropy is conserved for ideal fluids and its evolution can be completely

described using solely the conservation laws and an equation of state.

We then extended this discussion to account also for dissipation in the fluid in the form
of heat and friction between fluid elements. In this case, the system can no longer be assumed
to be in local equilibrium and the conserved currents must be appropriately corrected by the
inclusion of novel nonequilibrium effects. Nevertheless, we assumed that the system is close
to a (fictitious) equilibrium state, such that it can be described in terms of a reduced number
of degrees of freedom. Unlike the ideal case, in order to describe the dynamics of dissipative
fluids, the conservation laws must be supplemented by relations for the dissipative currents. In
particular, in this chapter we investigated the derivation of Navier-Stokes and Israel-Stewart

theories.

The presence of dissipative currents in the system generates entropy. Therefore, unlike
the ideal case, the entropy is not conserved in dissipative fluids. However, there is not an exact
form for the entropy 4-current out of equilibrium. We first considered a nonequilibrium entropy
4-current that contains terms up to first order in the dissipative currents. The entropy production
was then assumed to be positive-definite by imposing the simplest possible ansatz in which it
is quadratic in the dissipative currents, thus satisfying the second law of thermodynamics. In
this case, we obtain the relativistic Navier-Stokes theory of fluid dynamics, a set of parabolic
equations that express the dissipative currents as gradients of temperature, chemical potential
and 4-velocity. Nevertheless, this theory is acausal and intrinsically unstable and cannot be used

to describe any fluid in nature.

The pathologies displayed by Navier-Stokes theory can be attributed to the definition of



1.7. Discussion 47

the nonequilibrium entropy 4-current. In order to address the aforementioned issues, Israel and
Stewart further included terms of second order in the dissipative currents in the entropy 4-current.
Then, when taking the simplest ansatz that renders the entropy production positive-definite, i.e.,
assuming that each term is quadratic, one obtains the Israel-Stewart equations of dissipative
fluid dynamics. In this approach, the dissipative currents satisfy hyperbolic equations of motion
rather than constitutive relations — that is, they are independent degrees of freedom that evolve
according to their own dynamics. The inclusion of second order terms in the entropy 4-current
naturally leads to relaxation equations, with the appearance of timescales that are crucial for
causality and stability. Unlike the case of Navier-Stokes theory, the Israel-Stewart equations can

be rendered causal with an appropriate choice of transport coefficients.

In order to understand the minimal requirements that fluid-dynamical theories must
satisfy in order to be applicable for practical purposes, we resort to a linear stability and causality
analysis.We showed that the Navier-Stokes equations yield hydrodynamic modes that display a
diffusion-like behavior at large values of wavenumber. In particular, the corresponding parabolic
dispersion relations always admit a new unstable and acausal solution for perturbations on a
moving fluid, regardless of the values of the transport coefficients [38]. These pathologies forbid
the application of Navier-Stokes theory in the description of realistic systems. On the other
hand, the Israel-Stewart theory was shown to be compatible with linear causality as long as the
transport coefficients are consistently constrained according to Eq. (1.110), whereas stability is
always satisfied for perturbations on a fluid at rest. When considering perturbations on a moving
fluid, we obtain stability conditions that are identical to the aforementioned causality constraints
for perturbations on a fluid at rest. Furthermore, we remark that the constraints obtained when
analyzing the evolution of the longitudinal degrees of freedom supersede those obtained for
the transverse degrees of freedom. Therefore, the Israel-Stewart theory passes such essential
tests and is thus suitable to be applicable to numerical fluid-dynamical schemes as long as the
transport coefficients are consistently constrained. Finally, we remark that nonlinear constraints

on the causality of such formalism have been explored in Refs. [90-92].
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2 Relativistic Kinetic Theory

In the previous Chapter, causal and stable relativistic fluid-dynamical equations were
derived phenomenologically, using the properties of the Lorentz transformation, the conservation
of charge, energy and momentum, and the second law of thermodynamics. Nevertheless, such a
derivation procedure is never complete since it does not provide expressions for the equation
of state nor the several transport coefficients that appear in the equations of motion. For this
purpose, a microscopic derivation of fluid dynamics is required, i.e., one must understand how the
fluid-dynamical equations emerge as the long-time, long-distance limit of a given microscopic
dynamics. In this thesis, this task will be performed for relativistic dilute gases, that can be
microscopically described in terms of the relativistic Boltzmann equation. The primary goal of
this chapter is to understand how the Boltzmann equation is derived and what is its domain of
applicability. We then start our discussion on how fluid dynamics emerges from kinetic theory —
a discussion that has a long history of developments and will be continued to be addressed in
Chapter 3.

2.1 Derivation of the Boltzmann equation

Naturally, describing the motion of each individual particle in a gas is an unfeasible and
often useless task. In this context, we introduce the distribution function, f(x, p, t), a density of
particles in phase space — that is, the number of particles lying withing a volume d*x around x
whose momenta lie in a momentum-space element d*p around p at a time ¢. The goal is then to
determine how collisions between particles in a dilute system change its momentum distribution,

which will eventually lead to the Boltzmann equation.

The total number of particles in an infinitesimal volume in phase space at a given time
instant ¢ can be obtained by simply integrating the distribution function over the entire phase

space,’

dN = f(x,p,t)d*x (2.1

(2m)*
The goal of this section is to obtain an equation to describe the dynamics of the single-particle dis-

tribution function, which shall be described by the means of the Boltzmann equation throughout
this thesis. For this purpose, we follow Ref. [59].

' The factor 1/(27)? is a requirement from quantum mechanics, in particular from Heisenberg uncertainty

principle. A quantum particle occupies a volume k3 = (27h)3 in phase space, and thus in order to correctly
count the number of accessible states, it is necessary to take into account this factor. Furthermore, if spin
degrees of freedom are taken into account, even more states are accessible to the system, and one must include a
multiplying degeneracy factor g, as well [59]. However, throughout this thesis, we shall always treat particles of
zero spin, such that the degeneracy factor reduces to unity, g5 = 1.
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The total number of particles inside a volume in phase space changes dynamically as
particles travel inwards or outwards this region, either after scatterings with other particles in
the medium or under the action of external forces. The infinitesimal change in the number of
particles in the time interval dt is dN (t + dt) — dN(t). The phase space is defined by the set of

coordinates (x;, p;). At a time ¢ + dt, these coordinates can be expressed as

—atdt) = o)+ WD a1 P, (2.22)
dt Y
=p(t+dt) =p(t) + dd—i)dt p(t) + Fdt. (2.2b)

To obtain the second equalities, we have used that

dx  ldx _lp_mp _p dp 1dp_K_F 2.3)

dt ’)/dT T ym pPPm p0 dt  ydr oy '
where the energy of a particle is given by p° = ym. Furthermore, K is the external covariant
Lorentz force (commonly referred to as the Minkowski force), whereas F is its non-relativistic
counterpart. Then, the Jacobian of the transformation (z,p) — (2, p’), defined in Egs. (2.2), for

a two-dimensional phase space, is

1 1dt

T = Ot 1+ ath

OF )
(1 + 8—pdt> +O(dt?). (2.4)

This result can be straightforwardly generalized to three dimensions in both space and momentum

spaces, leading to

d3p’ s, dp
3/ 3 2
d’x e (1 + o th) d°x 2n)? + O(dt?). (2.5)

In the absence of external forces, the Jacobian of the transformation reduces simply to an identity,

in which case the volume in phase space does not change with time, d*x d*p = d*x’ d*p/.

The rate of change in the number of particles within a volume element in phase space

d*xd?p can thus be expressed as

AN (t + dt) — dN(t)

= f (x+ fl—jdt,p + Cfi—?dt,t%— dt) d*x’ é‘;p); — f(x,p,t)d’x (321;3

= [f <x + Ccll—xdt, p+ Cfi—pdt,w dt) <1 + % . th) — f(x,p,t)] d*x ((;;1;’3

e {%{ + U pR L9 fF)} dt d*x (;1;‘3’3, 2.6)
where we have expanded the term f (x + 2dt,p + “dt, t + dt) in a Taylor series in powers of
dt,
i (x+ C;—);dt,p + Cfl—lt’dt,w dt) = f(x,p,t) + %dw (g}{ fll; + gf: CZ) dt+ O(dt?).

(2.7)
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It is convenient to rewrite Eq. (2.6) as

AN _ o of b
dr ot ox

8

il F 2.8
The change in the total particle number is a Lorentz invariant quantity, since all observers count
the same number of particles, as well as the proper time, d7. In addition, the volume element
in phase space, d®x d®p, is an invariant. Hence, the term multiplying it in the above equation
must also be an invariant itself. The first two terms inside square brackets can be immediately
expressed in a manifestly covariant form

0 0 o, o, a

9f L OfpY _ W' 0f _p"OF _ 1", . 2.9)

ot oxp° p¥ dxt  m ozt m

The next step is to work out the last term inside square brackets. The on-shell condition,

pup" = m? implies that the Minkowski force is orthogonal to the 4-momentum,

dp' _ dpup") _ .dp dp

KH = e o B M H

Pu Puzar dr ar Y ar
=0

=0, (2.10)

since the particle rest mass is constant. This constrains the time and space components of K* to
K%, =K - p. (2.11)

At this point, we consider p® and p to be independent variables [59], in which case

OfF) _ 0UF)0p°  O(fF) _ pO(fE)  O(fF)

= 2.12
op op° op  op  p° Ip° Op (12
The second equality is obtained using the mass-shell constraint. It then follows that
O(/F) p O(fF) O(fF)
"op —w{p(’ o op
[P0 (miKY 0 (m
o ) Tae U
1 0 (fK-p 10
= — = —— (fK
m {po op° ( p° ) P’ Op (f )}
e ym [O(fK°) 0
=" — — (fK
P { a0 op (FK)
o(f K*)
= ) 2.13
o (2.13)

This is a scalar invariant. In obtaining this result, we have once again employed the assumption

of treating p° and p as independent variables. Eq. (2.8) can then be recast as

AT g 0K o P

dN 1 |pt
a Ty (m * ) o ey

v |m OpH

- |:p“8u f+m (2.14)
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Without loss of generality, the rate of change in the particle number inside a volume
slab in phase space can be decomposed in terms of two contributions, accounting for incoming
particles with momenta lying outside (inside) the volume element in phase space being scattered
to momenta states that lie within (outside) this region. The first process defines the gain term,
whereas the latter defines the loss term. In this case, we have

dN  dN* dN-
— = - — . (2.15)
dt dt dt
—— ——

gainterm  loss term

At this point, we take a set of assumptions regarding the system:

1. Only binary elastic collisions are relevant. This is a sufficiently reasonable approxima-
tion for a dilute system, in which case all three-body (and beyond) interactions can be

systematically disregarded as they become increasingly improbable.

2. The momenta of the two interacting particles are uncorrelated prior to and after the
collision whenever the distance between them is larger than the typical interaction range.
This implies that the system has no memory. In this case, the two-particle distribution

function can be factorized as a product of single-particle distribution functions as follows

f?(t7 X1, P1, Xg, p2) = f(ta X1, pl) f(tv X9, p2) = fp1 fpz' (216)
This is the assumption of molecular chaos, also known as Stofizahlansatz.

3. The time between collisions, 7y, is typically much larger than the duration of a collision,
Teoll- The distribution function varies slowly over a time interval 7,,c5, for which 7., <

Tmeso << TS'

Having proposed these assumptions, the next step is to obtain an expression for the collision term.
At this point, it can be inferred that the gain term must be proportional to the density of particles
with incoming momenta p* and p'*, given by f(t,z,p)f (¢, x,p’), weighted by the probability
per time for these particles to be scattered into outgoing momenta states k* and k'*, defined as
the so-called Lorentz-invariant transition rate, Wy, . Conversely, the loss term is proportional
to f(t,x,k)f(t,x,k") Wi,y The net-rate of collisions is then obtained by integrating these
contributions over all possible momenta p’, k and k’ for which the total 4-momentum of the
system is conserved, as well as over space, d>x. As a matter of fact, such constraint is imprinted

in the transition rate, as shall be demonstrated.

Binary collisions are symmetric under time-reversal and parity transformations. The first
lead the outgoing (incoming) momenta into the incoming (outgoing) momenta, whose spatial
components have opposite signs, i.e., k — k = (k°, —k), and the corresponding transition rate for
such processes is then W5, zz,. On top of that, under parity transformations, the transition rate
Wy ki becomes Wi 1. Therefore, simultaneously applying the aforementioned operations,
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we conclude that Wy iy = Wiwpy = Wypore. That is, the occurrence of a process
pp’ — kK’ is equally probable to that of a process kk" — pp’. Hence,

dt 2 X(27T)3p0

3 3./ 3 31/
dN 1d3 d°p / d°p d’k d’k 2.17)

- (2ﬁ)3p/o (27r)3k:’0 (271.)3]{0 Wkk’pr’ (fpfp’ - fkfk’) )

where the factor 1/2 accounts for the fact that a final momenta state pp’ cannot be distinguished

from p’p — therefore, by including this factor we avoid over-counting any redundant momenta

states.
Finally, comparing Egs. (2.14) and (2.17), we obtain the Boltzmann equation
8(fK'“) 1 dgp/ Bk d3K!
0 2 Wk csppr = fifie). (218
PiOuf +m OpH 2 / (27)3p/0 (27)3K0 (27)3K0 i o (fofor = frefi) (2.18)

The right-hand side of this equation is usually referred to as collision term, defined

1 d*p’ d*k A3k’
Clf] = 5/ (27T)l;)p’0 2D (27 )R Wikt opp (fofor — fiefi) (2.19)

such that the Boltzmann equation can be expressed in a more condensed form

O(fK*")
OpH

PO, f +m = C[f]. (2.20)

When taking into account quantum statistics, the collision term should be consistently
revised. In the case of fermions, Pauli’s exclusion principle dictates that each momentum state
can only be occupied by a single particle. Therefore, in a collision between particles with
incoming momenta (k, k') and outgoing momenta (p, p’), the number of particles of particles
with momentum p must be corrected by a factor (1 — fi)(1 — fi/), which account for the number
of vacant, and thus accessible, momenta states. For bosons, on the other hand, the corresponding
correction factor is (1 + fi)(1 + fi), which accounts for the apparent attraction between bosons.

The collision term (2.19) then becomes
1 . I
Clf]= 3 /dP,deK/Wkk’pr’ (fpfp’fkfk’ — fkfk’fpfp’) ; (2.21)

where fk = 1—afx, witha = —1 (a = 1) for bosons (fermions), while a = 0 corresponds
to classical particles, in which case Eq. (2.19) is recovered. Above, we expressed the Lorentz-
invariant volume element as
dK = d?’—k (2.22)
(27)3k0’

a notation that will be adopted throughout this thesis.

Transition rate and cross section

The transition rate is a scalar invariant function of the momenta exchanged in a binary

collision. In particular, there are 10 possible scalars that can be constructed from contractions
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of p#, p'*, k* and k'*. However, the on-shell condition satisfied by each particle provide 4
constraints, reducing the number of parameters to 6. Furthermore, the conservation of the total
4-momentum must be imprinted in the transition rate (as a matter of fact, collisions that violate
the conservation of momentum are not possible), providing 4 additional constraints. Therefore,
we conclude that the transition rate can be completely described by 2 scalars, for which there are
numerous possible choices. One particularly convenient choice is to adopt the following set of

Lorentz-invariant variables with a fixed sum,

s = (p" + ") (Pu + 1), (2.23a)
t=(p" — k") (pu — ku) (2.23b)

known as the Mandelstam variables [93].

In order to better appreciate the physical meaning of the Mandelstam variables, it is
convenient to evaluate them in the center-of-mass reference frame. In this case, the total 3-

momentum of the system is zero,
p+tp =k+k =0 (2.24)

Together with the on-shell condition and the conservation of the total 4-momentum, this implies
that

p'=p" =k =k Ip|=Ip| =kl = K| (2.25)
Therefore, the s variable becomes simply
s =2m” + 2p'p), = 2m* + 2(p°)* = 2p - p = (2°)* = (0* + p")*, (2.26)
S——~
=—|p[?

where we have used Eqs. (2.24) and (2.25) to obtain the second and third equalities, respectively.
Therefore, s is the square of the total energy in the center-of-mass frame.

The ¢ parameter, on the other hand, is related to the scattering angle ©. First, we note

that t = 2m? — 2p*k,,, where the last term can be written as
(2.25)
Pk =p"ko —p-k = (p°)? = [p[Pcos © = (p")* — [(p")* — m?] cos ©, (2.27)

where we have used the on-shell condition to obtain the last equality and defined the scattering

angle in the center-of-mass frame,

p-k| _@-p)k k)
pllk| |y (2" —2")(pp — P,)°

cos® = (2.28)

2 In general, there are three Mandelstam variables, with the remaining one being defined as u = (p"—k)(p,—ky).-

In particular, they satisfy the relation s+t +u = 4m?, where m is the mass of the particle considered. Therefore,
only two of these variables are linearly independent. In particular, since only two are required to completely
describe the transition rate, we choose s and ¢, which will be justified in the following.
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with the subscript ‘CM’ denoting the scalar products are evaluated in the center-of-mass frame.

In particular,
2t
cos® =1+ ——. (2.29)
s — 4m?
We thus conclude that the parameter ¢ is associated with the scattering angle in the center-of-mass

frame.

The transition rate can thus be completely characterized using the aforementioned
Mandelstam variables s and ¢. On top of that, it must also encompass the conservation of total

4-momentum in a binary collision. In general, it can be written as [60]
Wi opy = (27)°s0(s,©) 6 (p* + p — K — k™), (2.30)

where o is the cross section — a Lorentz scalar with the dimension of area that is determined

from the microscopic interaction between the constituents of the gas.

2.2 Microscopic origin of the conservation laws

The main goal of this Chapter is to understand how a macroscopic description of a gas
can be constructed from the Boltzmann equation, derived in the previous section. As discussed
in the previous Chapter, the cornerstone of a fluid-dynamical description are the continuity
equations that emerge due to the conservation of the fundamental charges (in this Chapter, the
number of particles) and energy-momentum. Our starting point is thus to demonstrate how the

macroscopic conservation laws emerge from the microscopic picture discussed so far.

Let oy be an arbitrary function of the incoming momentum k. From the definition of the

collision operator, Eq. (2.19), we have
[ Kol = [ ARAAPAPWoscer by~ ific)
= /deK’deP’Wk/kap/ (fofor = fiofi) o (k< &)
_ / AKAK APAP' Wy (fifie — fofo) 0w (k< p, K < )
= /deK’deP/pr/Hkk/ (fiwfx — forfp) o (k< D, K < p). (2.31)

Note that by exchanging the momenta involved in a binary collision in the equations above, we
get the same integrals in different forms [94]. Furthermore, it it crucial to note that, naturally,

Wik spp = Witkeopy = Wppokky = Wypewr. Then, adding these equations, we have

1
[ iKeccl) = [ ARARAPAP Wseos (Fufiy = fidic) (o 20 = 00 = ).
(2.32)
Thus, if ¢y 18 a quantity that is conserved in a binary collision, i.e., if Yk + Y = @p + @p/, the

integral above vanishes. In binary collisions, we have solely two conserved quantities, namely 1
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and k*, due to the conservation of the number of particles and energy-momentum in collisions.

This leads to the following universal relations, valid for any interaction,

/dK C[f] =0, (2.33)

/ K K CLf] = 0. (2.34)

Therefore, multiplying the Boltzmann equation (2.18) by 1 and £ and integrating over momen-

tum, it follows from the equations above that
au/dK k" fi =0, (2.35a)
6M/dK E'EY fi = 0. (2.35b)

These are continuity equations that describe the conservation of particle number, energy, and
momentum. They are the macroscopic correspondence of the conservation laws in microscopic

collisions.

In the context of relativistic kinetic theory, the particle 4-current and the energy-momentum

tensor are identified as the first and second moments of the single-particle distribution function,

respectively,
Nt = /dK k" fx, (2.36a)
™ = /dK E*EY fy. (2.36b)
The conservation equations (2.35) can thus be recast in their usual form,
o,N" =0, (2.37a)
0,T" = 0. (2.37b)

The 4-momentum, £*, can be decomposed in terms of u* as k* = Fyu* + k) where
Ey = u,k* is the energy in the local rest frame of the fluid, and k") = AME, is the orthogonal

projection of the 4-momentum. Then, Egs. (2.36) can be cast in the following form
N* = (E) u* + (kW) (2.38a)
T = (EBE) utu” + %N%Akk) + (Bak™ ) v + (B k™) u + (KB, (2.38b)
where we have adopted the notation
()= [aK () 2.39)
following Ref. [2] and defined

A = AL kK =m? — ER, (2.40)
kW = AREY (2.41)
KUk = ARTEORS. (2.42)
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Comparing Egs. (2.38) with Eqgs. (1.33), it is then possible to identify the fluid-dynamical fields

as the following moments of fy,

n=(E),n" = (k") e=(E}), P+1l= —%(Akk), W= (EykWy | o = (kWE) .
(2.43)

2.3 Equilibrium solution

The Boltzmann equation has a stationary and homogeneous solution, for which the

single-particle distribution function satisfies
k'O, fi = 0. (2.44)

In order for this solution to be realized, the collision term must vanish,

[ AR AP W (Bt fide = fibeFofir) =0, (245)

Naturally, the collision term is zero when particles are not interacting, but this will not be the
case considered here. In particular, particles in the system are still colliding, however collisions
between particles with incoming momenta k, k" and outgoing momenta p, p’ are equally probable
and cancel each other. This regime is called the detailed balance condition, and it is satisfied by
a single-particle distribution denoted by fox. Thus, from Eq. (2.21), we have

fOpfOp’]EDkak’ = fOkak’fOpfOp’- (246)

Taking the natural logarithm on both sides, we have

In (&) + In (&) =In & + In @ . (2.47)
Jox Jox Jop Jopr

The left- and right-hand side of the equation above comprise quantities regarding the incoming
and outgoing momenta states, respectively. Therefore, we conclude that In( foy/ fOk) can only
depend on quantities that are conserved in binary collisions, namely 1, £, as well as on the usual

thermodynamic variables. Hence, it is generally given by

In (@) = a— k" (2.48)

Ok

In particular, 3, is a 4-vector with dimension of inverse momentum, and it must have the
following form S5, = w,, /T, with u,, being a 4-velocity (that defines the local rest frame of the
system). In particular, the minus sign in the equality above is merely a convention such that 7" is

identified as the temperature, whereas « is identified as the thermal potential. Hence,

B 1
- eBBa g’

Jox (2.49)
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Taking a = 0, one simply recovers the usual Maxwell-Boltzmann distribution, whereas taking

a =1 (a = —1), one obtains the Fermi-Dirac and Bose-Einstein distributions.

This solution is a fixed point of the Boltzmann equation and defines the equilibrium state
of a dilute gas. Any isolated dilute gas will approach this solution, after some characteristic
time scale determined from the interactions, encoded in the cross section. Equilibrium states are
known to exist in nature, but are rather nontrivial to obtain microscopically without resorting to
thermodynamic or statistical arguments. The Boltzmann equation thus provides a microscopic
description that is consistent with thermodynamic principles. In the next section, we discuss
yet another fundamental thermodynamic conjecture that naturally arises from the Boltzmann

equation: the second law of thermodynamics.

2.4 Entropy production

In kinetic theory, the entropy 4-current is defined as [59]

SH = — / dK k" (f “In fi + filn fk> : (2.50)

a
Therefore, an equation of motion for the entropy production can be directly derived from the

Boltzmann equation,

b o (L
0,5 — /dKC[fk]l (f) 2.51)

k

In Eq. (2.47), we have shown that, in equilibrium, In( fox/ fox) = — Buut 4+ o, and is a quantity
conserved in binary collisions. Therefore, from the conservation theorem (2.32), it follows that

OuSeq = 0. (2.52)

This result was obtained in the previous chapter in the context of hydrodynamics, see Eq. (1.25),

and now it has been recovered from microscopic calculations.

For a general single-particle distribution function, the condition above is not necessarily
satisfied and the entropy production must be calculated in detail. Following the same reasoning

adopted in deriving Eq. (2.31), we have

95" = _i /deK/dePkak’pr’ (fpfp’fkfk’ - fkfk’fpfp’)
» [ (5 o (5) (f_> . (f_)]
Jx % fp fp’

= _i /deK/dePkak/pr/fpfp/fkfk/ (1 B fkfk'fpfp'> n <fkfk’fpfp’> '

fpfp’fkfk’ fpfp’fkfk’
(2.53)
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The distribution function is defined as a non-negative quantity, cf. Eq. (2.1). Moreover, the
integrand involves a function of the type (1 — x) Inx, which is non-positive for all x > 0.
Therefore, we conclude that

0,5" >0, (2.54)

thus recovering the second law of thermodynamics from purely microscopic arguments. This is
a remarkable result and is essentially the only existing microscopic realization of the second law

of thermodynamics.

2.5 Ideal fluid dynamics

As discussed in Chapter 1, ideal fluid dynamics is based on the assumption of local
equilibrium, i.e., the fluid elements are assumed to be thermodynamic systems in equilibrium.
In the context of kinetic theory, a state of local equilibrium is achieved by a single-particle
distribution function given by Eq. (2.49), with the 4-velocity, u*(z?), the temperature, T'(z"),
and the thermal potential, a(x)‘), being locally defined, i.e., functions of spacetime. Then, the

conserved currents of an ideal fluid are obtained by taking fx — fox in Egs. (2.38),
Nt = (k"),, T" = (k"E"),. (2.55)

Above, we denoted momentum integrals over the local equilibrium distribution function with the

following notation,

()= /dK(---)fOk. (2.56)

We remark that all momentum integrals of fy, must depend solely on the scalars, T’
and «, the 4-vector, u*, and the metric tensor, g*”. Thus, the tensor structure of the conserved
currents in equilibrium, Egs. (2.55), is determined solely in terms of combinations of «* and g"".

Then, the local equilibrium particle 4-current must be proportional to u*,
Néﬁl = nou”, (2.57)
with n( being identified as the local particle density,

no = u,NE = (Ex), . (2.58)

eq

We note that n is a Lorentz scalar and can be calculated in any reference frame. This implies
that it cannot depend on the 4-velocity and is a function of the thermodynamic variables,

no = no(7T, a).

The energy-momentum tensor is a second-rank tensor and, thus, in local equilibrium,

can only depend on a linear combination of u*u" and g"”. It then becomes,

T = eoufu” — AR, (2.59)
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with gy being identified as the local energy density and F, the thermodynamic pressure,

o = uu, T = (Ey), (2.60)

1
Py =~ ATl = — 5 (Buado. (2.61)

1
3
We note that both ¢y and I, are Lorentz scalars and thus are functions solely of the thermodyna-
mic variables, g = £o(7, @) and Py = Fy(T, «). These relations guarantee the existence of an
equation of state, i.e., a relation Py = Py(ng, o). As a matter of fact, for ultrarelativistic gases,
the mass of the particles can be neglected (when compared to the temperature), leading to the

very simple relation Py = ¢¢/3,

1 m—0 1 £

3 3 3
These general expressions for the conserved currents in local thermodynamic equilibrium
were already obtained in the previous chapter, see Eqgs. (1.16) and (1.15). They lead to the
relativistic Euler equations (1.21). We now understood how these expression arise from kinetic

theory and also obtained a microscopic expression for the equation of state.

2.6 Chapman-Enskog method

For the past decades, relativistic fluid dynamics has been successfully used in the descrip-
tion of cold atomic gases [32,95] as well as of the quark-gluon plasma created in ultra-relativistic
heavy-ion collisions [96-98]. In order to obtain an accurate description of these systems, it is
indispensable to take into account dissipative effects in the differential equations that govern the
relativistic fluid-dynamical evolution. This has motivated a general discussion on the derivation
of relativistic dissipative fluid dynamics from an underlying microscopic theory [58,98,99] and,
furthermore, in establishing the domain of applicability of such fluid-dynamical formulations. In
particular, this issue has been widely investigated for relativistic dilute gases using the Boltzmann

equation as a starting point [58].

Chapman-Enskog theory [59-61] is the most widespread method to derive fluid dynamics
from the Boltzmann equation. In this approach, a particular solution for the single-particle
distribution function is found in the form of a gradient expansion. Different truncations of this
expansion lead to distinct fluid-dynamical theories: a truncation at zeroth order leads to the Euler
equations (ideal fluid dynamics), while at first order it yields the Navier-Stokes equations [37].
Unlike its non-relativistic counterpart, the relativistic Navier-Stokes theory is ill-defined, as
its acausal nature renders the global equilibrium state unstable [39, 100], as discussed in the
previous Chapter. Moreover, higher-order truncations of the Chapman-Enskog expansion lead
to Burnett and super-Burnett theories, which suffer from the so-called Bobylev instability even
in the non-relativistic regime [101]. These problems lead to the conclusion that the traditional

Chapman-Enskog method does not yield fluid-dynamical formulations that can actually be
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employed for practical purposes.® Nevertheless, it is an important development in kinetic theory

and serves as an introductory formalism to derive a hydrodynamic theory.

It is a perturbative approach to obtain approximate solutions of the Boltzmann equation,
following Hilbert’s [105] proposal to convert the Boltzmann equation into a perturbative problem.
The hydrodynamic regime is expected to emerge when the single-particle distribution function
varies extremely slowly in space and time when compared to the mean-free path of the particles.
This implies that the left-hand side of the Boltzmann equation, which involves spacetime
derivatives of fy, becomes very small and, thus, fx must approach a form which minimizes
the magnitude of the collision term. As proposed by Hilbert, this can be accomplished from a
mathematical point of view by introducing a book-keeping parameter € on the left-hand side of
the Boltzmann equation,

¢ (ExDfic + E¥V . fi) = C[f], (2.63)

where we have decomposed the 4-derivative into its parallel and orthogonal components with
respect to the 4-velocity, d, = w,D + V. Then, the single-particle distribution function is

expressed as a power series in €,
o

fo=Y e, (2.64)

i=0

where ff) denotes the i-th order term in the parameter €. Therefore, in order to determine
the expansion coefficients and, thus, reconstruct the single-particle distribution function, the
Boltzmann equation must be solved iteratively, order by order in €. The parameter ¢ is then set to
unity, thus leading to a perturbative solution of the Boltzmann equation. In particular, at each

order in ¢, the Boltzmann equation becomes

0=CO (zeroth order) (2.65a)
B [DAJO + kv, 19 =W, (first order) (2.65b)
B [DfiJ" D + kW, 7D =™ (n-th order) (2.65¢)

where C¥) denotes the i-th order contribution to the collision term and [D f, ] ) is the contribution
of D fy at i-th order, which should not be confused with the comoving derivative of the ¢-th order
contribution of fy, denoted by D f, (i), ie.,

(DAY # DY, (2.66)

In particular, a crucial feature of the Chapman-Enskog approach is to also expand the comoving
derivative of the single-particle distribution function in orders of ¢,

o0

Dfc=Y €[DAJ. (2.67)

=0

3 InRef. [102], a possibly convergent generalization of the Chapman-Enskog expansion was proposed. However,

its convergence has only been investigated in Bjorken flow [103] within the relaxation time approximation [104].
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Throughout the remaining of this chapter, we shall work the first two truncations of the Chapman-
Enskog series and their implications to the single-particle distribution function as well as their

connections to formulations of relativistic fluid dynamics.

2.6.1 Zeroth-order solution

At zeroth order in €, we obtain the following integral equation,

1 ~0 ~ L
O = / AK'APAP Wigrep ([ 1S TR = 10RO TOTD) = 0. 268)
In general, this term is zero if, and only if, the integrand is zero, which is exactly the detailed
balance condition,
IOHRORS = KR T I (2.69)
As already discussed, the solution for this equation is the local equilibrium single-particle

distribution function, as was shown in Eq. (2.49),
FO = fo = [exp (Bk u, — @) +a] " (2.70)

Here, «, § and u* are a priori arbitrary functions of spacetime.

Thus, the zeroth-order solution of the Chapman-Enskog expansion is the local equilibrium
distribution function. As demonstrated in Sec. 2.5, replacing this solution into the kinetic
expression for the conserved currents leads to the relativistic Euler equations (1.21), in which
the evolution of the system is entirely described using local conservation laws and an equation of
state. However, we remark that such truncation does not provide a solution for the Boltzmann
equation. In fact, even though the detailed balance condition leads to a vanishing collision term,
the left-hand side of the Boltzmann equation is not zero. Therefore, in order to obtain a more
precise description, it is necessary to consider higher-order truncations for the Chapman-Enskog

expansion.

2.6.2 First-order solution

The first-order Chapman-Enskog equation is given by,
Ex [DAJO + kv, 1[0 =cW, 2.71)

with C() being the first order correction in € of the collision term. It is obtained by linearizing

the collision term around the zeroth-order solution, i.e., the local equilibrium solution, leading to
1 o
e = - / AK'dPAP'Wipr oo i i T T

1 7(‘(1) 1 1 1 1 1 (1)

/

(2.72)

k k’ P
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where we used the detailed balance condition, fp © f f L) fk?) = fk, p fp Since fi =
1 — afy, at first order in €, we have that fp =—a flil). Thus, the term inside parentheses in the

collision term can be expressed as

1 1) 1 1 1 1)
O O f0) FO (fr())+fp' B fk fk’ Y 15/)+ 15! fp'>
k/ p p/

0 0 - 0 L0 4o T 20
O N A S
= fowfore fop fopr (6 + aﬁp/ - ¢>k — ), (2.73)
where we have defined ¢, = / [ fp ] After these simplifications, the first-order contribu-

tion to the collision term in the Chaprnan—Enskog expansion is given by,
1 < .
¢ = / K" dPAP Wiy sy fore fore fop fopr (dp + bpr — S — bw) = oL, (2.74)

where L is the linearized collision operator, a self-adjoint operator [62] (see Appendix A),
defined as implied. In particular, the linearized collision term has five degenerate zero modes,

corresponding to the conserved quantities — as a matter of fact, L1=0and Lk" =0.

The first-order solution of the Boltzmann equation reads

Ex [DAJ + k9N, fo = forL o). (2.75)

At this point, it is crucial to note that the zeroth order contribution of D fy should not be simply

identified as the comoving derivative of the equilibrium distribution function,

D fox = (Do = ExDB — k" Duy,) fox fox- (2.76)
It follows from the conservation laws that, at leading order in €,

(e0 + FPo)J20 — noJso

Do 04+0(). (2.77a)
D20
Dg = (0 + Po) 1o = nodooy (), (2.77b)
Dy
no— K 2
Du €o + Pov P+o <6 ) 7 =

where we have defined the thermodynamics integrals

(_1)nll/dKEIT_%(Aaﬂkakﬁ)nfOkak- (2.78)

Jmn = s \n
(2n+ )N

Terms of second order in € in Egs. (2.77) contain either the product between dissipative
currents (which are at least of first order in e, since they are identically zero in equilibrium) and
gradients of the primary fluid-dynamical variables or derivatives of the dissipative currents. We
then identify [D fk](o) as the first order contribution in € stemming from the comoving derivative
of the equilibrium single-particle distribution function. That is,

1) _ { [(50 + Py)J20 — 10J30 _E (g0 + Po)J10 — noJa0

0
Doy 8 Dy

1D £ = [D foi'

p
€0+P0

V”P} forc fox. (2.79)
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Furthermore, the space derivative of the equilibrium distribution function is
vufOk = (VMOK - Ekvuﬁ - 5k<u>vuuu) fOkak- (2.80)

Therefore, one can show that

L 1) N RV — Bk "o __B_ P
V,ufok [ VMO( kk‘ o+ Po Vua o+ Po VM

- B (k<uky>auy + %(Aaﬁkakﬁ)9>:| fOkakv (281)

where we have used the identities k" k") = kWE") + AW (A, 5k%kP)/3 and V u, = 0., +
W + 0(Aask®k?) /3, with w” = (VFu” — V¥uM) /2 being the vorticity tensor, to obtain the
last two equalities. The Boltzmann equation at first order in € (2.75) thus becomes

(Akd + Bk s — Bk k" 0,,) forfox = foL[on], (2.82)

where we have introduced the coefficients

A = B, |:(80 + Py)Jag — noJso B (g0 + Po)Jio — noJao B E(Aa/gkakﬁ), (2.83)
D20 D20 3
Bi=1-Fi_ ZO X (2.84)

In particular, multiplying both sides of Eq. (2.82) by 1 and k) and making use of the self-

adjointness of the linearized collision operator and its zero modes, it follows that
/ dK fofox (Akd + Bk V .o — Bk k) 5,,) = 0, (2.852)
/ dK fox forka (Af + Bik¥'V .o — BEY k" 0,,) = 0, (2.85b)

which one can explicitly verify by employing the orthogonality of the basis formed by the
irreducible momenta {1, k%), k%k¥) ...} [2,60], the definition of the thermodynamic integrals
Jng (2.78) and the thermodynamic relation (1.10).

Therefore, we conclude that the approximation taken in the identification of [D fk](o)
is indispensable for the consistency with the vanishing eigenvalues of the linearized collision
operator, and thus it cannot be taken differently [106]. In this context, this implies that spacetime
derivatives must be replaced by timelike ones, thus rendering the Chapman-Enskog series a

gradient expansion 1.e., a power series of spacelike gradients [58, 107].

The next step is to solve Eq. (2.82) for ¢y. This is an inhomogeneous equation, with the

most general solution being of the following form,
o=+ A (2.86)

where qbﬁom is the solution of the homogeneous equation, i.e., when the source term is set to zero,

i¢k = 0, whereas ¢§art is a solution of the inhomogeneous equation (2.82). It can readily be seen
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that, given the zero modes of the linearized collision operator, the solution to the homogeneous
equation must be a linear combination of the eigenfunctions 1 and k*. Therefore, its most general
form is given by

hom

= ¢+ @uk" = o+ 91 Ex + 02,k W, (2.87)
where the coefficients (g, ¢ and ¢, , must be determined from the matching conditions. At
this point, we emphasize that there is no unique form to define these coefficients. In fact, such

an arbitrariness can be interpreted as different definitions of temperature, thermal potential and

4-velocity.

Inhomogeneous solution

Obtaining solutions for the inhomogeneous equations, on the other hand, is a rather
non-trivial task, as it involves inverting the linearized collision operator. However, given the
existence of the aforementioned zero modes, the inversion procedure can only be performed in
the subspace orthogonal to the kernel of L [58,106]. Furthermore, since L is a linear operator,

the particular solution has the form
P = Sl + TekV a4+ ik kY 0, (2.88)

where the functions Sy, 7y and Vj depend on momentum through FEy. Substituting this solution
in Eq. (2.82), we have

(Ak9 + Bkk:WVua — 5k<”k”)%u) ot fox
= 0 fo L [Si] + Vo fouL [Tek™] + o foc L Ik E7] (2.89)
These functions are then expanded using a complete basis of functions of Ey, defined as 737%){

withn, 0 =0,1,2,...,

o0

Sc=> 5P V= vaﬁl{, T = Zt PE. (2.90)

n=0

t
The scalar, vector and tensor contrlbutlons to the 1nh0m0geneous solution ¢} can

be obtained by multiplying Eq. (2.89) by 737 ko k PT o and k. kg PT - respectively. One then
obtains
Z Srnsn - Am Z V;'nvn - B’r'a Z Trntn - Cm (291)
where we have defined
S, — / aK focPSL PR, (2.92a)
_ MW7 [ p@)
Vin dK fOkk<u>PT’kL YRkl s (2.92b)

T, — / dK fockqk,yPOLL [k<ﬂk“>7>fll] , (2.92¢)
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and
A, = / dK fore for PO A, (2.93a)
B, = / K for for PO (D askk?) B, (2.93b)
C, = —%5 / dE forc for P (Aask® k)2, (2.93¢)

The sums in Egs. (2.91) can be inverted by acting with the corresponding inverse matrix

on the left-hand, thus leading to
Sm= Y _[SmnAn, V=D [V lunBu:  tm=> [T unCh. (2.94)

Therefore, the functions Sy, Vy and 7y can be expressed as

Sk_zz nmA Pnk’ Vk—zz nt Pnkv ﬁ_zz nmC 7an

(2.95)
Thus, the solution of the inhomogeneous equation is
2 = IS AP K50 5 IV
+EYE 0, Z Z MmO PEp. (2.96)

Homogeneous solution

The final step to obtain a solution to the first-order truncation of the Boltzmann equation
is to determine the coefficients of the homogeneous solution, ¢i°™. This task is performed by

imposing matching conditions.

The free parameters appearing in the homogeneous solution (2.87) can be interpreted as
corrections to the local equilibrium fields, o and 5, = u,, /T In order to understand this, let us
consider what happens when we consider small variations of these fields in the local equilibrium

distribution function,

fOk(a + (SO{, Bu - 55}1«) - fOk(aa ﬁu) = fOk(a7 Bﬂ)fOk(ay ﬁu) ((SOC + 6ﬂuk’u) + 0(2)7 (297)

where O(2) denotes terms of at least second order in dav and 03,,. We note that the right-hand
side of the above equation has exactly the same form as the nonequilibrium correction due to the
homogeneous solution, fox fok#ﬁ‘)m = fox fok(go + ¢, k"), with the correspondence dav <> ¢ and
0, < .. Thus, the homogeneous solution can be interpreted as a correction to the thermal
potential, temperature, and 4-velocity that were arbitrarily introduced in the equilibrium state.
Indeed, the local equilibrium solution satisfies the zeroth-order Chapman-Enskog equation for

any choice of a and 3,,, reflecting a certain level of arbitrariness in selecting such an equilibrium
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state. The free parameters of the homogeneous solution emerge as a consequence of such

arbitrariness.

As discussed in Section 1.3.1, this issue can be fixed by imposing matching conditions,
which specify the reference fictitious local equilibrium state of a dissipative system. The Landau
matching conditions, defined in Egs. (1.37) and (1.39), can be written in terms of integrals of the

nonequilibrium distribution function as,

/ AK B for foxne = 0, / AK E2 foc o = 0. / AK Bk focfoxde = 0, (2.98)

with ¢ = L™ 4 ¢P™". Replacing Eqgs. (2.87) and (2.96) into the above expressions and

performing some algebra, one can show that

Jo0(EeSk)s — J30(ExSk)g

= 0, (2.99a)
%o Dag
Joo{ExSk)g — J10(FESi)s
L= 20< k k>0 10< k k>0‘97 (299b)
Do
1 VFEa(E Ansk®EP))g
o= = (B Vi(Aags )>07 (2.990)
3 J31
where we have introduced the thermodynamic integrals
Dmn = m—l—l,nJm—l,n - (Jmn)Qa (2100)

with J,,,,, being defined in Eq. (2.78), and employed the notation

()= /dK (-++) forfox: (2.101)
In particular, using Eqgs. (2.95), one can show that
(B2Si)o = > D 1S NumAnTs, | (2.102)
(BxSi)g = Z Z[S‘l}nmAmeS), (2.103)
(B Vi(Ansk®k?))g = —32 Z am BTV (2.104)

where we have introduced the following thermodynamic integrals,

T = ﬁ ((Dasher?) BEPR) (2.105)

Therefore, the homogeneous solution reads

= 55 ot (JQOJQ(S)D— Tl Jwdsy = T Ek)

20 D20

1)
Vi Z Z ‘?31 (2.106)
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Finally, combining Egs. (2.96) and (2.106), we obtain the complete solution of the Boltzmann

equation at first order in e,

Pk = Skg + ])kk<u>vuoz + 7Lk‘<“k:”>aw, (2.107)

) © 1 0 © 1 0
Sy = ZZ[Sil]nmAm (PT(],?() N JoTon — J50T1  J10Ton — 201 Ek) . (2.108a)

n m D20 D20
1
V=Y [V umBu | P~ T (2.108b)
k — — nmBPm nk ng ) .

whereas 7Ty has been defined in Eq. (2.95).

2.6.3 Connection with hydrodynamics: Navier-Stokes theory

The fluid-dynamical quantities can be expressed as integrals of the single-particle dis-
tribution function, as shown in Eqgs. (2.43). This leads to the following expressions for the

dissipative currents at first order,

1 -
1=~ [ K (o ~ B fo e (2.109)
nt = / AK kY fou foxcdr, (2.110)
T = / dK K"K for foxPr. (2.111)

As already discussed, the zeroth-order expressions for these currents vanish. Then, using

Eq. (2.107), we derive the relativistic Navier-Stokes constitutive relations,

I = —(é, (2.112a)
n* = kV*a, (2.112b)
T = 2ot (2.112¢)

where we have introduced the transport coefficients

1 j(o) (mQG e ) j(o)
_ -1 2 ~(0) (0) 2n 20 22 in 2
(= zn:zm:[s }nmAm g(m on — Jon ) + 3 Doy 3 m-Gs|
2.113)
T
=33 [V ' umBn (J—z - %i)) , 2.114)
=33 [T NmCunsy, 2.115)

where we have defined
Gmn = JmOJnO - Jmfl,OJnJrl,Oa (2116)
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with the thermodynamic integrals J,,,,, being defined in Eq. (2.78).

The transport coefficients depicted above are, in general, rather intricate functions of
the temperature and chemical potential. Once these quantities are computed (which typically
involves assuming certain simplifications), one obtains the relativistic Navier-Stokes equations
(2.112). At this point, we remark that in the phenomenological derivation of Navier-Stokes
theory from the second law of thermodynamics, see Sec. 1.4, the coefficients (, x and n were
introduced in a purely ad hoc form. However, in order to obtain expressions for these functions,

it is necessary to resort to microscopic calculations.

As previously mentioned, the Navier-Stokes equations possess a pathological mathe-
matical structure that enables signals to propagate faster than the speed of light, thus being
an acausal formalism. In addition, such behavior further causes small perturbations around a
global equilibrium state to grow exponentially, and therefore the Navier-Stokes theory is also
(linearly) unstable. According to what we have anticipated at the beginning of this section, the
Chapman-Enskog method yields formulations that cannot be employed for practical purposes,
and thus we must resort to alternative approaches to solve the Boltzmann equation and, in
addition, derive fluid-dynamical theories that are consistent with the requirements of causality
and stability. For that purpose, we shall employ the so-called method of moments. In particular,
since such formalism is the central object of study of this thesis, we shall dedicate the entirety of
next chapter to its derivation and to demonstrate how transient fluid-dynamical theories — which
are consistent with nonlinear causality and linear stability — can be consistently derived from a

microscopic approach.
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3 Method of moments I: Microscopic deri-

vation of fluid dynamics

In the previous chapter, we demonstrated how it is possible to obtain relativistic fluid
dynamics from the Boltzmann equations using the Chapman-Enskog method. In this case, the
single-particle distribution function is expanded perturbatively in gradients, and the Boltzmann
equation is then solved order by order. We showed that a truncation at zeroth order yields
the Euler equations (ideal fluid dynamics), whereas a truncation at first order leads to the
relativistic Navier-Stokes equations. However, we have shown in Sec. 1.6.1 that such theory is
linearly acausal and unstable, thus being unsuitable to describe realistic fluids. Therefore, we
concluded that in order to obtain fluid-dynamical theories from the Boltzmann equation that can

be employed for practical purposes, one must resort to different approaches.

In this Chapter, we develop the method of moments to investigate the fluid-dynamical
limit of the Boltzmann equation. The method, originally proposed by Grad for nonrelativistic
gases [63], consists in expanding the single-particle distribution function in terms of its moments.
Unlike the Chapman-Enskog expansion, the method of moments corresponds to a truncation
in degrees of freedom and not on a small parameter. Israel and Stewart [42] developed the first
relativistic generalization of the method of moments, proposing an expansion for the single-
particle distribution function using a basis of 4-momenta, 1, k*, k#k", - - - . Then, truncating the
so-called moment expansion at second rank, one can express the distribution function solely
in terms of the degrees of freedom that appear in the conserved currents N* and T"" — an
approach known as the 14-moment approximation. The truncated moment expansion is then used
to compute the first three moments of the distribution function, ultimately leading to the Israel-
Stewart equations of fluid dynamics, a set of coupled hyperbolic partial differential equations for
the dissipative currents. As shown in Sec. 1.6.2, the Israel-Stewart theory does not display the
same unphysical problems of the Navier-Stokes theory and can be linearly causal and stable as

long as the transport coefficients satisfy a set of constraints [45,47,48,53,64].

However, since the basis of 4-momenta 1, k*, k*k", - - - is not orthogonal, the coefficients
of the moment expansion cannot be straightforwardly obtained. In this context, in Ref. [2], the
authors proposed a generalization of the method of moments, introducing an expansion of the
single-particle distribution function in terms of a complete and orthogonal basis of irreducible
momenta, 1,k E®“E¥) ... In this case, the expansion coefficients can be obtained in exact
form. In particular, the method of moments consists in converting the problem of solving an
integro-differential equation for the single-particle distribution function by solving a set of

coupled partial differential equations for its irreducible moments.

In what follows, we first outline the generalization of the method of moments developed
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in Ref. [2] and obtain an expansion for the single-particle distribution function in terms of
its irreducible moments. Then, we explicitly obtain the equations of motion satisfied by the
first five moments, which will be later used to estimate the single-particle distribution function.
Next, we derive a set of third-order fluid-dynamical equations, i.e., that contains terms of third-
order in Knudsen number, neglected in traditional formulations of transient fluid dynamics. In
particular, in order to obtain third-order fluid dynamics, we show that it is necessary to include
nonhydrodynamic currents of rank 3 and 4 in the moment expansion. Nonetheless, we show
that setting these terms to zero, one immediately recovers the traditional Israel-Stewart-like
equations. The moment expansion is then truncated employing a minimal truncation scheme,
which consists in including solely the least amount of degrees of freedom in order to take into
account the aforementioned third-order contributions. This implies in extending the 14-moment
approximation by the inclusion of irreducible moments of rank 3 and 4, which effectively
increases the number of degrees of freedom to 30. We then investigate the causality and stability
of this novel theory in the linear regime and show that the constraints satisfied by the Israel-
Stewart theory remain being valid and novel conditions for the third-order transport coefficients
appear. Last, we investigate the solutions of the third-order theory in a highly symmetric flow
profile known as Bjorken flow [103] and compare them with semi-analytical solutions of the

Boltzmann equation.

3.1 Outline

Fluid dynamics is expected to work when the system is close to a state of local thermody-
namic equilibrium. For this reason, it is convenient to decompose the single-particle distribution

function into an equilibrium and a non-equilibrium contribution,

Jx = fox + 0 fi = fox (1 + ¢x), (3.1)

where fox = exp (o — S Ex) is the usual Maxwell-Boltzmann equilibrium distribution function
[85], with a = /T (referred to as the thermal potential, where 1 is the chemical potential
and 7' is the temperature, both being functions of spacetime), 5 = 1/T', Ex = u,k* being the
energy of the particle in the local rest frame of the fluid. The temperature and chemical potential
are defined via matching conditions [67]. Furthermore, ¢ fx denotes the deviation from local

equilibrium of the distribution function, with ¢y = 9 fi/ fox.

In the method of moments, the non-equilibrium distribution function is expanded using a

complete and orthogonal basis of irreducible! momenta [2],

Pk = Z )‘l<<mmw>k<ul Ky, (3.2)
=0

I with respect to Lorentz transformations that leave the fluid 4-velocity unchanged, i.e., A*, u” = u* [60]. In

summary, such irreducible tensors are symmetric, traceless and orthogonal to the fluid 4-velocity in every index.
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where Al#1re) = AR1-He Avr-ve denotes the irreducible projection of an arbitrary tensor A1,

vivg
with

()
AR e — Z ) Z AHLH2 L AugqqquVlw . Au2qily2qAH2q+1 AN (3.3)

) ) V2g41 vgo
4 pept

q=0

being the 2/-index projection operator symmetric under the exchange of y- and v-type indices,
traceless and orthogonal to the 4-velocity in every index [58,60]. It is constructed in terms of the 2-
index projection operator onto the 3-space orthogonal to the fluid 4-velocity, A" = g — utu?.
The first sum runs up to the largest integer less than or equal to //2, while the second sum

accounts for all possible permutations of the indices. The factors C'(¢, ¢) and N, , are defined as

B L2 (20— 29)! 1 o\’
0 = o gz Mo~ o () O

The former is essential to ensure the traceless property of the projection operator,

AP g =0, AL Gu, =0, 1< (1,5) <€ (3.5

while the latter is simply the inverse of the total number of permutations given in the second sum

in Eq. (3.3), in order to avoid over-counting any particular term.

We remark that, in contrast to the basis chosen by Israel and Stewart, the irreducible

momenta satisfy the following orthogonality condition [58, 60]

!
B Ap-p / dK F(Ey) (A% kaks)™, (3.6)

J AP 0k by = B AL

with F'(Ey) being an arbitrary function of E.

Following Ref. [2], the expansion coefficients )\1((“ 11¢) are functions of E)y and are further

0

n ?

expanded using a complete basis of orthogonal functions, PIE

o0

Af{m--wz) — Z q)fmmmuwplgi)‘ (3.7)
n=0

0

For the sake of convenience?, Plgn are taken as polynomials of Ej,

n

Bl =D _al) By (3.8)

r=0

Without loss of generality, we set Plif;) =1, so that a(()f)) = 1 and all remaining coefficients can

be obtained using the Gram-Schmidt orthogonalization procedure, see Appendix E of Ref. [2]
and Ref. [58] for details. In particular, these functions are constructed to satisfy the following
orthogonality condition

n

/ KW PP, = S (3.9)

2 For massless particles, they reduce to the associated Laguerre polynomials [58].
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with the weight w®) being

N© ’ -
O = (A kK’ : 3.10
w 20+ 1) ( of ) Jox fox ( )
From the orthogonality condition (3.6), and using Egs. (3.2)-(3.9), the expansion coeffi-
cients in Eq. (3.7) can be expressed as

n n
(I)gfl.”“é) _ -/\/2 : a%}pﬁl“ﬂé, (3.11)

r=0

with pkt#¢ being the irreducible moments of the non-equilibrium distribution function,

plHe = / AK ELEW - EROS £ (3.12)
Finally, we have
Fe = fox (1 IO THE e k- /%) , (3.13)
{=0 n=0
where we have defined the coefficients
0 e
Hﬁz%}ih%%? (3.14)

We note that some of these irreducible moments correspond to the fluid-dynamical variables

introduced in the previous Chapters. For instance, we identify,

1 v
M= —=(m*p—pa), n"=pf, W'=pl, 7 =pf" (3.15)
We note that in the Landau picture, adopted throughout this thesis, p; = 0, po = 0, and p}' = 0.
Thus, the bulk viscous pressure reduces to II = —m? po/3, and hence vanishes in the massless
limit.

We have expressed the single-particle distribution function completely in terms of the
irreducible moments of J fi, which are the only terms a priori unknown in the expression above.
The single-particle distribution function can thus be reconstructed from its irreducible moments,
with the exact solution for fy being obtained when all sums are taken to infinity. Although
unfeasible in practice, this limit can be consistently reproduced by including a sufficiently large
number of moments in the moment expansion. As more terms are included in the expansion, one
expects to obtain values of the distribution function which are in better agreement with the exact
solution of the Boltzmann equation, at least up to a given energy scale. It is then necessary to
determine the time evolution of the irreducible moments in order to obtain the single-particle
distribution function itself, thus effectively solving the Boltzmann equation. In general, this task
requires the inclusion of moments of arbitrarily high ranks and not just those that appear in

fluid-dynamical theories.
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The method of moments provides a suitable approach to obtain fluid dynamics from a
microscopic perspective. In a fluid-dynamical description, the evolution of the system is given
in terms of a reduced number of degrees freedom, and thus it is not necessary to know the
single-particle distribution function, fi — one is only required to know a small subset of its
moments, the so-called hydrodynamic variables. Therefore, it should be possible to truncate the
moment expansion of the distribution function, with different truncation schemes providing a
wide range of effective descriptions of the fluid-dynamical regime. We remark that in this case
we would not have a perturbative series in terms of a small parameter, but rather a truncation
in degrees of freedom. In order to move forward, we essentially need to derive the equations
of motion for these moments and understand how their truncation affect the fluid-dynamical
description of the system. The derivation of differential equations for the irreducible moments is

pursued in detail throughout the following sections.

3.2 Equations of motion

In this section, we derive the equations of motion satisfied by the irreducible moments
of the nonequilibrium single-particle distribution function, J fi. These equations will later be
used to provide an estimate of fy in the fluid-dynamical limit. The equations of motion for the
moments of rank 0, 1, and 2 have been derived for the first time in Ref. [2] and are reproduced

below. First, the equation of motion for the scalar moment is

G, , G,
pr="Cr1+ 045-0)9 + o1l — Vuph_q + ° O + | (r = )pZy + b O v
Ds Dso
1 2 G2r
+ - |(r—=1)mp,—o — (r+2)p, —3=—1I1| 6. (3.16)
3 Dso

The moments of rank 1 satisfy the following equation of motion

1
§ = O, + @IV iy — ARV g+ ), 2 [(r = Dty — (r+3)pk] 0

T

3

J; .
+ = [(2r —2)m?pl_, — (2r + 3)pY] 0% + Podrian (Ila* — VAIL+ ALoya), (3.17)
5} H o + PO

a 1 , 1
+ (r = 1)oagpl® + 4+ [rmpr_1 — (7 + 3)pps ] 0 — gvu (m?pr—1 — prs1)
1

while the irreducible moments of rank 2 satisfy
y 2
) = G+ 200 4 = [(r = mprg = (2 + 3)mp, + (1 + 4)pr4a] 0

2 Ly 2 v v v
+ [rmzpfﬁl —(r+ 5>P§=i1} ) — ng (m2l)r>71 - pril) +2p)

5}
2 o1 , ,
+ = @r =m0l — @r+5)0) ] o) + < [ = Dm?pl, — (r+ )] 0
+ ol + (r = D5 005 — ALV (3.18)

In Chapter 4, as well as in Appendix D, we discuss in detail how these equations are derived.
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A fundamental part of this thesis was to calculate the equations of motion for higher-rank
tensors, which were simply unknown before. Our starting point was to calculate the equations of
motion for the third and fourth rank tensors, which we display below. Later in this thesis, we
shall derive equations of motion for moments of arbitrary rank. For the irreducible moments of

rank 3, we obtain

v 1 17 3 174 v .
g = O 4 2 (= DmPo) = (r+5)p | 0+ = [rmol — (r 4+ T)plth | i

3
6 v A A 3 vA vA
5o [ = Omtp, — 2r 4 5)mie) + (04 )] — 2V (w2 - p))
1 14 « - 1% apo
+ 300wV + 2ol [m2(27” —2)p N — (2r + 7)p,’fA>“} + i = AL
+ (1= Doagp™s™. (3.19)

Finally, the irreducible moments of rank 4 satisfy the following equations of motion

. vo . va . Tm2 Vo r vo
Pt = OO i g 4“% 5= (1) p,ﬁ]

+ %aw” [(r — 1)m4pf_’6>2 — (2r + T)m*p™® + (r + 8)pff_>2} + 4pMrre Py
L= m s 4 6) o] 6 S () ) AR
+ %af\” [(27" —2)m2pl 5 — (2r + 9)p,’f°‘ﬁ>A] + (1= Dorgps. (3.20)
In deriving these equations, we have used the following identities
0 = plegr) 4 %A““Akk, (3.21a)
) ) ) b )y é NN (3.21b)

39 o0 ) o 0B) — olie o o ) g A AW g (8 % Aw AR AT (321
) 1) o0 1B 1) — o e B ) % A AW @) 8 o) g A2 A AP,
(3.21d)
k) @) () L B) (o) o) — (g o B P o) 4 %AkkA(Wk@k(ﬁ>k(p>k<0>) (3.21e)
A5 2 A AaBL) 100 L D A3 A paB AP)
5o N AN 4 L A A ATIAR),

where we remind the reader that Ay, = A"k, k,. Moreover, the parentheses in the indices
denote all possible permutations in them. We further used the equations of motion for the thermal

potential, inverse temperature and 4-velocity, that stem from the conservation laws, Egs. (1.11),

1
do = 75— {0 (nof + 9un) + Joo [(e0 + Po + 1) § — 70, ]}, (3.22a)
20
.1
fo = 5= {0 (nof + 9un*) + Jro [(e0 + Po +11) 0 — 70,1} (3.22b)
20
1
ut = (VP —Tli# 4 VAL — ALoym™) (3.22¢)

_EO—I—PO
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and introduced the following thermodynamic variables

1

0450) = (1 — 7”)[7«1 — I — D_ [(EU -+ Po)Ggr — ngGgr] , (3.23a)
20

oV = Jon = ho' o, (3.23b)

ol =TI01 4+ (r— Dlyan. (3.23¢)

We have also employed the notation for the thermodynamic quantities introduced in Egs. (2.78),

(2.100) and (2.116), but are reproduced below for convenience,

Lyn = —(25:):)” / AK B2 (A ko k)™ fox, (3.24a)

Jmn = DT /dKElT_%(Aa’Bkakﬁ)nfOkak, (3.24b)
(2n+ )N

G = J0Ino — Jm—1.0Jns10, (3.24c¢)

Din = Jms1ndm—1n — (Jmn)?, (3.24d)

and defined the generalized collision term
Clurhe) = / dK EgkW - kP C[f], (3.25)

following the notation of Ref. [2]. As already stated, in Chapter 4 and Appendix D, we discuss

in detail how equations of motion for the irreducible moments are derived.

The equations of motion for the irreducible moments up to rank 2, Egs. (3.16)-(3.18), all
have the same structure: the dominant terms are the so-called Navier-Stokes terms, which are
given by irreducible projections of first order derivatives of temperature, chemical potential, and
4-velocity, i.e., V*a, 6 and o"”. These type of terms are of first-order in Knudsen number and
appear as the dominant contribution in a gradient expansion of these irreducible tensors [58, 60].
The remaining terms in these equations of motion are at least of second order in a gradient

expansion.

The equations of motion for the irreducible moments of rank 3 and 4, Egs. (3.19) and
(3.20), respectively, on the other hand, display qualitative differences from the scenario depicted
above. First, such equations do not contain any term that is of first order in gradients of the
primary hydrodynamic variables. This happens because it is not possible to construct irreducible
tensors of rank higher than 2 solely from first-order derivatives of temperature, chemical potential,
and 4-velocity. Therefore, in these equations of motion, the dominant contribution in a gradient
expansion is at least of second order in Knudsen number. Thus, in the same way that gradients of
T, pv and u* act as source terms for the dissipative currents appearing in N* and 7", irreducible
moments of rank 1 and 2 and derivatives thereof act as the dominant source terms for the

irreducible moments of rank 3 and 4.

We finally note that the irreducible moments of rank 3 and 4 only appear in the equations

of motion for p,, p¥ and p/*¥ multiplied by a term of first order in gradients or being differentiated.
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Thus, such contributions would be at least of third order in a gradient expansion. This is the
reason why these terms are usually neglected in the derivation of the so-called second-order
theories [2], since such formulations only include contributions to the conserved currents that are
up to second order in Knudsen number. In this thesis, one of our goals is to derive a third-order
theory of fluid dynamics and, for this purpose, these contributions cannot be ignored. Thus, as
argued in Ref. [72], we shall include degrees of freedom that can be matched to irreducible
tensors of rank 3 and 4 and will incorporate such corrections. We remark that irreducible moments
of rank 5 or higher are at least of third order in a gradient expansion (appearing as corrections of
fourth order or higher in the dynamics of the particle diffusion 4-current and the shear-stress

tensor) and will not contribute to a third-order formulation.

The next step is to use the equations of motion for the irreducible moments of the
nonequilibrium distribution function, Egs. (3.16)—(3.20), to obtain a closed set of equations of

motion for the dissipative currents. This task will be carefully performed in the following section.

3.3 Microscopic derivation of transient fluid dynamics

In the method of moments, fluid dynamics is derived as a truncation in degrees of freedom
from the expansion of fy in terms of its irreducible moments. This truncation procedure can
be systematically improved by including more terms in the moment expansion. Then, one is
able to describe the system using a reduced — and, in particular, finite — number of degrees of
freedom. In this section, we detail how these truncation procedures are constructed and explain
the 14-moment approximation developed by Israel and Stewart [42], as well as its extension that

we developed to obtain a set of third-order fluid-dynamical equations [72].

3.3.1 Israel-Stewart theory

Currently, second-order theories of fluid dynamics are the most widely employed in the
description of relativistic viscous fluids, since such theories can be constructed to be linearly
causal and stable around global equilibrium [38,45-48,53]. We remark that the most traditional
second-order theory is due to Israel and Stewart [40], developed in the 1970s for applications
in cosmology, but several additional formulations have been developed ever since [2, 108—115].
Furthermore, nonlinear constraints on the causality of these theories have been thoroughly
investigated over the last years [43,90,91, 116].

In this section, we detail the 14-moment approximation developed by Israel and Stewart

[40]. In their original work, Israel and Stewart [40] truncated the expansion of ¢y at second order
1In momenta,

B = A+ M, + MLk, + O(K?). (3.26)

In this truncated expansion, there is a total of 14 degrees of freedom, which can be matched to

the number of independent components of the particle 4-current, N*, and the energy-momentum
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tensor, 7*”. This procedure is usually referred to as the 14-moment approximation. This approach
can also be implemented using the complete basis of irreducible tensors introduced in the previous

section [2]. In this case, one expresses ¢y up to second order in momenta as
5 = M+ A kg + AN kb + OR®). (3.27)

The coefficients Ay, )\f(“ ) , and )‘1<<” “) now carry a momentum dependence and are written in terms

of orthogonal polynomials so that only terms that are of second-order or less in momentum

remain,
AW = ol 4+ pLplk, (3.28b)
A}({;w) _ (I)éﬂl’>_ (328C)

This approximation corresponds to truncating the expansion defined in (3.7) using Ny = 2, N; =
1, and Ny = 0 and corresponds to an equivalent way to express the 14-moment approximation

proposed by Israel and Stewart.

As already stated, the truncation above is not motivated by an expansion in terms of a
small parameter, as occurs in the Chapman-Enskog expansion [61]. It is a truncation in degrees
of freedom and one simply stops when the number of degrees of freedom in the expansion
becomes identical to the number of degrees of freedom expected in the fluid-dynamical theory
(in the case of second-order fluid dynamics, 14 fields). For this reason, we included three terms
in the expansion of the scalar coefficient (/ = 0), since one of them is mapped onto the bulk
viscous pressure, while the other two are determined from the matching conditions that define
the temperature and chemical potential. For the 4-vector coefficient (/ = 1), we included two
terms, since one is mapped onto the particle diffusion 4-current and the other onto the energy
diffusion 4-current — one of these currents (here, the energy diffusion) is traditionally eliminated
by matching conditions that define the fluid 4-velocity. Finally, for ¢ = 2, we included only one
term in the expansion, that is mapped onto the shear-stress tensor. This truncation procedure is

usually referred to as a minimal truncation scheme.

Equations of motion

The next step is to derive relations between the irreducible moments of the nonequilibrium
distribution function and the coefficients of the truncated moment expansion. In other words, our
goal is to obtain relations between ®41#¢ and the irreducible moments pt*#¢. From Egs. (3.6)-

(3.13), one can show that

n

Ny
prrte = (=1) 03N T @Y alf) T (3.29)

n=0 m=0
Therefore, given the truncation scheme adopted (Vg = 2, N; = 1, and N, = 0, with all higher-
rank contributions being identically neglected), it follows that the irreducible moments of rank 0,
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1, and 2 can all be expressed in terms of the dissipative currents,

Pr = ’)/PH, (3303)
Pl =~k (3.30b)
P = AT (3.30¢)

where we have introduced the following thermodynamic coefficients

W= Ao + Andrs10 + Cindrizo, (3.31a)
J41Jr+21 J31J7"+31
e Ly 1 (3.31b)
k Da, Da;
Iy
=2 3.31¢)
J12
with
3 Ds
Ap = —— , 3.32a
i m? JaoDag + J30G12 + JaoD1o ( )
3 Gos
I , (3.32b)
. m? JagDag + J30G12 + Jso D1
D
Cn 3 20 (3.32¢)

~ m2 JyDag + J30Ga + JaoDro

In particular, we remark that there is an infinite number of equations of motion for the
irreducible moments, labeled by the subindices 7, cf. Egs. (3.16)-(3.20). Therefore, there is an
ambiguity in the choice of the dynamic variable of the theory. That is, one has the freedom to
take any particular value for r and construct the theory around the corresponding irreducible
moment [113]. Following Ref. [113], we choose r = 0, which corresponds to the exact equations
of motion for the bulk viscous pressure (Il = —m?p,/3), the particle diffusion 4-current

(n* = pl)), and the shear-stress tensor (ph” = ), cf. Eq. (3.15).

A relation for the generalized collision term in terms of the irreducible moments is
still required. Here, we adopt a rather simplified prescription for the collision term, known as
the relaxation time approximation [104, 117], in which the single-particle distribution function
is assumed to relax to the equilibrium distribution with a timescale 7z. Assuming an energy-

independent relaxation time, this approximation yields
E
Clf] = =6, (3.33)
TR

In this case, the generalized collision term becomes
(pe1-+pe) PR
G = (3.34)
TR
We remark that such prescription for the collision term is only consistent with the conservation

of energy and momentum as long as one imposes Landau matching conditions. A generalization
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of the relaxation time approximation for which the conservation laws are fulfilled for arbitrary

matching conditions was first addressed in Ref. [117].

We are now in position to obtain a closed set of equations of motion for the dissipative
currents, 11, n* and 7*¥. For this purpose, we insert the relations in Egs. (3.30) and (3.34) into
the equations of motion for the irreducible moments, Egs. (3.16)-(3.20), for » = 0. We then
obtain, for the bulk viscous pressure,

Il + 1 = (0 — 75,0, V* Py — b, 0,m* — Snl10 + ApunV 00 + A 0, (3.35)
For the particle diffusion, we have

Tnh<“> +n* =k, V¥ay — yn ™ — 6,,n"0 + 1,nlIV* Py — 1,z "'V, Py — £, V*11

+ Lpa AR O — N, 0™ 4 ATV g — A\ ™V, 0. (3.36)

The equation of motion for the shear-stress tensor reads

T o = 2not + 27'7F7T/<\“w”>)‘ — O — 7'W7r§\”0”>’\ + A\pnllo™ — 7' VY Py

+ 0,V ") + A0tV a. (3.37)

We remark that these equations are identical to the ones obtained in Ref. [2]. These equations are
the most simple version of the Denicol-Niemi-Molnar-Rischke (DNMR) equations [2]. They
are very similar to the usual Israel-Stewart theory, discussed in Chapter 1 but contain additional
nonlinear terms that do not appear in the phenomenological derivation of the equations. This

approach is investigated in Appendix C.

The viscosity coefficients appearing in the fluid-dynamical equations are given by,

3 1
¢= e {[11 — oo — Do [(0 + Po)G20 — ”OGSU]} ’ (3.38a)
bin = To (o1 — hg ' J21) (3.38b)
n="Tr(l21 — Iz2). (3.38¢)

The remaining transport coefficients can be found in [2]. We remark that, since we are employing
the relaxation time approximation for the collision term, all relaxation times are identical to the

relaxation time introduced in the approximation, 7 = 7,, = T = Tg.

3.3.2 Third-order fluid dynamics

Naturally, one may also consider the derivation of third-order relativistic fluid-dynamical
theories. As a matter of fact, several authors have already investigated this topic, using different
frameworks e.g., a gradient expansion [118], a phenomenological description using the second
law of thermodynamics [119, 120] and kinetic theory, using a method inspired in the Chapman-

Enskog expansion [1]. In particular, the latter formulation was shown to be in good agreement
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with solutions of the relativistic Boltzmann equation [1, 121]. These studies were performed
assuming the highly symmetric Bjorken flow scenario [103], where solutions of the Boltzmann

equation can actually be obtained without resorting to complex numerical schemes [119, 122].

Recently, the third-order formalism developed in Ref. [1] was shown to be linearly
acausal and unstable [50], presenting the same pathology originally observed in Navier-Stokes
theory [39]. We proposed an ad hoc modification to this theory in Ref. [50], in order to address the
aforementioned problem. In this chapter, we derive a more fundamental version of this framework
from kinetic theory using the traditional method of moments [2], outlined in Sec. 3.1. We shall
demonstrate that, in order to obtain equations that include all terms that are asymptotically of
third order in gradients, it is necessary to include novel degrees of freedom that correspond
to irreducible tensors of rank 3 and 4, while traditional fluid-dynamical theories developed
only account for irreducible tensors of rank 0, 1, and 2. Finally, we show that solutions of
this formulation are in good agreement with solutions of the relativistic Boltzmann equation

assuming a Bjorken flow scenario.

As previously mentioned, the moment expansion can be in principle improved by the
systematic inclusion of additional degrees of freedom. In this subsection, we consider a truncation
beyond the traditional hydrodynamic limit by including moments of rank higher than 2, i.e.,
nonhydrodynamic® currents. In particular, these terms are at least of second order in Knudsen
number and appear in the moment equations as terms of third order. We then investigate how we

can interpret these extended fluid-dynamical theories.

In order to accommodate these novel nonhydrodynamic degrees of freedom, it is neces-
sary to propose a new minimal truncation for the expansion of ¢y, which then takes the following

form
B A ey AL By N by AL O () . (339

We remark that the truncation of the expansion of the distribution function in momenta of rank 3

has also been studied in the context of relativistic shock waves [123]. The expansion coefficients

/\ffl"'“ *) are given by,
Ak = Do + Plig)q)l + Plig)q)?’ (3.40a)
AR g 4 pUgl (3.40b)
)\1<(W> _ <I>é‘”’>, (3.40¢)
/\1<<;wa) _ @é“”a>, (3.404)
Af{;waﬁ) _ cpé“”“m. (3.40e)

The expressions for the expansion coefficients of rank 0, 1, and 2 are identical to the ones used

in the 14-moment approximation, see Egs. (3.28). The expansion coefficients of rank 3 and 4

3 Here, the term nonhydrodynamic denotes degrees of freedom that do not appear in the conserved currents.
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are new and guarantee that irreducible moments of rank 3 and 4 can be introduced as novel
dynamical variables. This is the minimal truncation scheme for a linearly causal and stable
third-order theory [50]. We note that these new terms in the expansion of ¢y increase the number
of independent fields from 14 to 30, since each tensor contributes with 2¢ + 1 degrees of freedom,
with ¢ being the rank of the respective tensor, given that they are symmetric, traceless and

orthogonal to v in all indices.

Equations of motion

We have truncated the expansion for the nonequilibrium distribution function in its
irreducible moments imposing that it can be determined in terms of 30 degrees of freedom,
instead of the 14 degrees of freedom present in the traditional second-order hydrodynamic
equation. Following the same steps oulined in the previous section, this procedure will naturally
lead to a closed set of equations of motion for such extended set of variables. We once again
adopt a minimal truncation, which implies taking Ny = 2, N; = 1, and Ny = N3 = Ny =0
in Eq. (3.29), with all higher-rank contributions being identically neglected. The irreducible

moments are given by

pr =11 (3.41a)

Pl =, (3.41b)

P = T, (3.41¢)

P = St (3.41d)

plrel = AOgels (3.41e)

where 721, 47 and 47 have been introduced in Eqs. (3.31), and we have defined Q** = ph”“ and
emrel = pb voB “as well as the following thermodynamic coefficients

a0 Jri63 o  Jrisa (3.42)

R A L

In order to obtain a closed set of equations of motion for the dissipative currents, II, n#
and 7", and, more importantly, for the novel fields Q*** and ©***% we follow Refs. [64,113]
and take » = 0 in the moment equations, Egs. (3.16)-(3.20). We further employ the relations
(3.30) and the relaxation time approximation, Eq. (3.34). We then obtain, for the bulk viscous

pressure,
il 4+ 11 = —C0 — 71,1, V" Py — 5 0,m? — S0 + AV a0 + A 0, (3.43)
For the particle diffusion, we have

Tnh<"> +n* =k, V*ay — 1,n,w"" — 6,,n"0 + 7, nlINV* Py — 7, . 7"V, Py — {,n V11

+ Lpn AP D — Ny 0 4 MarlIV g — A T Vy0tg — Ty QP 005
(3.44)
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The equation of motion for the shear-stress tensor reads

T o = 2not” + 21, /<\ WA — 5Tl — Tm7r§\ A Nenllo™ — 7 VY P,
+ Tr (_7—1AZ’;3VAQQBA + )\WQQNV)\V/\O(O + TﬂQuon/Wa - ,}/?2@;11/@80_0[[8)
+ L V0 4 XV . (3.45)

We remark that these equations are identical to the ones obtained in the previous section, with the
exception of the third-order corrections that are considered in this section. The expressions for
the novel transport coefficients of the theory are explicitly listed in Appendix B. The coefficients

that already appeared in the second-order version of this formulation can be found in Ref. [2].

The dissipative currents are now coupled to novel degrees of freedom, which satisfy
their own equations of motion. First, the equation of motion for Q*** is derived substituting
Eq. (3.41d) into Eq. (3.19) for r = 0, leading to

. 3
Q) - Qrre — 7779V v 1 5o 0 + LonoMn® + 3o QM) TQQU,\MQW

+ ATV @+ T m VI P — 3ron T i + M@ PV s

+ TQ@@'“ ’BU5 —TQY_ 1A’A‘JZ‘V5@A"”5. (346)

Finally, substituting Eq. (3.41e) into Eq. (3.20) for » = 0, one obtains an equation of motion for
@;waﬂ,

Te(;)wvocﬁ) + QrreB — 5(96@#1/04,39 + 4T®@A<uuawﬁ>/\ + T@@U)\ rraB)A + €@w0<“”7r°‘5>+
+ g@vaQVam + T@QUWQV aB) + Aol ’“’avﬁ p, (3.47)

where all transport coefficients in these equations are listed in Appendix B. Once again, we
emphasize that, since we employ the relaxation time approximation, all relaxation times are

identical 1 = 7, = T, = Tq = To = Tg.

Furthermore, in the derivation of these equations we have used Eq. (3.22¢) to express
gradients of the thermodynamic pressure in terms of the time derivative of the fluid 4-velocity,
further omitting fourth-order terms. On top of that, we have also used the covariant version of

the Gibbs-Duhem equation,

VMBO = (novuao — 60VMP0) . (348)

60—|—P0

3.3.3 Linear causality and stability

The next step is to verify whether the third-order theory derived in the previous section
satisfies causality and stability in the linear regime. For the sake of simplicity, we consider a
simplified version of this theory, in which any dissipation due to bulk viscous pressure and net-
charge diffusion are identically neglected. Similarly to what was done in Sec. 1.6, we consider

small perturbations on a system initially in a global equilibrium state. In the present case, we
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must extend the previous linear stability analysis to also consider perturbations in the third-order

currents p"’® and @8,
£ =g+ 0, ut =ul+out, T =om, QW =sQre el = serel (3.49)
The linearized equations of motion for the dissipative currents become
TeDodm" + 07" =1 (Vgéu” + Viout — ;Ag”@ﬁﬁ) — 7 V2600 (3.50)

1
T DU + 5O = g {? (Voomt + Vo' + Vior™?)

2

-3 (Ag”vg(swm + APV 5o + Agkvg&r“aﬂ : (3.51)
We remark that the equation of motion for §6©#**# is of second order in perturbations and hence
does not contribute to this linear analysis. In Fourier space, the above equations can be expressed

as
2 -
(1Q7, + 1) o7 =in (/@“5@” + gYour — gA“”/@\éﬂ’\) — ITr KO, (3.52)

- 1
(iQ7q + 1) 6™ = ing {? (KAOFH + KV67* + KFOTH)

2
— g (AMRL 0T 4+ AR 57 A”Amaéﬁ“a)} . (3.53)

Note that, on the right-hand side of Eq. (3.52), only the projection x,Jp“* appears. In order to

obtain this projection, we must contract Eq. (3.53) with r,,,

) . 2 9
(1Q1q + 1) /4;#59’“”\ = —%HQKQCSﬁ‘VA + 3—;179 (/ﬁa/f”éfr’\o‘ + /ia/-i’\éfr”o‘) - énQA”’\/@a@éfr“’B,

(3.54)
where we recall that 2 = ufjk, and " = A"k, are the frequency and wave 4-vector in the local

rest frame of the unperturbed fluid, see Eq. (1.61).

Once again, the linear stability analysis of the third-order theory shall be divided in the

study of its transverse and longitudinal modes, employing the procedure introduced in Sec. 1.6.

3.3.3.1 Transverse modes

We start the analysis by looking the transverse modes of the theory. First, we compute
the transverse component of Eq. (3.54), which is obtained by the following projection

8 ok

_@ « 11123 _ oy R
( . A”y“) fir0§2 35iQ7g + 1

575 (3.55)

Inserting this equation in the partially transverse projection of Eq. (3.52), we obtain

N 8 foTrk? orh non
(ZTWQ =t 1) = +LP0 — kot = 0. (3.56)
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This equation is then coupled with the transverse projection of the conservation of energy and

momentum, Eq. (1.69), which is reproduced below for convenience,
~

o)

Qouly — i =
L Eo + PO

(3.57)

Therefore, the equations that describe the transverse degrees of freedom of the third-order theory

can be written in the following matrix form

A A éﬁﬂfw/%Q i 6%“
Tl + ggidey T 1 o =% | —o (3.58)
i Q du'y

The dispersion relation associated with the transverse modes is obtaining equating the determinant
of the matrix on the left-hand side to zero, leading to
(o B FailaR? :
0O (mQ SR L 1) e} (3.59)
39 iQ7q + 1
Considering perturbations on a fluid at rest, in which case ¢} = w and k = k, the dispersion
relation becomes A
o (i + S Tk ) e (3.60)
Tr PR - =0 .
351wt + 1
As it was done in the previous analysis, we shall look at the asymptotic form of these modes. In

the small wave number limit, these modes can be written as

Gyt = ik? + it (1 - %‘2) i+ O(k), (3.61)
~ shear { . 87A-7r779 72 7.4

T == 11— —— | kKF+ Ok 3.62
WTH' A7|- + v |: 35 (’f_ﬂ' _ 729):| + ( )7 ( )
~ shear [ 81’7A_7TA 7 7

T},lnew = —TIQA]{Q + O(kA) (363)

7o 35 (7 — 7q)
The inclusion of the nonconserved current defined as £2#** leads to the occurrence of an additional
nonhydrodynamic mode already for perturbations on a static background fluid, as compared

to the second-order limit of the theory, see Sec. 1.6.2. In particular, this new mode behaves as

W ~ i/7Tq in the small wave number limit.

In the large wave number limit, the transverse modes of the third-order theory become

351 357 7. (87 — 35) 1 1
pghear — 900 gg00i7 2272 T T “]QA - )A—+O<A )
’ 35Tq + 87x7a (357q + 87x7a)” k2 k4

. ~ [357q + 87 M .357E + 8721 + 8. Tafa 1
shear Q T
=k o=, 3.65
Wr 4 357,Tq e 27.Tq (35?9 + 87}%9) + k2 ( )
~ [35Tq + 87:1 3572 + 8721 + 87Tl 1

~ shear Q piy) . [¢) pyyie] xTQTQ

shea = —k‘ O ~_ . 3-66
T new 357, Tq T 27,70 (35?9 + 8%7T%Q) + (k2> ( )

In the small wave number limit, the transverse modes are purely imaginary, whereas at large

(3.64)

values of k they become propagating, i.e., their real parts are no longer zero. Therefore, it is
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now necessary to impose constraints on the linear causality of this theory. The asymptotic group

velocity must be subluminal [89], and we thus obtain
ORe(« 8 .
N ) i (5= 1) > = Tl (3.67)

lim ‘

k00

It was shown in Ref. [50] that perturbations on a moving fluid lead to a linear stability

condition identical to Eq. (3.67), with the additional constraint
Te +7q > 1. (3.68)

We note that this constraint reduces to the linear causality and stability conditions obtained for
Israel-Stewart theory if 7 = 0, see Eq. (1.95) [47,48]. However, we further remark that the
causality/stability condition given by Eq. (3.67) forbids this limit — a linearly causal and stable
theory can only be obtained if 7q is not zero.

3.3.3.2 Longitudinal modes

The longitudinal projection of Eq. (3.54) is obtained by contracting it with x,,,, thus

leading to
, KuKy = N
(im0 + 1) ( - ) kb — Lt (3.69)
Inserting this result in the longitudinal projection of Eq. (3.52), we obtain
9 Nofek? > o 4i .
i T ] — —Rouy = 0. (3.70)
( 35070 + 1 g0+ 3 |

The above equation must be coupled with the longitudinal projection of the conservation of

energy and momentum, Eqs. (1.68), which are reproduced below for convenience,

de
— rouy =0, 3.71a
o + P() I ( )
oe 577'“ )
Qb — k(2 + = 0. 3.71b
” (550+P0 g0+ ( )
These equations can be conveniently written a matrix form
9 Agtnk? Y. o7

i+ 5 w1 11 ‘3 0 2ot Po
—k Q =tk Ot =0. (3.72)

0 & Q e

The dispersion related to the longitudinal degrees of freedom of the third-order formulation thus

9 Triak’ 4
(QQ i 2) (WWQJF_MJF )__ZQA = 0. (3.73)
35ZQTQ+1 3

Considering perturbations on a static fluid, the dispersion relation associated with the

reads

longitudinal modes, Eq. (3.73), simply reads

~ 7 A oA 9 JATrﬁQ]Af 4 ~7
2 21.2 2
(w Cg (Z T 35 i | 3 w ( )
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As before, we analyze the asymptotic form of the modes. In the small wave number limit, they

read

~ sound 7. 21 7.2 2 (3%71'63 — 1) 7.3 7.4
. 27 A A A ~

~ shear t '%Tﬂ'nQ + 4(TQ B TW) 7.2 74

= — k“+ Ok 3.76

wL 7/;71_ +1 3(7:71- _ 7/;9) + ( )7 ( )
. 9% R X

Sy AL - 6T ) (3.77)

TQ 35(7} —TQ)

We identify two hydrodynamic modes and two nonhydrodynamic modes. The hydrodynamic
modes correspond to the usual sound modes and their small wave number limit remain identical
to the corresponding results obtained in Israel-Stewart theory, see Eq. (1.105). In the small
wave number limit, the nonhydrodynamic mode w3"* becomes identical to the nonhydrody-
namic mode found in Israel-Stewart theory, with deviations only occurring at order O(I%Q), see

~ shear

Eq. (1.106). On the other hand, the nonhydrodynamic mode wj'/% is intrinsically new and

describes nonequilibrium modes that relax to equilibrium in times of order 7.

In the large wave number limit, all four longitudinal modes can be cast in the following

form

~

2T~ o A A - 27~ o A A A~ \2 3249~ -~
Tl + 3TxTac +47q £ \/(ﬁﬂrng + 3T Tac? + 479) — S T2TaMNacs .

W=+ —
6T,Tq

+O(1).
(3.78)

Since the hydrodynamic and nonhydrodynamic modes merge at finite values of wave number,

it is not trivial to map these four solutions with the small wave number solutions displayed in
Egs. (3.75), (3.76), and (3.77). In order for these modes to be stable, it is essential that the term
inside the outer square root is real and positive, otherwise leading to modes with a negative
imaginary part, and thus unstable solutions. For this purpose, we must first impose that the term
inside the inner square root is positive. If this is the case, it is straightforward to see that the
term in the numerator is always positive. Therefore, in order to obtain purely real modes, it is

sufficient to impose

27 > 324
(gﬁrﬁg + 3teacl + 47:9) - gﬁ?%@ﬁﬂcg > 0. (3.79)

In fact, this inequality is satisfied as long as the transport coefficients are positive definite
quantities, i.e., 7, > 0, 7o > 0, and 7o > 0. Therefore, the stability of the longitudinal modes

perturbations on a static fluid is always fulfilled.

The linear causality of the theory can be verified by analyzing the asymptotic group
velocity of the modes [89]. In order for these modes to propagate subluminally, the following
condition must be satisfied
ORe(w)

Ok

-1 . >27A . 1—c?
> T — Tr == .
= @ =351m5 1 - @) 4

(3.80)

lim
k—oo
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In order to obtain this relation, it is necessary to impose a first constraint to the shear relaxation

time 7., which is given by
4

4
=301 - &)

which, in the ultrarelativistic limit, cg = 1/3, reduces to 7, > 2. This is exactly the linear stability

(3.81)

condition for the shear relaxation time in Israel-Stewart theory [47,48], see Eq. (1.110).

In Ref. [50], perturbations on a moving fluid were also considered, and it was shown that
the stability conditions obtained for such case exactly match Egs. (3.80) and (3.81). Similarly to
what was observed for the Israel-Stewart theory, the constraints obtained for the longitudinal
modes supersede those coming from the analysis of the transverse modes. In particular, assuming

a classical massless gas, the causality/stability conditions simplify, respectively, to

49
Na < gT Tr, (3.82)
2n
,r , 3.83
Tr = o + PO ( )

where we have used that v, = 1/(7T) in the classical and massless limits. Our results for
the transport coefficients, 7, = 5n/(eg + Py) and ng = 6 T 7, listed in Appendix B, are thus
consistent with the fundamental conditions listed above. Naturally, it is necessary to verify if

these conditions are still satisfied when the full collision term is considered.

3.3.4 Bjorken flow

We are interested in analyzing the agreement between the solutions of the third-order
equations of motion with solutions of the relativistic Boltzmann equation. For this purpose, we
consider a relativistic gas of massless and classical particles undergoing Bjorken flow [103, 124].
This flow configuration is an idealized description of a heavy-ion collision that assumes that
the matter produced shortly after the collision is homogeneous and azimuthally symmetric
in the transverse plane, as well as invariant under Lorentz boosts along the longitudinal axis.
Furthermore, in Bjorken flow, the otherwise convoluted partial differential equations that govern
the evolution of relativistic fluids reduce to simpler ordinary differential equations that admit
analytical solutions. Therefore, Bjorken flow often serves as a starting point in studies of
relativistic kinetic theory [83,125-130] and fluid dynamics [72,74,127,131-134].

The spacetime in Bjorken flow is more conveniently described using hyperbolic coordi-
nates, with a geometry defined by the following metric tensor
9w = diag (grr, Gows Gyys Gnon,) = diag (1, -1, -1, —72), (3.84)

where 7 is the proper time and 7, is the spacetime rapidity. These coordinates are related to the

usual Cartesian coordinates through

1 t
T=Vt? — 22, nsziln (ti_z> . (3.85)
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In this coordinate system, the only non-zero Christoffel symbols are

1
I A A (3.86)
T

TsNs TNs

Therefore, all usual derivatives must be replaced by covariant derivatives in the equations of

motion for the irreducible moments. In addition, we make the following set of assumptions:

1. The system is symmetric under reflections with the respect to the 7, axis, i.e., s — —1s.

2. The system is homogeneous, i.e., invariant under translations, along the 7, axis. This
implies the system is boost-invariant and thus all fluid-dynamical quantities depend solely

on the proper time 7.

3. The system is homogeneous and isotropic (invariant under translations and rotations) in

the transverse zy-plane.

These assumptions combined lead to a static fluid velocity in hyperbolic coordinates,
u' = (u",u” uY,u) = (1,0,0,0). Naturally, the fluid itself is not static, as its expansion is
embedded in the metric tensor and thus manifests itself via the covariant derivatives of the

4-velocity [58]. In particular, the expansion rate and shear tensor are given by

1 ) 1 1 27
0 = D,ut = = o = Dyu,y = diag (O, 353, —?) . (3.87)
Furthermore, without loss of generality, the shear-stress tensor can be decomposed in an analo-
gous form,
T T T
" — diag (0,2, 5., %) 3.88
™ lag Y 27 27 7_2 ( )
The conservation of energy, Eq. (1.34a), reduces to
d 1
C o et P—n). (3.89)
dr T

The momentum conservation equation, Eq. (1.34b), is trivially satisfied. In order to compare our
results to those of Ref. [1], we neglect any contribution of the particle density, setting it to zero,

and Eq. (1.34c) becomes trivially satisfied as well.

Since we consider a classical gas of massless particles, the energy density and ther-
modynamic pressure are related through € = 3P. On top of that, the energy density is a quartic
function of the temperature, € ~ 1. It is then convenient to rewrite Eq. (3.89) as a differential

equation for the temperature,
ar T
—=—(1—-1 3.90
dr 3t (*=1), (3.90)
with 7 = /(g0 + P).

The next step is to obtain the equations of motion for the dissipative currents that

couple with the conservation of energy and momentum in Bjorken flow. First, we note that



3.3. Microscopic derivation of transient fluid dynamics 91

the bulk viscous pressure is zero, since we are considering a system of massless particles. As
already stated, the particle diffusion 4-current is identically zero in Bjorken flow, since it is
orthogonal to the 4-velocity. Furthermore, all irreducible moments of odd rank also vanish in

this framework [58]. Wherefore, the relevant fluid-dynamical equations reduce to

Tt ) o = 2o — GO — Tmr?Ti#UVM — 7720 045, (3.91a)

T@@(,uz/aﬁ) + @uuaﬂ —_ 5@@@MV0169 4 Te®a§\ﬂ@Va5>)\ + g@ﬂa(uvﬂa@_ (39]b)

In the massless limit, these transport coefficients are

577 (Smr 4 Trrm 10 e 1 5@@ TOO 36
Th = —/—, —

lor = 64T7,
(3.92)
where 7) is the shear viscosity coefficient and s is the entropy density. We remark that the first

Ts’ Tﬂ_g’ Tﬂ_77 74:@’ E_ To 11’

three transport coefficients were first calculated in Ref. [2], while the last four were calculated in

Ref. [72]. Once again, general expressions for the latter can be found in Appendix B.

It is convenient to define a unitary 4-vector, z, = (0,0, 0, —7), and project Egs. (3.91a)
and (3.91b) with 2,2, and 2,2, 2,23, respectively, in order to obtain a closed equation of motion
for the longitudinal components of 7#” and ©***%_ These equations then become

dm T 4 107 472 1¢

i T TR P ¥s (53

do o 7687 60¢ o
kS T S R il 3.93b
dr To + 371 Tt T’ ( )

where we have used Eq. (3.90) to obtain an equation of motion for the dimensionless variable

~ $7s 9 . . .
¢ = O /[(e + P)T?| and employed the transport coefficients given in Ref. [2].

In Fig. 1, we compare the results for the pressure anisotropy in Bjorken flow, defined
as P/Pr = (1 — 47)/(1 4 27), calculated within the third-order formalism developed in
Ref. [1] (blue dashed lines), the one proposed in this chapter (red solid lines), Israel-Stewart
theory (green solid lines) — recovered by setting ¢ = 0 in Egs. (3.93) —, and solutions of the
Boltzmann equation (black dots). In the left panel, we compare to solutions of the Boltzmann
equation calculated assuming the relaxation time approximation, with initial time and temperature
calibrated to describe the matter produced in heavy-ion collisions at the Relativistic Heavy-
Ion Collider (RHIC) [122, 135]. In the right panel, we compare to solutions of the Boltzmann
equation calculated using the Boltzmann Approach To Multi-Parton Scatterings (BAMPS) [119].
The initial time and temperature were calibrated to describe the matter produced in heavy-ion
collisions at the Large Hadron Collider (LHC) [135]. In both scenarios, we have assumed
an initially isotropic pressure configuration, P, /Pr = 1. We see that solutions of both third-
order fluid-dynamical theories are in good agreement with solutions of the microscopic theory,
providing a more accurate description when compared to Israel-Stewart theory. In particular, the
formulation derived in this chapter displays a slightly better description than the one proposed

in Ref. [1]. We remark that BAMPS solves the full Boltzmann equation without relying on
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the relaxation time approximation for the collision term. Thus, the agreement with the fluid-
dynamical calculations may suggest that this approximation is reasonable, at least for the

purposes of describing the time evolution of the shear-stress tensor.

Ty =300 MeV, 70=0.25 fm Tp=500 MeV, 7p=0.4 fm
1.0 1.0 nls=0.053
0.8 0.8 n/s=0.211
0.6 0.6
~ 04 ~ 04 nls=0.422
& &
a 02 <02 e nls=3.168
0.0 0.0
Israel-Stewart Israel-Stewart
—0.21 — Third-order (Method of moments) —0.21 — Third-order (Method of moments)
----- Third-order (Chapman-Enskog) ----- Third-order (Chapman-Enskog)
-04 +  Exact solution -04 - BAMPS
0.25 0.5 1 2 4 8 0 1 2 3 4
7 (fm) 7 (fm)

Figure 1 — Pressure anisotropy in Bjorken flow for RHIC (left panel) and LHC (right panel)
energies, as calculated from the Chapman-Enskog method [1], method of moments
and solutions of the Boltzmann equation from BAMPS for several values of 7/s,
considering 7¢ = T, = si—”P [2].

In Fig. 2, we display the pressure anisotropy assuming nonequilibrium initial conditions.
In particular, we consider two different scenarios, in which the pressure anisotropy is either
initially positive [7(0) = 3/14] or negative [7(0) = 1/2]. In both cases, we consider 75 = 0.4
fm, Ty = 500 MeV and $(0) = 0.5. It can be readily seen that the agreement between solutions
for the third-order theories obtained from the Chapman-Enskog method and the method of
moments is stronger at sufficiently late times, especially when 7)/s is small. We remark that

different values of ¢(0) do not qualitatively change this behavior.

For the sake of completeness, in Figs. 3 and 4, we display 7 and ¢, respectively, as
function of 7 /7, for a wide set of initial values of 7 (black solid lines) and ¢ (red dashed lines),
considering both the RHIC and LHC scenarios described above. In both cases, we observe that
these quantities approach the same universal values at large proper times, regardless of which
set of initial conditions is being used. This universal behavior displayed by the fluid-dynamical
variables at late times in spite of the initial conditions is called the hydrodynamic attractor and
was first investigated in Ref. [125]. Here, we see that the novel field ¢ also displays this attractor

behavior.

Last, in Fig. 5, we compare a solution of Eq. (3.93b) to two of its asymptotic solutions:
(i) its lowest contribution in a gradient expansion, @z, = 7687 /(357) and (ii) its zeroth order
slow-roll solution [125, 131, 136, 137], obtained by setting g?: = 01in Eq. (3.93b), i.e.,
7687

35 (Z + 2 +27) (3:94)

@slow—roll -
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Ty=500 MeV, 7=0.4 fm To=500 MeV, 79=0.4 fm
1.0
1.2{ — Israel-Stewart
n/s=0.053 .
0.8 —— Third-order (Method of moments)
1.0y - Third-order (Chapman-Enskog)  7/s=0.053
0.6 nls =0.422
0.8
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Qi: n/s=3.168 Qi:
< 02 i S 06
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Figure 2 — Pressure anisotropy in Bjorken flow for LHC energies, as calculated from the
Chapman-Enskog method [1] and method of moments for several values of 7/s,

considering 7¢ = T, = Ei”P [2], as well as 79 = 0.4 fm, T, = 500 MeV and
©(0) = 0.5.
To=300 MeV, 7p=0.25 fm To=500 MeV, 7p=0.4 fm
—— Varying #(0) 0.20 —— Varying 7(0)
020 N8 Varying ¢(0) ~ Varying ¢(0)
0.15
&
®0.10
0.05
0.00
0 1 2 3 4 5 0 1 2 3 4 5

/T, /T,

Figure 3 — 7 as a function of 7 /7, for RHIC (left panel) and LHC (right panel) energies, consi-
dering several initial conditions for 7w and ¢, assuming 7 = 7, = Ef’r—”P [2].

We consider LHC and RHIC energies and systems that are initially in local equilibrium. In both
cases, we observe that the lowest order gradient expansion value of ¢ can surpass its third-order
solution by a factor of ~ 4, while the zeroth slow-roll solution provides a considerably better
agreement with the actual solution at early times. On the other hand, the gradient expansion
leading solution converges to the hydrodynamic attractor faster than the slow-roll solution. In the

end, neither of these asymptotic solutions provide a good description for the time evolution of ¢.
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Tp =300 MeV, 70=0.25 fm Tp=500 MeV, 7p=0.4 fm

—— Varying 7(0)
----- Varying ¢(0)

—— Varying 7(0)
----- Varying ¢(0)

7%

i

/T, T/t,

Figure 4 — ¢ as a function of 7 /7, for RHIC (left panel) and LHC (right panel) energies, consi-

dering several initial conditions for 7 and ¢, assuming 7¢ = 7, = 5—1’713 [2].

Tp =300 MeV, 70=0.25 fm Tp=500 MeV, 7p=0.4 fm

AR —— Third-order 4 ,"\\ —— Third-order
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6 [IEY 1 \
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H \
1
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Figure 5 — (Color online) Solution of ¢, starting from equilibrium, as a function of 7/7, and for
n/s = 0.5, compared to its respective Navier-Stokes limit and zeroth-order slow-roll
solution. Left panel shows the comparison for RHIC energies while the right panel

shows the comparison for LHC energies.

3.4 Discussion

In this chapter, we have formally derived a linearly causal and stable third-order fluid-
dynamical theory from the Boltzmann equation using the method of moments. We demonstrated
that equations of motion that include all terms that are asymptotically of third order in a
gradient expansion can only be obtained including novel degrees of freedom, corresponding to
irreducible tensors of rank 3 and 4. This is in contrast to the fluid-dynamical theories developed
so far, the so-called second-order theories, that only require the inclusion of irreducible tensors
of rank 0O, 1, and 2 — which are usually matched to the traditional fluid-dynamical variables
appearing in the conserved currents. We generalized the minimal truncation scheme derived

by Israel and Stewart [40], so that these novel degrees of freedom are taken into account in
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the derivation procedure. We derived all the equations of motion of this theory and calculated
its corresponding transport coefficients. Furthermore, we demonstrated that such transport

coefficients are consistent with the linear causality and stability conditions derived in Ref. [50].

Last, we analyzed the derived third-order fluid-dynamical equations within the highly
symmetric framework of Bjorken flow. We observed that the currents 7 and ©***? are the
only ones that provide nonvanishing contributions in this flow profile, since we considered
massless particles in this comparison. We observed that third-order fluid dynamics derived from
the method of moments provides results that are slightly different than a derivation from the
Chapman-Enskog method [1], but are still in good agreement with solutions of the relativistic
Boltzmann equation both for LHC and RHIC energies. Nevertheless, the formalism developed
throughout this work satisfies causality and stability in the linear regime [50] and, thus, may be

solved in more general flow configurations.

The derivation of the third-order fluid-dynamical formulation developed in this chapter is
an extension of the 14-moment approximation to include contributions of third-order in Knudsen
number. It relies on a minimal truncation scheme. That is, the moment expansion of the single-
particle distribution function is truncated such that each term in the expansion matches a degree
of freedom. In this sense, this approach represents a truncation purely in degrees of freedom that
does not rely on a small parameter, and therefore does not possess a clear domain of validity in
terms of the gradients of the hydrodynamic variables. In order to address this issue, instead of
directly truncating the moment expansion, one should truncate the moment equation employing
a systematic power-counting scheme [2, 58], see Appendix C. In fact, such a derivation will

provide more accurate expressions for the transport coefficients of our theory.






97

4 Method of moments II: Convergence of

solutions

In the previous Chapter, we discussed the method of moments and the derivation of the
dynamical equations for the irreducible moments of the single particle distribution function.
Until this thesis, equations of motion for the irreducible moments have always been calculated
separately (rank by rank), and, to this day, have only been obtained for a handful of moments
[2,72].12 This task becomes progressively more exhausting as moments of higher ranks are
included in the expansion given by Eq. (3.13). For this reason, the convergence of the moment
equations has never been fully explored in the relativistic regime. The equations of motion for
the moments are highly coupled, with the dynamics of moments that are of a lower order in the
moment expansion coupling to those that are of a higher order. How this hierarchy of equations
can be properly truncated and how this truncation quantitatively affects the solutions for each

moment is not well known.

In this chapter, we bridge this gap by deriving the equations of motion for all the
irreducible moments of the distribution function. Furthermore, we show how these equations
simplify in the highly symmetric configuration of Bjorken flow [103]. In this case, we recover
the results first obtained in Ref. [58], where the method of moments was developed employing
the aforementioned symmetries from the start. We then investigate the convergence properties of
the solutions for this hierarchy of equations for a gas of classical massless particles in Bjorken

flow within the relaxation time approximation [104].

4.1 General equations of motion

The main goal of this chapter is to derive a general equation of motion for an irreducible
moment of arbitrary rank ¢, reproducing the results originally derived in Ref. [83]. Then, the
dynamics of any irreducible moment can be straightforwardly recovered from this general
equation. First, it is convenient to define the irreducible moments of a generic single-particle

distribution function, fy,
g /dKElq;kwl RO (4.1)

We emphasize that the irreducible moments k't "#¢ are defined slightly differently than ptt#.
They are integrals of the single-particle distribution function, f, rather than integrals of its

non-equilibrium component, ¢ fi, cf. Eq. (3.12). The latter prescription can be straightforwardly

' In Ref. [138], general equations of motion for the reducible moments of the single-particle distribution function

were thoroughly investigated for a system of electrically charged particles, in the context of the Boltzmann-
Vlasov-Maxwell equation.
During the writing of this manuscript, general moment equations were also derived in Ref. [139].
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recovered by simply factorizing fy as in Eq. (3.1). We remark that the equilibrium distribution

function has only scalar moments?,

/ AR LR - 1) fye = 029640, 42)

where we defined o9 as the equilibrium value of the corresponding scalar irreducible moment.
The Boltzmann equation can be expressed as

C 1
gi] — E—kk<u>V“fk, (4.3)

d
i

where d/dt = u"0), is the comoving time derivative and V* = A0, is the 4-gradient operator.
Using this result, it is possible to show that the irreducible moments of arbitrary rank, gt #¢,

satisfy the following equations of motion

Q(m ‘He) = CH +7,Q MHUWH _ A;Vlll Zgngﬂ :1 1Ve+1 +(r 1)9512W+20—M+1W+2
+ Lot 4 gl (20 4 1)l )
+ % [(r = )ymPol2 5" — (1 + €+ 2) 0l 1] § — ﬁv ( 2o ) — 0 M)
b [or — 2 — (r 20 g o
ﬁ(f_ 1) (1 pe—2 2 (pu1-prg_o (rpe—2 | _pp_qpg)
= Dmtel e — (2 20— Dyl (7 20) gl 2 gt

(4.4)

where we remark that C*1'# is the generalized collision term, defined according to Eq. (3.25).

Furthermore, in the derivation of the above equation, we have used the following identities,

L o) — () L fe(e)
[¢/2]

+ Z A l{;o‘kﬁ)q 2§q| CNli .q) Z AFLH2 o AF2q-102q [ (p2g+1) | k<“"'>,
q=1 L,q 'p[
(4.52)
R L ‘2/_ (Dash k%) AZo Ao flen ey,
(4.5b)

The calculations to obtain Egs. (4.4) and (4.5) are reported in detail in Appendices D and E. In
particular, we remark that Eq. (4.5a) is the generalization of Egs. (3.21).

The result obtained in Eq. (4.4) is consistent with previous calculations for / = 0, 1, 2 [2],
as well as for ¢ = 3,4 [72], originally derived in the context of second- and third-order theories of

relativistic fluid dynamics, respectively. In particular, we remark that this result is the relativistic

3 This happens because, unless ¢ = 0, it is not possible to construct an /-th rank irreducible tensor solely in terms

of T', u, u*, and g"*.
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generalization of Eq. (8) from Ref. [140].* Furthermore, we note that Egs. (4.4) do not clearly
display the traditional Navier-Stokes terms, i.e., terms that are of first-order in gradients of thermal
potential and 4-velocity. This happens because such terms stem solely from derivatives of the
local equilibrium distribution function, while the irreducible moments o#'"#¢ were constructed in
terms of the single-particle distribution function, without factorizing its equilibrium component.
In order to identify the Navier-Stokes-like terms in the equations, the irreducible moments must
be separated into their equilibrium and non-equilibrium parts. In particular, we remark that only
the equations of motion for the irreducible moments with ¢ < 2 have non-zero Navier-Stokes-
like terms — these terms vanish for all moments of rank ¢ > 3, as a consequence of Eq. (4.2).

Nevertheless, we remark that these terms were explicitly calculated in Ref. [2].

In order to obtain an expression for fy, it is necessary to compute the dynamics of the
irreducible moments, which in turn satisfy a hierarchy of coupled differential equations. In
particular, as previously discussed, the exact single-particle distribution function is obtained
when the sums in Eq. (3.13) are taken to infinity, i.e., when the dynamics of all its irreducible
moments is taken into account. In practice, however, we are required to truncate the expansion
in Eq. (3.13), including the number of moments required for the series to converge up to a
given momentum. Nevertheless, the goal of this chapter is different. We will not evaluate the
distribution function itself but will instead verify how one can effectively truncate the moment
equations derived above and how well this truncation procedure converges. The reconstruction
of the distribution function will be discussed in detail in the next Chapter in the context of
boost-invariant expanding systems, where the moment equations (4.4) can be solved to a very

high order.

Once again, we shall define the local equilibrium state using Landau matching conditions
[37]. In this case, the values of temperature and chemical potential are defined in such a way
that the particle and energy densities are fixed to their corresponding equilibrium values, which
implies that o; = 0] and g = 05, respectively. Furthermore, the 4-velocity is defined so that

the energy diffusion 4-current vanishes, ¢} = 0.

4.2 A gas of massless particles in Bjorken flow

We consider a gas of massless particles undergoing an intense longitudinal expansion,
described by the Bjorken flow, introduced in Sec. 3.3.4. In such flow profile, the Boltzmann

equations reduces simply to,
1
Orfie = =— (S = fox) - (4.6)
TR

where we have once again employed the relaxation-time approximation for the collision term

[104, 117], with the parameter 75 dictating the time scale over which the single-particle distribu-

4 We remark that an extension of this result considering an anisotropic expansion was recently obtained in

Ref. [141].
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tion function relaxes to its equilibrium value. The relaxation time can be expressed in terms of

the shear viscosity, 1, as [2],
o1

e+ P’
where, following the same convention adopted in the previous chapters, € is the energy density

TR = 4.7)

and P is the thermodynamic pressure. In the following, we assume that the shear viscosity over

entropy density, 17/s, is constant.

Furthermore, the spacetime dependence of fy is restricted to the time coordinate 7. On
top of that, the assumption of isotropy in the xy-plane implies that the momentum dependence of
fx can be fully determined by the transverse momentum, k; = \/W , and the longitudinal
component, &, . In particular, given the on-shell condition, k,k* = 0, k; can be expressed
solely in terms of ko and k,,, via, ko = |/kT + k2 /72 Then, in Bjorken flow, the single-particle
distribution function can be written as,

fx = f(1, ko, ky,)- (4.8)

At this point, it is convenient to define a normalized space-like 4-vector z,, = (0, 0,0, —7), such
that z,2# = —1, that is orthogonal to the fluid 4-velocity, u, 2" = 0, so that Eq. (4.8) can be
expressed in a covariant form,

fx = f(r,u'k,, 2"k,). (4.9)

The irreducible moments p#'#¢ are defined as integrals of fx over momentum space.
Thus, in Bjorken flow, they can only depend on 7, u*, and z*, see Egs. (4.1) and (4.9). In
particular, their tensor structure must be constructed solely from combinations of u*, z*, and the
metric tensor, g". The only combination of these tensors that form an irreducible tensor of rank
(is 2 ... z#) [58]. Thus, the irreducible moments must have the following general form in

Bjorken flow,

Q/»Ttl e ]:(7-)Z<u1 . Zﬂe>’ (4.10)
where we identify,
(2¢ — 1!
Fr) = (0 2w - 2w di ™ (4.11)
making use of the identity [58]
0!
-z 22 = () (4.12)
The next step it to obtain the explicit form of F (7). First, we note that [58]
[¢/2] NG [¢/2]
(T Zw> ) = Z C(tq)( )4 (=1) (f) = Ey Zo C(¢,q)(cos ©) 2,
q:
(4.13)

where we have defined cos © =k, /(Tko), and the coefficients C'(¢, g) were defined in Eq. (3.4)
and are reproduced below for convenience,
()2 (20 — 2q)!

Clba) = V" o i — it — 290

4.14)



4.2. A gas of massless particles in Bjorken flow 101

The Legendre polynomials can be expressed as [142]

[n/2]
1L
P,(z) = ZC n,q)z" %, (4.15)
thus leading to
/!

e 2k RO = @ B E{ Py)(cos ©). (4.16)

Wherefore, it follows that

l! n

a  Fu) O = m/df(ko”ﬂ(cos 0) fi (4.17)

The system’s invariance under reflections around the 7);-axis further implies that

f(T k(]?k??s) f(T kOv_kﬁs)' (418)

Moreover, the Legendre polynomials, P(cos ©), are even (odd) functions of k,_, as long as ¢ is
equally even (odd). Therefore, irreducible moments of odd rank are identically zero in Bjorken
flow [58]. Taking ¢ — 2¢, we have

_ (20!
Z(Ml e Zﬂ2g> le ‘H2e mgn+2g 2 (419)
where we have defined the new fields’
Ont = /de(’}ng(cos O) fx- (4.20)

In particular, taking fi. = fox, we obtain the equilibrium value of the irreducible moments, which

vanishes unless ¢ = 0, as a consequence of the orthogonality of the Legendre polynomials [142],

eq _ (n+1)

Onp = €55 T2y, (4.21)

In summary, the irreducible moments of a generic single-particle distribution function in Bjorken
flow can be written as
o — Qn+2é,zz<m co phi2e) (4.22)

In order to obtain the equation of motion satisfied by g, ¢, it is still necessary to provide
an expression for the collision term, C[f]. In general, obtaining a closed expression for C|[f] is
the most challenging part of solving the Boltzmann equation with the method of moments. It
typically requires the computation of several integrals involving the single-particle distribution
function and the transition rate that determines the scattering processes, which can be rather

cumbersome even in the linear regime [143, 144]. As was done in the previous chapter, we once

5 We remark that the moments £, investigated in Refs. [75-79], are a subset of the irreducible moments o,, ¢

for n = 2. Furthermore, what these references refer to as mode coupling theory is equivalent to the traditional
method of moments discussed here.
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again adopt the relaxation time approximation [104] for the collision term. In this approach,
the single-particle distribution function is assumed to relax to its equilibrium value within a

timescale 7y, see Eq. (4.23), and the collision term becomes simply

E 1
O[f] = === (fi — fo) = CP7H) = —— (glrwe — ghamey (4.23)
TR TR

Hence, all irreducible moments also evolve towards their equilibrium values within the same
timescale. As previously mentioned, in order to be consistent with the conservation of energy
and momentum, the relaxation time approximation requires the imposition of Landau matching
conditions, in which the values of the temperature and chemical potential out of equilibrium are

defined so that the particle and energy densities are fixed to their equilibrium values

n=ng=>010= 010, €&=Ec = 020= 090 (4.24)

We are now finally in position to obtain a set of coupled equations of motion for the
irreducible moments in the framework of Bjorken flow. Replacing Eqgs. (4.22) and Eq. (4.23)

into Eq. (4.4) and contracting it with z,,, - - - 2,,,), We obtain

dQnZ 1 e On,o— Qnﬂ Qnﬁ 1
= (o = )~ Parm = Qui — R (4.25)
T TR T T

where we have introduced the following coefficients

(n+20)(20—1)

Prt f2£(4€+1)(€_1), (4.26a)
C 2020+ 1) +n(247 +120-3) 2

Ot = 3(40 —1)(4¢ + 3) T3 (4:260)

Rue=(n—20-1) (204 1)(2£ +2) (4.26¢)

(40 +1)(40 + 3)

We recovered the set of differential equations previously obtained in Ref. [58], where the method
of moments was directly constructed assuming the symmetries of Bjorken flow within the
relaxation time approximation. In this chapter, however, we constructed the method of moments
for a general flow configuration and only then employed the assumptions of Bjorken flow and
the relaxation time approximation. In particular, we remark that moments of a given rank are
always coupled with those of higher and lower ranks, given by ¢,, o1 and g, ¢, respectively.
Meanwhile, moments with different powers of energy do not couple with each other, a particular

feature of the relaxation-time approximation for massless particles [58].

In order to work with dimensionless variables, it is convenient to obtain a hierarchy of
differential equations for the irreducible moments normalized by the appropriate equilibrium

value. For that purpose, we define the rescaled moments

_ Onyg
Qn,O

Xn, (4.27)
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Furthermore, we also define the normalized proper time, 7 = 7/75. We remark that with this
choice of variables, the dynamics of the (rescaled) fields no longer explicitly depends on the
viscosity and more dissipative systems can only be studied by considering smaller values of the

initial rescaled time. The rescaled moments then satisfy the following equations of motion

dxne _ 3 {1 Coxea(l - Oz)} -

dr 2 4— q

Xn,ﬁ— Xn,ﬁ an 2 n — 1
X |:_Xn,€ + 000 — Pro=—= S Sno=—= — Rny g ( - )Xz,lxn,e , (4.28)
T T T 37

where P,, » and R, ¢ are the ones defined in Eq. (4.26) and we have introduced

S, — 20020+ 1)(2n + 1)
™30 — )40+ 3)

(4.29)

In terms of the rescaled moments, Landau matching conditions imply that x; o = Xx2,0 =
1. Therefore, these moments are non-dynamic and thus the thermal potential and temperature

must be obtained from the conservation laws, which can be expressed as

doe 3 Xo1(1— )17 [ 2x21
SR I A A /=) =0 4.30
i 2 { i-a B ’ (430)
dT’ 3 X271(1 - Oé) -1 T o

Once the hierarchy of moment equations (4.28) is solved coupled with the equations
of motion for thermal potential and temperature — Eqgs. (4.30) and (4.31), respectively — it is
possible to reconstruct the single-particle distribution function. In principle, an exact solution for
the Boltzmann equation can only be achieved by the inclusion of an infinite number of moments
in the moment expansion. However, this is surely impossible, in practice and one must truncate
the moment expansion including a sufficiently large number of moments. In particular, we expect
that the inclusion of more terms in the moment expansion (3.13) will lead to a more accurate
solution for the single-particle distribution function. The reconstruction of the single-particle

distribution function from its moments will be thoroughly investigated in the next chapter.

4.3 Convergence of the solutions

We solve Egs. (4.25) by imposing a truncation of the moment expansion. In practice, this
means that irreducible moments of a given rank (or higher) will be set to zero in the calculations.
In the highly symmetric flow configuration considered in the previous section, this is implemented
by taking 0, s = 0,V £ > (., with the parameter /,,,, quantitatively specifying our truncation.
Once this is done, Egs. (4.25) can be solved using numerical algorithms. Unless stated otherwise,
we consider the system to be in equilibrium at an initial time 75, with a temperature 7'(7y) = 1
GeV and a vanishing chemical potential. Also, we consider three distinct values of initial rescaled

time, namely 7, = 0.01, 0.1 and 1.
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We first look at the convergence of solutions for the temperature and thermal potential
as a function of the rescaled time, 7/7g, for {,,,x = 2, 4 and 8. These quantities are obtained
by solving Eqgs. (4.25) and then using Landau matching conditions to extract 7" and « from
the particle number and energy densities. In Fig. 6, we display solutions for the temperature
(upper panels) and thermal potential (lower panels) as functions of the rescaled time. As already
mentioned, we note that all the dependence on 7/s is embedded in the relaxation time, 75, and,
by plotting our results as a function of the rescaled time, the magnitude of the dissipative effects
is solely determined by the initial value of 7 /75 — that is, more dissipative systems can be probed
by considering smaller values for the initial rescaled time. We observe that, as the initial rescaled
time is smaller, i.e. as the system becomes more dissipative, more moments have to be included

in the hierarchy of differential equations (4.25) in order for the solutions to converge.
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Figure 6 — Solutions for the temperature (upper panels) and thermal potential (lower panels)
considering different truncations and values for the initial rescaled time and assuming
T (7o) = 1 GeV and n(7y) = T'(10)% /7.

Next we look at the convergence of certain irreducible moments. In Fig. 7, we display
02,1/ 054 (Which is related to the shear-stress tensor as 7" = —20, /3 [58]), 02,5/ 05 and
02,10/ 05 as functions of the rescaled time 7 /75, for several values of £y, It can readily be seen
that, as more moments are included in the hierarchy of differential equations, the solutions for
the irreducible moments gradually converge to a unique curve. Moreover, as the initial rescaled

time becomes smaller, the irreducible moments become larger in magnitude and more moments
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have to be included in order to observe convergence, i.e., a larger value of /,,, is required in
order for the solutions to converge. We remark that this behavior is also observed for different

values of n, which defines the power of energy in Eq. (4.20), but we do not display these cases

for the sake of simplicity.
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Figure 7 — Solutions for 021 /05 (upper panels), 05/ 05 (middle panels) and 010/ 05 (lower
panels) considering different truncations and values for the initial rescaled time and
assuming T'(79) = 1 GeV and n(m) = T(7)3 /7>

We now look at the irreducible moments, g,4, fixing the value of n and varying the
parameter . We solve Egs. (4.25) for /,,.x = 100 and portray, in Fig. 8, the absolute value of the
irreducible moments normalized by their equilibrium value, |py¢|/p; . for n = 1 and £ = 1-10

as a function of 7/7x. Each panel of Fig. 8 displays solutions obtained for a different choice of
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initial time. We observe that, for a fixed n, the normalized irreducible moments become smaller
(in magnitude) as the value of / is increased. This is consistent with the apparent convergence
observed for the solutions of the moment equations obtained with our truncation scheme —
moments become smaller as the value of ¢ is increased and, for a sufficiently large value of
¢, it becomes a good approximation to simply set them to zero. Naturally, the moments with
{ < Uy are well approximated in this scheme, whereas those with ¢ ~ /., are usually not.

This is in agreement with the behavior observed in Figs. 6 and 7.
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Figure 8 — Normalized irreducible moments for n = 1 and considering different values for ¢ and
initial rescaled time and assuming T'(79) = 1 GeV and n(7y) = T'(79)3 /72

Next, we analyze the behavior of the irreducible moments, g,,4, for £ = 1 and several
values of n. We solve Eqgs. (4.25) with ¢,,,, = 10 (which is sufficiently large to ensure the
convergence of the solutions) and considering n = 1-10. In Fig. 9, we display the absolute
value of the normalized irreducible moments |o,1|/ 0. as a function of the rescaled time 7/75.
We observe that as the value of n is increased, the magnitude of the normalized moments is
also increased, and this behavior becomes even more manifested as the initial rescaled time is
smaller. We remark that this behavior is also observed for different choices of ¢, but we not
display these results here for the sake of simplicity. This behavior of the irreducible moments
as one increases the parameter n is significant, since it renders the task of determining the
single-particle distribution function complicated. In the method of moments, the single-particle
distribution function is expressed in terms of a sum of irreducible moments, cf. Eq. (3.13), and
it is generally assumed that this series converges rapidly, at least for relatively small values of
momentum. However, here we see that g,,, grows significantly with n at intermediate (rescaled)
times, making it challenging to calculate the moment expansion to a sufficiently high order and

establishing its convergence. This will be thoroughly investigated in the next chapter.

We now test if the solutions converge to the correct value by comparing to semi-analytical
and numerical results. In particular, we compute the pressure anisotropy, defined as the ratio
of the longitudinal pressure to the transverse pressure, Pr/Pr = (1 4+ 2021)/(1 — 02,1). We
assume different values for the shear viscosity over entropy density, 7/s, and initial temperatures

calibrated to emulate the hot and dense matter created at the Relativistic Heavy-Ion Collider
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Figure 9 — Normalized irreducible moments for ¢,,,, = 10 considering different values for the
initial rescaled time and assuming 7'(7y) = 1 GeV and n(7y) = T'(79)? /7.

(RHIC) and the Large Hadron Collider (LHC). In the left panel of Fig. 10, we display the pressure
anisotropy as a function of the proper time, calculated from Egs. (4.25) with ¢,,, = 6, and
compare them to semi-analytical solutions for this quantity derived in Ref. [98]. Three values of
shear viscosity over entropy density are considered: n/s = 1/(4x), 3/(4~), and 10/(47) — here,
since we do not display the solution as a function of the rescaled time, the curves will depend
on the magnitude of the shear viscosity coefficient. For the sake of comparison, we consider
the initial conditions proposed in Ref. [98], with the system being initially at equilibrium at
an initial time 79 = 0.25 fm, with an initial temperature of T'(75) = 300 MeV. For this type of
initial condition, we observe that including 6 moments in the moment equations is sufficient to
obtain a convergent solution. In the right panel of Fig. 10, we compare our solutions to numerical
solutions of the Boltzmann equation obtained using the BAMPS simulation code [145, 146], in
Ref. [119]. We now use the initial conditions employed in Ref. [119], i.e., a system in equilibrium
at 7 = 0.4 fm with an initial temperature of 7' = 500 MeV. We note that the solutions calculated
with the method of moments are in surprisingly good agreement with the numerical solutions
from BAMPS for practically all values of shear viscosity employed. This did not have to be
the case, since in our solutions the collision term was simplified significantly by imposing the
relaxation time approximation. This indicates that the relaxation time approximation, even though
extremely rudimentary, can still provide a reasonable approximation for the pressure anisotropy.

Nevertheless, this may be a feature of the highly symmetric flow configuration considered here.

4.3.1 Anisotropic initial conditions

So far, we have restricted our analysis to systems that are initially in equilibrium. For
the sake of completeness, we now solve the moment equations considering an anisotropic
initial distribution function. In Ref. [147], an anisotropic distribution function is constructed by

changing the 3-momentum of an isotropic distribution as follows

k| = k2 +¢(k-n)?, (4.32)
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Figure 10 — Pressure anisotropy for 7'(79) = 300 MeV and 7y = 0.25 fm (left panel) and
T'(19) = 500 MeV and 7y = 0.4 fm (right panel).

where £ > —1 is the anisotropy coefficient and 1 is an unitary vector pointing in the direction of
the anisotropy. Naturally, if £ = 0, one recovers the original isotropic distribution. In Bjorken
flow, the z-axis corresponds to the anisotropic direction, and thus n = z. It follows that k - n =

k,z" = k,, /7, and therefore

VK2 +¢(k-n)?=ko/1+ Ecos?O. (4.33)

Here we apply this procedure over the equilibrium Maxwell-Boltzmann distribution function,

thus leading to

faniso = exp (Oé* — B*Ek\/ 1+ fCOS2 @) . (4.34)

We shall use the distribution above to compute the initial value of the irreducible moments. In
particular, we remark that o* and 5* do not necessarily correspond to the usual thermal potential
and inverse temperature, respectively. They are simply free parameters that define the anisotropic
distribution function and, without loss of generality, we take o* = 1 and $* = 1. The physical
temperature and chemical potential are then extracted by imposing Landau matching conditions

and used to compute the corresponding equilibrium values for the irreducible moments.

We consider 7y /7r = 0.1 and assume three different values for the anisotropy coefficient,
namely £ = 0.01, 0.1, 1. In Fig. 11, we display the resulting rescaled irreducible moments. We
observe that the irreducible moments slightly increase in magnitude as we probe more anisotropic
initial conditions. Nevertheless, we note that the system does not display a strong sensitivity on
the magnitude of the anisotropy coefficient. A similar behavior is observed when we consider
smaller initial rescaled times, but we do not display these cases here. Overall, there are no

qualitative differences to the case of an isotropic initial distribution displayed in Fig. 9.
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Figure 11 — Normalized irreducible moments assuming an initially anisotropic distribution func-
tion for /.., = 10 considering different values for the anisotropy coefficient, ¢ = 0.1,
1, 10. In all cases, we assume the initial rescaled time is 79 /7 = 0.1, T'(19) = 1
GeV and n(7y) = T(10)? /7.

4.4 Discussion

We have derived the equations of motion for all the irreducible moments of the single-
particle distribution function. As expected from previous less general results [2,72], the equations
of motion for the moments are coupled, with the particular challenging feature of the dynamics of
lower-rank moments being always coupled to those of a higher-rank, leading to an endless tower
of equations. In this Chapter we investigated how this hierarchy of equations can be properly
truncated and solved. This is a fundamental step in making it possible to solve the Boltzmann

equation using the method of moments.

We have specifically investigated the solutions for the irreducible moments considering a
gas of classical massless particles undergoing a Bjorken expansion, assuming the relaxation time
approximation for the collision term [104]. In this flow profile, the dynamics of the irreducible
moments is entirely contained in the scalars p,,,, which then satisfy a simplified set of coupled
differential equations of motion. We observe that, as we increase the truncation of the hierarchy
of differential equations for the irreducible moments, Eqs. (4.25), i.e., as the dynamics of more
moments is taken into account, their solutions gradually converge. In particular, we observe that
for more dissipative systems, the irreducible moments increase in absolute value, as expected,
and even more moments must be included in order for the solutions to converge. In addition, we
computed the pressure anisotropy taking /,,,x = 6 and obtained results in rather good agreement
with numerical solutions of the Boltzmann equation for initial conditions calibrated to reproduce
the hot and dense matter created at RHIC and LHC considering a wide range of values for
the shear viscosity over entropy density. This serves as an important test for the capability
of the method of moments in providing accurate solutions for moments of the single-particle

distribution function.

Finally, we observed that the magnitude of the moments p,, always increases with
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increasing n. This makes it a challenge to calculate the single-particle distribution function
using the method of moments, since higher-order terms in the moment expansion will not be
necessarily small. Understanding the convergence of this series is of the utmost important and

will be carefully investigated in Chapter 5.
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5 Divergence and resummation of the mo-

ment expansion

So far, the moment expansion for the single-particle distribution function has been
assumed to converge and its truncations are widely employed in the description of dilute plasmas;
for instance the 14-moment approximation has been crucial in modeling the electromagnetic
radiation [148, 149] and soft hadrons [150, 151] that are produced in heavy-ion collisions.
However, the convergence of this series has never been thoroughly investigated.! In this chapter,
we investigate the convergence of the moment expansion considering a classical gas of massless
particles in a simplified description of a heavy-ion collision referred to as Bjorken flow [103].
In contrast to common belief, we demonstrate that this expansion actually diverges due to
the factorial growth of the moments of the distribution function. We then resum this series
using the Borel-Padé method [153, 154] and finally determine the solution of the Boltzmann
equation from the method of moments. These solutions demonstrate that truncations of the
moment expansion often employed in theoretical descriptions of heavy-ion collisions might not

be reliable approximations.

5.1 Multipole expansion of the distribution function

Following the method of moments, we now expand the single-particle distribution using
a complete basis in momentum space — in our case, we employ Legendre, F,,, and associated

)

Laguerre, Lﬁlm , polynomials. The result is [58, 83],

fie=foe D> cns(BEK)* Pay(cos ©)LI TV (BE) (5.1)

{=0 n=0
where we defined the angle © in momentum space via cos © = k,,_ /(7 Ex), with k, being the
longitudinal component of the 4-momentum. The expansion coefficients ¢, , are determined
using the orthogonality relations satisfied by the Legendre and associated Laguerre polynomials,

leading to

n

Cny = (404 1)n! Z

m=0

(—1)™ (m+ 20+ 1)!
(n— m)l(m + 4€ 4 1)lml X700 (52)

where , ¢ are the normalized irreducible moments, introduced in Eq. (4.27). Once the moment
equations are solved, it is then possible to reconstruct the single-particle distribution function
using Eq. (5.1). In principle, an exact solution for the distribution function would only be

obtained with the inclusion of an infinite number of moments in the moment expansion (5.1). A

' The convergence of the moment expansion has been only investigated for homogeneous and isotropic fluids, in

the context of cosmology [152].



112 Chapter 5. Divergence and resummation of the moment expansion

priori, we expect that the inclusion of more moments in the moment expansion (5.1) will lead to

a more accurate solution for the single-particle distribution function.

The main goal of this chapter is to compute the single-particle distribution function of a
gas via the moment expansion. We first re-express Eq. (5.1) as,

4041
fie=>_ —5—Pulcos®) R, (53)

=0

where we introduced the /-th multipole coefficient

1 2 0
.7-"3) = /1dCOS OPy(cosO) fx = M—H(ﬁEk)%fOk;%CML;MH)(BEI() ) (5.4)

In order to reconstruct the single-particle distribution function from its moments, we
first must solve the set of coupled equations for the rescaled irreducible moments, Eq. (4.28).
The moment equations are truncated considering ¢,,,, = 40 and n,,x = 30, which implies
setting xny,z, = 0 for all N > np,. and/or L > /... In all calculations investigated in this
Chapter, we always assumed equilibrium initial conditions, i.e., x»¢(70) = d¢0. Then, we
compute the expansion coefficients c, ¢ using Eq.. (5.2), and finally compute the multipoles of

the single-particle distribution according to Eq. (5.4).

The divergence of the series can be observed using Fig. 12, where we display the
expansion coefficients ¢, ; (used to reconstruct the multipole .7—"19)) as a function of the rescaled
time. At both early and late times, we see that the expansion coefficients decrease with n.
However, for intermediate values of the rescaled proper time, the expansion coefficients display
a qualitatively different behavior and start to increase with n, with this behavior becoming
more pronounced for smaller values of the initial rescaled time. We remark that, in order for
the expansion (5.4) in associated Laguerre polynomials to converge, the expansion coefficients
cn,1 must not increase with n and, thus, the aforementioned behavior guarantees that Eq. (5.4)
diverges at least for these intermediate values of the rescaled time. A qualitatively similar

behavior is also observed for other values of /.

We explicitly verify the non-convergence of the moment expansion in Fig. 13, where
we compute a snapshot (7 = 10) of the first three multipoles of fy, for 7y = 0.5, as a function
of S Ey and considering three different truncations of the series — the parameter n,,,, specifies
the number of terms included in the series (5.4). We observe that the expansion for the three
multipoles portrayed does not converge, exhibiting an unphysical oscillatory pattern as more
terms are included in the moment expansion. Hence, this implies that the expansion of the
single-particle distribution itself is also divergent. We note that this divergence is not expected
and that truncations of the moment expansion are widely used in the derivation of hydrodynamics
and in the phenomenology of heavy ion collisions. Furthermore, the moment expansion is crucial
in deriving the equations of motion for the moments for general collision terms. In the following

we obtain a resummed expression for the moment expansion and discuss the reasons behind this
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Figure 12 — Exact solutions (solid lines) and Navier-Stokes limit (dashed lines) for the expan-
sion coefficients as a function of the rescaled proper time considering 7y = 0.05
(left panel), 0.5 (middle panel), and 1 (right panel). In all three cases, we assume
equilibrium initial conditions, X ¢ = 0, T'(79) = 10 GeV, and n(7y) = T(7)3 /7>

divergence. In particular, in Appendix F, we analytically demonstrate that the moment expansion
for the distribution function diverges for rescaled times of 7/7, > 8 in the case of a constant

relaxation time.
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Figure 13 — Multipoles of the single-particle distribution function as functions of SEj, for
different truncations, considering 7 = 0.5 and 7 = 10.

5.2 Borel-Padé resummation algorithm

We have shown that the expansion of the distribution function (5.4) diverges for a wide
range of values of the rescaled proper time. Therefore, in order to assess physically meaningful
results from the moment expansion in Bjorken flow, it is of the utmost importance to employ

resummation techniques that will be carefully discussed in this section.
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5.2.1 Borel transform

In Appendix F, we analytically show that the moment expansion (5.1) diverges factorially
assuming a simplified case for the moment equations in which all equilibrium moments are
identically set to zero. Such pathological behavior suggests that a convergent series might be
achievable by employing a Borel summation [153]. First, we define the Borel transform of an

arbitrary power series as

. Borel transf =~ "
orel transform
n:
n=0 n=0
N—— S——
Original series Borel-transformed series

Then, if the Borel transform of the original series is such that the following integral is defined,

the Borel sum of such a series is

/dx e ” 5 cn—xl. (5.6)
n!
n=0

Finally, if this integral converges, the series is referred to as Borel summable, and thus we have
(0.9] (0.9] In
n — -y P
Z cpxt = /da: e Z Cn T 5.7
n=0 n=0

We then compute the Borel sum of the multipoles of the single-particle distribution

function, Eq. (5.4), leading to

(e 9]

2 o "
FY = m(ﬁEk)% fox /0 dve™) ﬁcMLg‘*’f“)(ﬁEk) : (5.8)
n=0
In particular, let us analyze the integrand of the equation above,
2 Y g
Ti(BEi ) = (BB  face™ Y e r L (BEK) (59)
n=0

In Fig. 14, we portray Z,(5Fx = 1,y) as a function of y for a wide range of different truncations
of the sum in Eq. (5.9). From this plot, it can be straightforwardly seen that there exists an
optimal truncation N for the Borel sum of the multipoles, beyond which the results for Z, start to
diverge in the range 20 < y < 40. This is a clear signature of a divergent series, and thus serves
as another striking evidence of such pathological behavior of the moment expansion in Bjorken
flow. We thus conclude that the moment expansion is not Borel summable. Therefore, in order to

obtain a convergent series, it is necessary to employ further resummation techniques.

5.2.2 Padé approximants

A Padé approximant is a rational representation of a function whose Maclaurin expansion
recovers the power series representation of the original function up to a given order [155].

Considering a function which can be expressed as

o0

fl)=>aa', (5.10)

=0
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Figure 14 — Integrand of the Borel-transformed series of different multipoles for a wide range of
truncations NV, considering SEy = 1, 7o = 0.5 and 7 = 10.

its Padé approximant of order (m,n) is defined as

m oy
Lizo bi’ (5.11)

(mm) () — .
frmm () ST

Without loss of generality, we take ¢y = 1, which effectively reduces the number of unknown
coefficients to m + n + 1. This implies that the Padé approximants capture the behavior of the

original function up to O(z™"), that is,

Za, — Z izo Uit + Oz, (5.12)

)
z OCZ.I'

The so-called numerator and denominator coefficients — b; and ¢;, respectively — can thus be

obtained iteratively. We have
(ag+ a1+ )14+ c1z+ -+ cuz™) — (bo + by + - + bpa™) = O(x™ ). (5.13)

Then, the coefficients b; and c¢; can be obtained by successively equating Eq. (5.13) to zero, order

by order in x. Up to O(x™), we have

bO = Ao,
by = a; + apcy,

bg as + ajcy + apCa,

(5.14)

mm

bm = Gm + Z Cilm—i-
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Similarly, equating the coefficients of the terms of order O(z™*1) up to O(z™ ™), we obtain

Ami1 + Q€1+ -+ A 2Cn—1 + Gmn1Cy = O,
Ami2 + Q1€+ - + Gmnt3Cn—1 + Qm—ni2Cp = O; 5 15)

Umin + Qpan_1C1 + - + Gpy1Cp1 + @pCyp = 0.

Since we set ¢y = 1, we obtain a set of n linear equations for the denominator coefficients, which

can be expressed as

Am+1 A, Qm—1 o Ame—n+1 &1
Ap+2 Am+1 A, o Am—n+42 C2

+ =0. (5.16)
Qm+4n Am4n—-1 Gm4gn—2 *°° Qm Cn,

Therefore, the denominator coefficients are obtained by inverting the matrix containing the

expansion coefficients of the original function, thus leading to
c=A""a (5.17)

Equations (5.15) and (5.16) [or, conversely, (5.17)] are referred to as Padé equations. Overall, in

order to obtain the Padé approximant of a function f(z), it is necessary to:

1. Expand f(z) in power series of z and compute the expansion coefficients a;;

2. Construct the matrix A as in Eq. (5.16) and compute its inverse. Then, from Eq. (5.17),

compute the denominator coefficients c;;

3. Calculate the numerator coefficients using Eq. (5.15).

Finally, using the results obtained in steps 2 and 3, we are able to construct a rational representa-

tion of a function.

Application to the moment expansion

In order to obtain a convergent result, the Borel sum of the multipoles, Eq. (5.8), shall be
computed using Padé approximants. First, we re-express the series f(y) = >~ %CMLSLMH) (BEX)

using Padé approximants [154] and only then compute the integral in Eq. (5.8) numerically.

We then compute Z, (/5 Ex, y) using Padé approximants with a quadratic polynomial in
the denominator. In Fig. 15, we portray Z,(SEyx = 1,y) as a function of y for a wide range of
different truncations of the sum in Eq. (5.9), computed using Padé approximants. In this case, it
can be straightforwardly seen that the Padé approximants (black dashed lines) seem to capture

the optimal truncation of the series.



5.2. Borel-Padé resummation algorithm 117

0.002 0.002
0.0006 I30‘0
0.7
275
0.6 0.001 0.001 0.0004
25.0
0.5
2 = = 2
- - < =< Z
& &y &y 5 20.0
SO S S S
Z0. < ' —~0.001 = 0.0000]
~0.001 : 175
0.2
15.0
ol —0.002 ~0.0002
—0.002 12.5
0.0
20 40 20 40 20 40 —0.0004 20 40 10.0
y y y y

Figure 15 — Integrand of the Borel-transformed series of different multipoles for a wide range of
truncations NN, considering SEy = 1, 7o = 0.5 and 7 = 10. The black dashed lines
correspond to the Borel-transformed series computed using Padé approximants for
the maximal truncation considered here.

The next step is to apply the Borel-Padé resummation algorithm in order to obtain
physically meaningful results from the moment expansion. In Fig. 16, we show the first three
multipoles of the distribution function as a function of SEy for 7y = 0.5, computed using a
Borel-Padé resummation scheme, considering the same truncations as in Fig. 13. We display
results for three different times, namely 7 = 1 (solid lines), 7 = 5 (dashed lines), and 7 = 10
(dotted lines), for which it can be readily seen that all multipoles depicted display convergent
behavior. We remark that in computing the zeroth (/ = 0) and second (¢ = 2) multipoles, we
have fixed the order of the polynomial in the denominator of the Padé approximant to be s = 2,
whereas for the first (¢ = 1), we take s = 4, with the order of the corresponding numerator being
computed accordingly in each case. This choice is made to avoid the occurrence of spurious
poles — pseudo-singularities that do not exist in the original function — in the real plane, which

ultimately lead to numerical errors.

Overall, we conclude that even though a Borel transform is not sufficient to render the
moment expansion of the single-particle distribution function in Bjorken flow well-behaved,
a convergent result can be achieved when such technique is further complemented by Padé

approximants.

5.2.3 Reconstructing the moments from the resummation

In the previous subsection, the Borel-Padé resummation scheme was demonstrated to be
appropriate to render the otherwise divergent moment expansion in Bjorken flow a convergent
series. In this subsection, we investigate the consistency of this procedure and provide additional

evidence that the aforementioned resummation scheme was correctly implemented.

From Egs. (4.20) and (5.4), we can write the irreducible moments in terms of the
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Figure 16 — Multipoles of the single-particle distribution function as functions of 3 Fj for diffe-
rent truncations, computed with a Borel-Padé resummation scheme, for 7 = 1,5, 10
considering 75 = 0.5.

multipoles of the single-particle distribution function as

1 o
T /0 dko kg R (5.18)
Thus, the rescaled moments (4.27) are given by
1 ~ n1 7 (0)

In Chapter 4, we showed that the (rescaled) irreducible moments ., , satisfy a set of
differential equations (4.28), which couple the moments of different ranks, encoded in the
parameter ¢, but not different values of n — a consequence of the assumption of massless particles
combined with the relaxation time approximation. In particular, provided a truncation in rank, i.e.,
a value of /., for which x,, , = 0 for £ > /.., we can systematically calculate the dynamics of
any irreducible moment using the appropriate numerical scheme, even though the single-particle
distribution function is completely unknown. We further showed that these solutions converge as
the chosen truncation is increased. In practice, we choose the truncation by including enough

equations in the system until the solutions stop displaying appreciable changes.

In the present chapter, we showed how the irreducible moments can be employed in the
reconstruction of the single-particle distribution function. However, even though the solutions for
the moments themselves converge, the moment expansion is divergent and must be consistently
resummed. In Fig. 16, the Borel-Padé resummation procedure was shown to yield results for
the nonequilibrium multipoles of the single-particle distribution function that are marginally
affected by increasing the truncation, thus corresponding to a well-behaved, convergent result.

The goal of this subsection is to provide further scrutiny to this affirmation.

In Fig. 17, we compare the rescaled irreducible moments X, 9, X»,1 and x, 2 as function

of the rescaled proper time, for several values of n considering 7, = 0.5, calculated from
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Eqgs. (4.28) (colored lines) and from the direct integration of the multipoles resummed using a
Borel-Padé algorithm, as given by Eq. (5.19) (circles) for 7 = 1,2, 5, 10. We remark that this
provides a reliable consistency check for the resummation techniques implemented here since it
confronts these results with those where the solutions have been extensively studied and are well
in control [75-79]. It can readily be seen that the integration of the resummed multipoles yields

results that are in fairly good agreement with the exact solutions obtained from the differential

equations.
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Figure 17 — Reconstruction of the rescaled moments from the resummation of the multipoles of
the single-particle distribution function for 7 = 0.5.

5.3 Nonequilibrium effects in conformal systems

So far, we have shown that, in order to obtain convergent results for the moment expansion
of the single-particle distribution function for massless particles in Bjorken flow is necessary to
employ a Borel-Padé resummation algorithm. However, in order to actually solve the Boltzmann
equation, it is still necessary to reconstruct the single-particle distribution function from its
resummed multipoles, cf. Eq. (5.3). This procedure involves summing multipoles at all ranks
up to a given truncation. Before proceeding to this computation, it is crucial to understand how

exactly different multipoles contribute to the moment expansion.

In this context, we first compare the exact solutions for the multipoles with traditional
approximations that are expected to be valid in the fluid-dynamical limit: the first-order Chapman-
Enskog solution [59] and the 14-moment approximation [42]. In particular, fluid dynamics
implies a coarse-graining of the, in principle, infinite degrees of freedom contained in the

moment expansion. In general, such solutions imply in the following expressions for the single-
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particle distribution function

f1i4 moment = fOk |:1 Wﬂyk<‘uk’y>:| 5 (5.20)

1
(0 1 By

]SE = fOk |:1 + TR]{%O-HV]{;(;LkV)} . (521)

In Bjorken flow, these truncations can be expressed as

1
11<4 moment __ fOk |:1 + mk%Pg(COS @)X271:| , (522)
CE 27R
S = Jox [1 + ﬁk’oPg(cos @)} . (5.23)

Since both of these hydrodynamic solutions only contain the / = 1 multipole of the single-
particle distribution function, we initially restrict our comparison to this case. In Fig. 18, we
plot }'19) as a function of 5 F) considering 7y = 0.5. We observe that the 14-moment approxima-
tion, traditionally employed in fluid-dynamical models of heavy-ion collisions, is not in good
agreement with the exact solution for ]-"1({1). On the other hand, the first-order Chapman-Enskog
solution is in better agreement with the exact solution, in particular at late times. In Fig. 16
we can also see that, at early times, the ¢ = 0 and ¢ = 2 multipole components, which should
vanish in the fluid-dynamical limit, are comparable in magnitude to the ¢/ = 1 component. This
further indicates a significant deviation of the solution of the Boltzmann equation from the

fluid-dynamical limit. We have explicitly shown that the 14-moment approximation does not
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Figure 18 — Comparison of the exact and hydrodynamic solutions with the Chapman-Enskog
limit of .7-'19) as functions of SEy for 7 = 1,5, 10 considering 75 = 0.5.

provide a quantitatively accurate description of the exact solution for the first multipole of the

single-particle distribution function.

For the sake of illustration, in Fig. 19 we compare the nonequilibrium terms of the
first three (resummed) multipoles of the single-particle distribution function for different times,

namely 7 = 0.05,0.5, 1, and considering 7, = 0.5. We observe that the scalar multipole
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dominates at small values of SFEy and later becomes subleading as compared to the others.
Furthermore, the first multipole dominates at 5 F) ~ 1 and remains being the dominant term of
the expansion throughout the entire evolution in this range of energy values. In particular, this

pattern remains considerably unchanged for the different times considered here.
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Figure 19 — Dominance of the first three resummed multipoles of fi for 7 = 0.05, 0.5, 1, consi-
dering 7y = 0.5.

A longitudinal expansion drives conformal systems into a nonequilibrium state whose
evolution cannot be accurately captured by a fluid-dynamical description. In particular, we
remark that, for a gas of massless particles in which the bulk viscosity is zero, the conserved
currents N* and 7" do not depend on the scalar multipole F, (0), and thus this term is referred
to as a nonhydrodynamic current. We have shown that the scalar multipole dominates over all
others at small values of energy over temperature, and shall provide non-negligible contributions
to the reconstruction of the single-particle distribution function. Moreover, these nonhydrody-
namic, nonequilibrium effects might have relevant implications in the calculations of different

observables in heavy-ion collisions.

The energy-momentum tensor of a massless gas in Bjorken flow is given by T+ =
diag(e, P+ /2, P+ 7/2, P — ), where the energy density is determined by Landau matching
conditions. That is, the fluid-dynamical degrees of freedom reduce to the energy density € and
the scalar 7 associated with the shear-stress tensor, which are defined in terms of the irreducible
moments respectively as € = g, 9 and 1 = —3p,; /2. In Fig. 20, we compare the fluid-dynamical
(blue lines) and exact (red lines) solutions for the rescaled shear-stress scalar as function of
the rescaled proper time, considering 7y = 0.05, 0.5, 1. The hydrodynamic solution is obtained
by truncating the moment equations (4.28) at /,,,, = 1, thus disregarding the dynamics of
any degrees of freedom that do not appear in Eq. (5.20). In order to obtain the so-called exact
solution, on the other hand, we impose a sufficiently large number of degrees of freedom in the
hierarchy of moment equations, in this case taking ¢,,,x = 20. In particular, further increasing

this truncation barely affects the solution for 7, such that this solution can be in fact regarded as
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exact. We observe that the two solutions are in good agreement, especially for larger values of
the initial rescaled proper time, that is, when considering less dissipative systems. Hence, the
energy-momentum tensor of a longitudinally expanding conformal gas is fairly well described

by fluid dynamics, even though such a system is not in an equilibrium state, as shown previously.
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Figure 20 — Exact and hydrodynamic solutions for the rescaled shear-stress 7/(cy + ) as
function of the proper time for 7y = 0.05, 0.5, 1.

5.4 Hybrid solution of the Boltzmann equation

So far, this chapter has been dedicated to solve the Boltzmann equation in Bjorken
flow by reconstructing the single-particle distribution function from its moments. We have
shown that the moment expansion diverges and thus must be appropriately resummed, leading
to physically meaningful results. Nevertheless, we remark that, in Bjorken flow, the Boltzmann
equation assumes a rather simple form, as shown in Eq. (4.6), which we shall reproduce below

for convenience

1 1
Orf + — fi = — fox- (5.24)
TR TR
This ordinary differential equation admits exact analytical solutions, given by

T 1 / 7 . 7 1 7_// 1 7_/ 7_/
R O e e K K o b
(5.25)

with 7y being the initial time. In the above expression, the first term on the right-hand side
corresponds to the homogeneous solution of Eq. (5.24), whereas the second term is the particular

solution. In addition, we remark that

Jou(7") = exp {a(f’) —~ kO(T,)] . (5.26)
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We note that the energy of the particle at time 7’ can be expressed in terms of the energy

at a time 7 in the following way,

ko(t") = ko(T )\/1 + cos? © <T—2 - 1) (5.27)

Therefore, we may express the single-particle distribution function as a function of kq(7) and
cos O(T),

Jx(T, ko, cos ©) = fi(10) exp [—/ TR(lr/)dT,} —|—/ dT,TR(lT’) exp [— // ﬁdﬂ/}

X exp [a(r’) - Tl(fi 7 \/1 +cos20 (—2 - 1)] (5.28)

In particular, for a constant relaxation time and assuming equilibrium initial conditions, this

expression assumes a rather simpler form
k 72 B

o) -3l 1 oo (2 1) |

(5.29)

T

1 -~
+— dr’ exp [—T T

TR TR

] exp

In order to obtain an exact solution for the single-particle distribution function, it is still
necessary to input expressions for the thermal potential and temperature. Here, these quantities
are determined from the hierarchy of moment equations (4.28) coupled with the dynamics of the
aforementioned thermodynamical variables, Eqgs. (4.30) and (4.31) — we shall refer to this as a

hybrid solution. Assuming a constant relaxation time, this system of equations reduce simply to

X0l | e — 00+ P 4 0, X LR et 200=1) 0 (530)
dr T T 37
do 2
@22 (5.31)
dT T
il T
(14 2y0) =0, (5.32)

dr ' 31
where the coefficients P, Q and R have been introduced in Egs. (4.26).

These results are then plugged in Eq. (5.29), thus leading to a semi-analytical solution for
the Boltzmann equation. In particular, in this approach, the single-particle distribution function
is computed directly from the Boltzmann equation and does not rely on a reconstruction using
its moments, thus not requiring any resummation techniques. We remark that the scope of
such approach is strictly limited to the relaxation approximation in Bjorken flow, where the
Boltzmann equation reduces to an ordinary differential equation that admits these rather simple
solutions. Nevertheless, these solutions will be used as a validation for the results obtained from

the resummation schemes thoroughly discussed in previous sections.
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In Fig. 21, we compare the first three multipoles of the single-particle distribution
function computed from the moment expansion with the Borel-Padé resummation algorithm and
via the hybrid solution, Eq. (5.29), considering 7, = 0.5 and 7 = 2, for a constant relaxation
time, 7z = 1. We observe that both solutions display a significant agreement, especially for
larger values of energy. This leads us to conclude that the resummation techniques applied for
the moment expansion in this chapter are indeed correct and consistent with the semi-analytical

solution of the Boltzmann equation.
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Figure 21 — Multipoles of the single-particle distribution function calculated from the hybrid
solution (red lines) and Borel-Padé resummation scheme (blue lines), considering
7o = 0.5 and 7 = 2, for a constant relaxation time, 7 = 1.

5.5 Discussion

In this Chapter we have shown that, in contrast to the usual assumption made in the
field, the moment expansion diverges. We then demonstrated how it can be resummed, via a
Borel-Padé scheme. We later compared our resummed expressions with hybrid solutions of the
Boltzmann equation and verified that the resummation scheme worked well. Once the momentum
distribution functions were reconstructed, we managed to demonstrate that, even though the
energy-momentum tensor is well described by second-order hydrodynamics, the system is not
close to local equilibrium. The traditional 14-momentum approximation fails dramatically in
describing the momentum distribution of an ultrarelativistic gas undergoing Bjorken flow. This
may have repercussions in heavy ion collisions, where the 14-moment approximation is often
used to approximate the momentum distribution of partons at the early stages of the collision, in

order to calculate the energy loss of heavy quarks [156] and thermal photon production [148,157].



125

6 Conclusions and outlook

In this thesis, we have thoroughly investigated the derivation of several different formu-
lations of relativistic fluid dynamics. We started considering phenomenological derivations, in
which a non-equilibrium entropy 4-current is constructed including all possible combinations
involving the dissipative currents up to a given order. The fluid-dynamical equations are then
obtained from the requirement of non-negativity of the entropy production. Eckart [36] and
Landau [37], independently, were the first to develop relativistic theories of dissipative fluid
dynamics. In their works, the non-equilibrium entropy 4-current involves terms up to first order
in the dissipative currents and yield the so-called relativistic Navier-Stokes theory, thus being re-
ferred to as a first-order theory. In particular, the Navier-Stokes equations describe the dissipative
currents as gradients of the traditional fluid-dynamical variables, namely 4-velocity, temperature

and chemical potential.

However, even though its derivation is grounded entirely on conservation laws and on
the second law of thermodynamics, Navier-Stokes theory suffers from mathematical pathologies
that forbid it to be employed for practical purposes. As a matter of fact, even the smallest
gradients of hydrodynamic variables yield an instant response from the system in the form
of dissipative currents — that is, signals travel with infinite speed, thus violating the causality
principle. In particular, the acausal behavior of the Navier-Stokes equations, which can be traced
to its parabolic character, leads to instabilities in the system [38]. Therefore, Navier-Stokes

theory is unsuitable to describe realistic fluids and one must resort to alternative descriptions.

In order to obtain a fluid-dynamical theory that does not display the aforementioned
unphysical features of Navier-Stokes theory, Israel and Stewart proposed an extension of Eckart
and Landau’s work [40]. For this purpose, they considered a non-equilibrium entropy 4-current
that also includes all possible terms of second order in the dissipative currents, thus leading
to a second-order theory. Analogously, the Israel-Stewart equations are then obtained requi-
ring the entropy production is non-negative. Unlike in Navier-Stokes theory, Israel-Stewart
equations describe the dissipative currents as independent degrees of freedom, satisfying their
own relaxation equations, which are coupled to the conservation laws. In fact, the inclusion of
second-order terms in the entropy 4-current naturally lead to the occurrence of relaxation times,
which are essential for the theory’s causality. In this case, gradients of hydrodynamic variables
do not generate an instant response from the system, but it rather takes a finite time — given by
the aforementioned relaxation times — for the dissipative to appear. In particular, when these

timescales are set to zero, one immediately recovers Navier-Stokes theory.

There are two fundamental requirements a fluid-dynamical theory must satisfy in order

to be applicable to describe realistic systems, namely linear causality and stability. The first
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dictates that perturbations in a system must propagate subluminally, whereas the second imposes
that such perturbations must be exponentially damped with time. It has been extensively shown
that these properties are intrinsically connected, i.e., one cannot exist without the other. As a
matter of fact, linear causality implies linear stability [158], as well as causality is guaranteed by
thermodynamic stability [159, 160]. Nevertheless, these properties are not necessarily satisfied
and it is therefore crucial to verify whether this is the case. In order to investigate the linear
causality and stability of a theory, we consider a fluid initially in a global equilibrium state and
then perform small perturbations around such a state. The fluid-dynamical equations are then
linearized, with terms of second order (or higher) in perturbations being identically disregarded.
A linear causality and stability analysis then consists in computing the dispersion relations
and constraining the transport coefficients of the theory in order for the modes to satisfy the
aforementioned properties. We have performed this task for different formulations, namely
Navier-Stokes, Israel-Stewart and third-order fluid dynamics. We have shown that Navier-Stokes
theory is linearly acausal and unstable for perturbations on a moving fluid, whereas the other
formulations can be linearly causal and stable as long as the transport coefficients satisfy certain

constraints.

Phenomenological approaches from the second law of thermodynamics are by no means
the unique form to derive fluid-dynamical theories. In fact, we also focused in understanding
how fluid-dynamical formulations emerge from an underlying microscopic theory, in particular
in the context of the Boltzmann equation. The Boltzmann equation describes the dynamics of the
momentum distribution in a dilute gas (encoded in the single-particle distribution function) as a
consequence of binary collisions between the particles. We have carried a careful and thorough
derivation of the Boltzmann equation from collisional arguments. In particular, the so-called
collision term contains rather complicated momentum integrals of the cross sections involved
in the interactions. In fact, analytical computations of the collision term are only known for a
handful of cases [143]. Therefore, obtaining exact solutions for the Boltzmann equation is often

a fairly convoluted task and thus it is often necessary to resort to approximate methods.

The most widespread approach to solve the Boltzmann equation is the Chapman-Enskog
method [61]. It consists in expanding the single-particle distribution function in powers of a
book-keeping parameter, €, that corresponds to powers of gradients of fluid-dynamical fields.
The Boltzmann equation is then solved order by order in such parameter, which is later set
to unity and one obtains a solution for the original problem. Therefore, in this approach, the
Boltzmann equation is replaced by a perturbative problem. A truncation of the Chapman-Enskog
expansion in zeroth order in € leads to the usual Euler equations of ideal fluid dynamics. On the
other hand, a first order truncation yields the Navier-Stokes equations. Furthermore, truncations
in second order and beyond lead to Burnett and super-Burnett equations, which are unstable also
in the nonrelativistic regime. Therefore, we conclude that the Chapman-Enskog method leads to
fluid-dynamical theories that cannot be employed for practical applications, and thus one must

resort to different approaches to pursue a microscopic derivation of fluid dynamics from the
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Boltzmann equation.

An alternative approach to solve the Boltzmann equation was introduced by Grad [63] in
the context of nonrelativistic gases. The so-called method of moments consists in expanding the
single-particle distribution function in terms of its moments using a basis of generalized Hermite
polynomials [41]. The problem of solving an integro-differential equation for the distribution
function is then converted into solving a set of coupled partial differential equations for its
moments. The first relativistic generalization of Grad’s work was put forward by Israel and
Stewart [42], introducing an expansion of the distribution function in a basis of 4-momenta,
1, k* kFEY, - - -. Since this is not an orthogonal basis, obtaining the expansion coefficients is no
trivial task. In this context, in Ref. [2], the authors proposed an expansion using a basis of irredu-
cible momenta 1, k® k¥ ... Unlike the basis used by Israel and Stewart, the irreducible
momenta form a complete and orthogonal basis [60], and thus the expansion coefficients can be
exactly obtained. Then, the single-particle distribution function can be reconstructed from its

moments.

The irreducible moments of the single-particle distribution function satisfy an infinite
hierarchy of coupled partial differential equations, with moments of a given rank always being
coupled with those of higher and lower ranks. In order to obtain a fluid-dynamical picture of
the system, it is then necessary to truncate the moment expansion of the distribution function,
hence describing the system’s dynamics using a reduced — and, in particular, finite — number
of degrees of freedom. In traditional formulations of transient fluid dynamics, such a coarse-
graining procedure is performed by expressing the distribution function solely in terms of the
14 independent fields that appear in the conserved currents. This implies in including in the
hierarchy of moment equations only moments of rank O, 1 and 2. This leads to fluid-dynamical
equations that are up to second order in gradients, thus being regarded as second-order theories.
Overall, the method of moments is a truncation in degrees of freedom rather than in a small

parameter, as is the case of the Chapman-Enskog expansion.

Notwithstanding, one can go further and also include additional non-hydrodynamic
degrees of freedom — i.e., that do not feature the conserved currents — in the moment expansion.
We have shown that, in order to obtain a third-order theory of fluid dynamics, it is necessary
to account for the dynamics of moments of rank 3 and 4 [72], which leads to a total of 30
independent degrees of freedom. In particular, the third-order terms appear in the equations of
motion as corrections to the traditional Israel-Stewart-like theories — setting these contributions
to zero, one immediately recovers the aforementioned traditional theories. The causality and
stability of this theory have been carefully analyzed, and we conclude that the third-order currents
must satisfy relaxation equations themselves. We remark that the linear causality and stability

conditions derived for this formulation encompass those obtained for Israel-Stewart theory [50].

Obtaining analytical solutions the hierarchy of coupled partial differential equations

for the irreducible moments is, in general, not possible. Numerical solutions involve complex
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computations and thus are also rather convoluted. We thus investigate the solutions for the third-
order theory within a highly symmetric flow configuration, called Bjorken flow [103]. In this
flow profile, the system is assumed to be invariant under boost along the longitudinal direction,
as well as homogeneous and isotropic in the transverse plane. This dramatically simplifies the
fluid-dynamical equations, since all quantities depend solely on the proper time. Furthermore,
all dynamics of tensors are now contained in scalar variables, so the otherwise convoluted
differential equations for tensor variables reduce to simple ordinary differential equations for
scalars, which admit semi-analytical solutions. We then analyzed the novel third-order theory
under these simplifications, and observed that it provides a good agreement with exact and

numerical solutions for the Boltzmann equation.

In order to obtain exact solutions for the Boltzmann equation from the method of
moments, one must include an infinite number of moments in the expansion. Naturally, this is
unfeasible in practice and the moment expansion must be necessarily truncated at some point.
In particular, this requires the computation of the equations of motion for moments lying far
beyond the hydrodynamic truncation. However, until recently, these equations were known only
up to rank 4 [2,72]. In this context, we have derived a general differential equation of motion
for irreducible moments of arbitrary rank [83], from which the previously known results can be
straightforwardly recovered. These equations were then solved assuming Bjorken flow, and we
observe that, as we include more moments in the hierarchy of equations, the solutions converge.
That is, as the dimension of the set of coupled equations is increased, solutions become less
sensitive to the inclusion of additional degrees of freedom. In particular, we observe that we
obtain a fairly good agreement with numerical solutions of the Boltzmann equation even with a

considerably small number of moments in the moment expansion.

The final step was to combine the dynamics of the irreducible moments to reconstruct
the single-particle distribution function, thus actually solving the Boltzmann equation. So far,
the moment expansion has always been assumed to converge, and, in fact, never investigated
further beyond the hydrodynamic truncations. We have shown, considering Bjorken flow, that
the moment expansion is, in fact, divergent, and this can only be seen when a sufficiently large
number of terms in included in the moment expansion [84]. This divergence was shown both
numerically and analytically, cf. Appendix F. In order to obtain physically meaningful results, it
is thus necessary to employ resummation schemes. We then computed the moment expansion
implementing a Borel-Padé resummation algorithm and obtained a well-behaved, convergent
series. In particular, when comparing the exact resummed solutions for the multipoles with
traditional fluid-dynamical approximations, we concluded that the 14-moment approximation
does not provide a quantitatively accurate description of the exact solution for the first multipole
of the single-particle distribution function. That is, the nonequilibrium dynamics of longitudinally
expanding massless gases in Bjorken flow is not quantitatively well described by fluid dynamics.
Furthermore, we observed that nonhydrodynamic effects, that arise from contributions that do

not feature the conserved currents, are dominant for small values of energy and might impact the
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computation of different observables in heavy-ion collisions, e.g. photon emission spectra [148]

and transport of heavy quarks [156].

In Bjorken flow, the Boltzmann equation takes a rather simple form and admits exact
analytical solutions. The single-particle distribution can be computed without relying on a
reconstruction from its moments and thus does not rely on any resummation techniques. We
then compute the temperature and thermal potential by solving the moment equations coupled
with differential equations for the aforementioned thermodynamic variables, which are then used
to obtain the distribution function — this approach is referred to as the hybrid solution. For the
sake of simplicity, we consider a case of constant relaxation time. We observed that the results
are in good agreement with those obtained from the moment expansion using a Borel-Padé
resummation algorithm, thus serving as convincing validation of the method developed in this

thesis.

The failure of the moment expansion as an approximation for the single-particle distri-
bution may have severe consequences for the method of moments. These consequences were
not explored in this thesis, but will be certainly developed in future works. The main challenge
is how to re-derive the moment equations for an arbitrary interaction (not the relaxation time
approximation used in this thesis) without resorting to a moment expansion. Or even how to
insert the Borel-Padé resummation scheme developed here into the moment equations derived
to solve the Boltzmann equation. This may have consequences to the theoretical description
of certain observables in heavy ion collisions, which depend significantly on the 14-moment
approximation. For instance the production of thermal photons [148] or the energy loss of heavy
quarks [156].






131

APPENDIX A - Properties of the

linearized collision operator

In this section, we investigate a few properties of the linearized collision operator, defined

as
fOki[ﬁbk] = %/dK/deP,Wkk’(—)pp’fOkak’fOpfOp’ (Pp + bpr — Ok — D1r) - (A.1)
We first show this is a self-adjoint operator, that is,
/dKfOkaz[¢k] = /dKfOk¢kf/[90k]- (A.2)
Then,

/dKfOkSOki/[¢k] = % /deK/deP/Wkk’pr’fOkak’fOpfOp’SOk (¢p + Ppr — Pk — D) -
(A.3)
For the sake of illustration, let us work the first term inside parenthesis on the right-hand side of
the above equation. Exchanging the incoming and outgoing momenta k <> p and k' <> p/, we

obtain a different form of the same integral,

1 ~ ~
5/deK/dePIWkk’pr’fOkak’fOpfOp’SOk(bp
1 ~ ~
= 5 /deK,deP,pr/Hkk’fOpfOp’fOkak/SOquk
1 ~ ~
= 5/deK'deP'Wkk'pr'fOkak/fopfOp’SOp%, (A.4)

where we have employed the detailed balance relation, Eq. (2.69), as well as the parity and
time-reversal symmetry of the transition rate, Wi oppy = Wpp k. An analogous reasoning

can be employed to work the remaining terms, further leading to

~ 1 -~
/dKfOkSOkL[Gbk} = 5/deK,dePkak’(—mp’fOkak’fOpfOp’Qbk (Yp + Ypr — Yk — Y1)
= /dKfOkakﬁ[SOk], (A.5)

thus completing the proof of the self-adjointness of the linearized collision operator.
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APPENDIX B - Third-order transport

coefficients

In the derivation of the equations of motion of the theory, in Sec. 3.3.2, we have introduced

several transport coefficients.

First, in Eq. (3.45), we have defined

where hg = (¢9 + Fpy)/no. Then, in Eq. (3.46) we introduced

7o = lg,

1
don = —3™ (m*y%, +5),

6
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Finally, in Eq. (3.47), we have

To = g, (B.12)
1

do0 = —3To (v&ym® +6), (B.13)
4

Too = —717T0 (27,m* +9), (B.14)
4

lon = —5Te (m*y2 =), (B.15)
4

lor = =570 (vTym* +Tm? — 847) (B.16)

4 ol oS ootk o9
oo = —— 2 Lypt =) — (2 4t B.17
on 979 {m ( Jag + hg B0 By + hy B ) ( )
ﬁO 28791 87?
= —d7e |3 — = 2 B.18

The remaining transport coefficients that were not explicitly defined here can be found in
Ref. [2].

In the massless and classical limits, the transport coefficients listed above reduce to

T = ——7 Tﬂ_ = —7 = — —T y n _— —7 T = — —Tx 5 = — T 3
Q 98 Q 7 Q0 3 0, tQ 753 QQ 3 Qs 7o on Q
9 T BoTa 92 BoTa
Aar = === Age = — o, Tar = ———TaNo, Toe = , o0 = —270,  (B.19
Q 125, % TR 14 TaMo; Tae 9 00 To (B.19)
i 36 i 327’@ / 647’@ A 8 TO 2567’@
= — — T = — T = —5 = —=—, T = — s
006 11 0, Lo 950 , YO g S19} 950 [S19} 950

where we have used that by = 4/ .
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APPENDIX C
— Denicol-Niemi-Molnar-Rischke (DNMR)

approach

In the fluid-dynamical limit, the system can be described solely by the conserved currents
N*# and T"". In the context of kinetic theory, the applicability of fluid dynamics relies on the
separation between microscopic and macroscopic scales. This is quantified by the Knudsen
number,

Kn — % <1 C.1)

where )\ denotes a microscopic length scale (for gases, it is usually taken to the mean free
path [60]), whereas L corresponds to a macroscopic scale — a typical scale over which the

primary fluid-dynamical variables vary.

Furthermore, fluid dynamics is expected to be valid whenever the system is sufficiently
close to a local equilibrium state, i.e., 0 f < fok. In this context, it is useful to introduce the
inverse Reynolds number, defined as ratios between a given dissipative current and the associated

equilibrium quantity with same dimension,

I I T

II
Rey' = 11 Re,” = —,

— —. C2

P 0 ’ Un eﬂ— P 0 ( )
Therefore, the Knudsen and inverse Reynolds numbers quantify the proximity of the system
to the fluid-dynamical limit [58]. In this subsection, we shall outline the DNMR procedure to
reduce the hierarchy of moment equations to a set of macroscopic equations neglecting terms of

third order (or higher) in Knudsen and inverse Reynolds numbers.

The starting point is to rewrite the linearized generalized collision term from Eqs. (2.74)

and (3.25), and use the moment expansion for ¢y, given in Eq. (3.13), leading to

N
i) — _ Z AW ppaim 1 higher order terms, (C.3)
n=0

where A is the (rn) element of a (N, + 1) x (N, + 1) matrix A%®) which contains all the
information of the underlying microscopic theory [2], defined as (see Appendix A of Ref. [2] for
details)

1
0 _ -
A = 360 10)

4 L ¢ L
< (M Ry + H G, Ky = HDp - Py = HoyDlp =Py ) - (C4)

/deKldeP/ Wi esp for forc fop fopr By R - - - kM)
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The DNMR approach consists in diagonalizing the matrix A“) in order to find the
eigenvectors that correspond to the smallest eigenvalues. These eigenvalues are referred to as the
slowest eigenmodes. It is necessary to take the smallest eigenvalue of A since the relaxation
times 7 appearing in the moment equations are related to the inverse of A“). Therefore, the
smallest eigenvalue yields the longest relaxation time [161]. The fluid-dynamical behavior is then
expected to emerge when the microscopic degrees of freedom are integrated out and the system
can be described entirely by the conserved currents. For the aforementioned diagonalization

procedure, following Ref. [2], we introduce the matrix Q(), which diagonalizes A,

(@1 40O = diag <X§f>, o ) , (C.5)
where Xz@ are the eigenvalues of A}, Without loss of generality, we order these eigenvalues
such that

X< for i =0,1,2,---. (C.6)
Moreover, we introduce the tensors
Ny
xpre =N (@) e, ()
j=0

which can be identified as the eigenmodes of the linearized Boltzmann equation.

Multiplying the linearized irreducible collision term (C.3) by (271)!,
N
Z (Q_l)g) Cﬁ’ill"'“") = —Xl(.é)Xi‘“'"“" + higher order terms, (C.8)

j=0

where the repeated indices on the right-hand side of the above equations do not imply a sum.

The next step is to multiply the equations for the irreducible moments of ranks 0, 1 and 2
[Egs. (3.16)—(3.18)] by (Q_l)@ and sum over r. Then, using Eqgs. (C.7) and (C.8), the dominant

r

terms can be identified as

X+ X0 =0+, (C.9)
Xi(w + Xz(l)XzH — ﬁi(l)V“Oz 4+ (C.9b)
Xz'<W> + XE’Q)X{W _ Bi(?)a/w R (C.9¢)
where we have defined
No
51'(0) _ Z (Q—l)g)) Oé§0)’ (C.10a)
=0
(#1,2)
N1
(1
Bi(l) _ (Q 1)Ej) 04;1), (C.10b)
§=0
(#1)
Na
pY =23 ()P ol (C.10¢)
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The ellipsis in Eq. (C.9) denote nonlinear terms in 0 f, stemming from Eq. (C.8), as well as to
higher order terms appearing in the right-hand side of the moment equations (3.16)—(3.18), i.e.,
eigenmodes multiplied by gradients or gradients of eigenmodes. Furthermore, at sufficiently late
times, the nonlinear terms in Eq. (C.9) are expected to be negligible, in which case the tensors
X[ relax exponentially to the values on the right-hand side of Egs. (C.9) divided by the

)

corresponding XZ(Z . These asymptotic solutions are hereon referred to as Navier-Stokes values.

In the limit of vanishing relaxation time, i.e., Xz@ — 00, while the ratio ,62-(6) / Xz@ is kept
fixed, all irreducible moments p#**#¢ become proportional to gradients of «y, By and u*. This

corresponds to the Navier-Stokes equations,

5"

XT202W6+ y (Clla)
Xr
B(l)

Xffzo ~ %V“a 4+ (C.11b)
5(2)

XMy~ =0t 4 (C.11c)

(2)

r

We note that these terms are of first order in Knudsen number since 6, V#«a and o* are all of

order ~ 1/L, whereas Xﬁi) ~ A\

At this point, we assume that only the slowest modes (those corresponding to the smallest
eigenvalues and hence relaxing within a larger timescale) of each rank up to 2! remain in the

transient and satisfy the following

Xo+x0Xy = 800 + ..., (C.12a)
X+ X" xE = gV (C.120)
Xéw) + XéQ)Xéw — ﬁéz)alﬂ’ e (C.12¢)

while all other modes X,, X* and X' for r > 0 are approximated by their asymptotic values
(C.11).

In the moment equations (3.16)-(3.20), the dynamics of the usual dissipative currents,
namely II, n* and 7, are coupled to moments that do not appear in the conservation laws.
Nonetheless, Egs. (C.11) enable us to approximate such moments in terms of the dissipative
currents up to a first order in Knudsen number. In this case, we obtain a closed set of coupled

differential equations in terms solely of the traditional fluid-dynamical variables. It is convenient

' Moments of rank higher than 2 are at least of second order in Knudsen and inverse Reynolds numbers. In

particular, since these terms appear in the moment equations either being differentiated or contracted with other
moments, they provide contributions of
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to rewrite Egs. (C.11) as, for r,n > 0,

©) 50)
L X (C.13a)
50) /BT(LO)
1) H1)
Xﬁ:%ﬂzl)){f;jt---, (C.13b)
Xr Bn
(2) 5(2)
X %5’“2) XB g (C.13c)
Xr B

We then take n = 3,2, 1 for the scalar, vector and tensor moments, respectively. This choice
implies the inclusion of 3 scalar moments, 2 vector moments and 1 tensor moment. In this case,

we obtain equations that involve solely the 14 quantities appearing in the conservation laws.

Hence,
(0) (0)
X, ~ Xi(”)ﬂ’g)x NI (C.14a)
Xr ﬂ3
(1) (D)
Xﬁ:Xf 52)X“+---, (C.14b)
Xr 52
(2) 5
[ ; X (C.14c)
2)
7‘ /81
Inverting Eq. (C.7),
Ny
ploie =N Qi X (C.15)
7=0
Then, from Eq. (C.14), we obtain
No 5(0)
= QR Xo+ ) QP L0+ = QY X + O(Kn), (C.16a)
=3 Xj
o= P Xl + Z Q! ”5 SV a4 = Q)X + O(Kn), (C.16b)
7=2
No (2) )
P =Qf X””+ZQ (2) oo 4 = QP X 1+ O(Kn). (C.16¢)

The primary fluid-dynamical currents are identified as moments of the single-particle distribution

function, as depicted in Eq. (2.43). In particular, the dissipative currents are defined as

3
po=——l, py=n" pp" =" (C.17)
m
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Then, taking » = 0 in Egs. (C.16) and Qé%) =1,

3 (0) No B('O)
Xo= 51— 25N o) e x, (C.18a)
m By j=3 X
X(l) Ny (1)6(‘1)
Xh=nt— ﬁ QO %X“ (C.18b)
2 j=2
(2) N2 (2)
XMW — b % Y P )i XL (C.18¢)
1 =1 j
Substituting Egs. (C.18) into (C.16), we have
m? o X2 (3 (©) (0)
=P QO A8 6(0) —5Gi = Qg G ) Xs = =TT+ O(Kn), (C.19a)
(1)
= QW ¢ % (ni - QZ%)FLO> Xt = 00n" + O(Kn), (C.19b)
&)
P = Qe + E?m (= 2w Xt = Q7 + O(Kn). (C.19¢)

In deriving these equations, we have introduced the following transport coefficients

NO N2

Gi= % Z APl Z D D A CE
§=0 j=0
F12 () ’

where
al 1 )
() _ () -1
T = Z U5 ( )kj . (C.21)
k=0 Xk

We remark that for £ = 0, the terms k£ = 1, 2 must be excluded from the sum, whereas for £ = 1,

one must exclude the term k = 1.

Therefore, we have shown that, up to first order in Knudsen number, the irreducible
moments of the nonequilibrium distribution function can be expressed in terms of the dissipative
currents II, n* and 7. This could only be achieved by diagonalizing the matrix A“) and then
taking the slowest eigenmodes i.e., considering the moments that relax to their corresponding
Navier-Stokes values within the largest timescales. This procedure enables us to reduce the
number of variables of the hydrodynamic moment equations to the 14 quantities appearing in
the conserved quantities. In the traditional 14-moment approximation [40], the hydrodynamic
equations are obtained by truncating the moment expansion in such a way that only the primary
fluid-dynamical fields contribute to the expansion of the single-particle distribution function. In
the context of the DNMR approach, on the other hand, the moment expansion of the distribution
function is truncated in orders of the Knudsen and inverse Reynolds number. This procedure

requires a power counting scheme that shall be introduced in the following.
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We note that Egs. (C.19) for the irreducible moments p#**#¢ are valid only for positive
values of r. Nevertheless, we remark that moments with negative values of r appear in the
moment equations, even though such terms do not appear in the moment expansion. Hence, it
is also necessary to express those in terms of the dissipative currents, which can be performed
using the completeness of the basis of irreducible momenta, in particular from Egs. (3.6) and
(3.13). Thus,

P Z ST (C.22)
where we have defined the thermodynamic 1ntegrals
Vi
FO = — / dK E." Anpk®k? C.23
rn (2€+ ) fOkak an( ) ( )

It is then necessary to derive relations analogous to Egs. (C.19) for the moments p" "¢, Multi-
plying Eq. (C.15) by F Eq. (C.22) can be recast as

e

Ny
Pl — Z"T_;Ef) Z Q’Ef)X_;'“muZ' (C.24)
We then have

m © X3 (0) (0) (0)

Tp = =0l + 5 Z F ( — 0 go) X3 = O+ O(Kn),  (C.25a)
(#1 %)

P, =~AWnt 4+ X2 Z </{T - Q%)mo) X} =~WMnt + O(Kn), (C.25b)

(7&1

v X v nsg
P = D 12) Zf“ ( m)no) XM = A@g f O(Kn).  (C.25¢)

Furthermore, we remark that moments of rank higher than 3 are at least of second order in

Knudsen number.

After having also expressed the irreducible moments with negative powers of energy in
terms of the 14 hydrodynamic moments that appear in the moment expansion, we are finally
able to close the system of moment equations (3.16)-(3.18), effectively describing the system’s
dynamics using solely the aforementioned degrees of freedom. For this purpose, we diagonalize
the collision term by multiplying the moment equations by the corresponding quf), cf. Eq. (C.21),

and summing over 7. In particular, the generalized collision term (C.3) thus becomes
£
Z 70 Cf,‘fl"'“” = —pk1tm 4 higher order terms. (C.26)

Then, employing Eqgs. (3.22) to replace time derivatives of the hydrodynamic variables oy,

and u* in terms of space derivatives and further using Eq. (C.21) in the following form,
N,

1
o ral) = Q%W' (C.27)
J=0 Xm
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the moment equations can be expressed as

mll+1=—-C0+TJ+K+R, (C.28a)
T ot = g, 1M 4+ T" 4 KF + R, (C.28b)
T = 2ot T KM 4 R, (C.28¢)

The tensors J, J* and J* collect all terms of O(Kn Re™),

j = —énnv N — T1apM - F— 5HHH9 — )\Hnn i + )\HW’]TMVO'MV,
TH = 1w — Spunt™0 — Loy VPIL + £, AP + 1o IIFP — 1 0™ F, (C.29a)

— Aot + ANpnllI? — N1, (C.29b)
JH = 27r/<\“w”>)‘ — 5T — TN 0;\/> + A\ogllo™ — 7, n FY
+ 0, VY NI, (C.29¢)

where we have defined /# = V*qaq and F* = V*F,. Furthermore, the tensors /C, IC* and K

contain all terms of O(Kn?),

K= wuw” +(0,0" + 30+l - T+GF-F+ (Il -F+GV-I+G&V-F,
KM = k10" I, 4+ koo™ F, + k3I"0 + kaF*0 + ksw 1, + kAL, 0™ + k7 V0,  (C.30a)
K = w0 + ny00" + nso? ol 4+ oot (C.30b)
+ s I TV + g F P EFY) 4 I EY) 4 gV TV 4 gV FY) (C.30c)

Last, the tensors R, R* and R*” contain all terms of second order in inverse Reynolds number

R = o1ll* + on - n + pm (C.31a)
R! = pan, ™ + pslInt, (C.31b)
R = pellnt” + 9077T)\<M7TK> + @gn'tn?). (C.31¢)

Equations (C.28) depend only on the 14 hydrodynamic variables that appear in the
conserved currents and are commonly regarded as the DNMR equations of relativistic fluid
dynamics. We remark that non-hydrodynamic degrees of freedom, associated with tensors of
rank higher than two are at least of second order in Knudsen and inverse Reynolds numbers. In
particular, since these terms appear in the moment equations (3.16)-(3.18) either multiplied by
other irreducible moments or being differentiated, they yield third-order terms and are identically
disregarded in this derivation. Therefore, the resulting DNMR equations are a set of second-order

equations of fluid dynamics.
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APPENDIX D - Derivation of the
equation of motion for the irreducible

moments

In this appendix, we outline the details of the derivation of the equation of motion for the

irreducible moments of arbitrary rank, given in Eq. (4.4). The starting point is

e dET d dfy
(wape) — AP k| e Er L. e ErEw .. e )
Or v << dr > + < kdr ( ) + k dr

(D.1)
where we have employed the notation introduced in Ref. [2], (--+) = [dK(---)fx. In the
following, we compute each term in the right-hand side individually.

D.1 First term

The first term is

e [ QB 0 v
At <d_7-kk< 1ok e)> 7 (D.2)
where JE"
k _ rE{jlkW%, (D.3)
-

since the 4-momentum does not depend on spacetime. Furthermore, it is possible to replace k*
by its orthogonal projection with respect to the 4-velocity, k*, since the 4-acceleration of the

fluid is orthogonal to its 4-velocity, u,u* = 0. Therefore,

dby,
g < k., kw>> — TuWHAm--M <El7;_lk<'/1 L kl/z>k<w+1>> ) (D.4)
T

Vv d Vv

In order to obtain a result in terms of irreducible moments, it is necessary to compute the

irreducible decomposition of the term k1 - . - k¥ ke+1) First, we write

Lo v e — Avieve Ave plaa) | plee) (D.5)

QO Qg

Since the 4-momenta are all contracted with projection operators introduced in Eq. (3.3), we
have the freedom to replace all of them by their orthogonal projection with respect to the fluid

4-velocity. Then,

AL Ve AVet k<a1> c.. ]{;<C‘“f+1>

oo T oy

— AVI"'VZ AW“ k(al . ka£+1> _

(e REXIe7) Ozg+1 N[_A'_l 1

Qyp_—
Z AWQHIAW@ZHAE; e Ab’ffllkﬁl oo kP
P£+1Pé+1

(D.6)
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Here we make use of Eq. (3.3) to write the irreducible 4-momenta of rank ¢ 4 1, where only the
first two terms provide non-zero contributions. In fact, all terms involving two or more doubly
contravariant (and the same number of doubly covariant) rank 2 projection operators lead to

vanishing terms, since there is always a contraction of the type

AV ANCiQG 07 with 0 < (Z,]) < g, (D7)

TR

which is zero, given the traceless property of the projection operator, see Eq. (3.5).

Next, it is necessary to compute the number of non-vanishing permutations accounted
in the sums in Eq. (D.6). First, we look at the doubly contravariant projection operator. One
of its indices must necessarily be oy, regardless of the other, otherwise leading to zero
given Eq. (D.7). This index can be paired with ¢ other indices, which corresponds to a total
of ¢ combinations. Second, the doubly covariant projection operators are contracted with the
corresponding pair of 4-momenta, without restrictions to be imposed on these indices. In this

case, the number of different combinations is simply a permutation of ¢ + 1 elements taken in

(¢41)!
> 20(C—1)!

with one covariant and one contravariant index. For a given a covariant (contravariant) index,

pairs, i.e. . Last, the / — 1 remaining 4-momenta are contracted with projection operators
there are ¢ — 1 possible contravariant (covariant) indices it can be paired with. Naturally, a
different covariant (contravariant) index can now be paired with ¢ — 2 contravariant (covariant)
indices, and so on. Therefore, the number of permutations for these projectors is simply (¢ — 1)!,
thus leading to

k(l’l e kVe>k<Vz+1> — k(”l R kl’/z+1> /N M X (f _ 1)[ X MAZT:ZZ
21(¢ —1)! Net1a e
X Z AamulAﬂzﬂulAg; o Agjj R e
pLHIpL1 '
14
— oo pren) A AVLve NCevey len) || plae)
+ Kk 1
€ [N % Oyl (0% (07
= BB Mg AT AT ) (D)

which is exactly Eq. (4.5b) from the main text. Note that we are able to replace k(1) . . . f{ae-1)
by k(@1 ... k%-1) in the last equality since this term is contracted with A7y . Finally, plugging
this result in Eq. (D.4), we obtain

AV V; <—k k(ul .« . kl}é>> =r Q:u‘l :ué+lu' % (m‘z </,L] s lhp—1q <“] y7y) ) 4 >
aT (+1 j”? I é1—1 ér+ 9
(]: 'g)

where we have used Ay = m? — EZ.
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D.2 Second term

The second term on the right-hand side of Eq. (D.1) is

A <Eri (k. -w>>> = ape (A (B gy, (D)

vy de vy-Vp dr ap-oy

The task here is to calculate the time derivative of the 2/-index projection operator,

d

At ()
d [ C(,0) C(,1)
= A S DN A A S ST AR A, A AT
e dr Neo Pt “ o T Neq pipt 1 as ar

(D.11)

It can readily be seen that, except for the first term, there will always be contractions either of
the type given by Eq. (D.7), or

AP with 0 < § < L, (D.12)

viVg

which are identically zero since the projection operator is traceless and orthogonal to the fluid
4-velocity by construction. Therefore, the only non-vanishing contribution comes from the first
term. Analogously to the discussion developed in the previous subsection, the sums account
for ¢! possibilities to arrange the indices of the remaining projection operators. In particular, all
permutations lead to the same result when contracted with k%' - - - k*¢, this yielding a factor /.

Furthermore, since the covariant derivative of the metric is zero, we have

d
—AY = =4, — ut'u,, (D.13)
dr

and thus

1 d vy, 1 C<£7 0) d 141 v, 1 " vy Vy_

Aﬁll/j;% (Aoq---ofg) = Allllllll!j; NZ(] E Z Aal T AOLZZ = _gA!ljll/;L;u euaéAOél T Aaelfll'

’ PP
(D.14)
Using this result in Eq. (D.10), we obtain
r d v 1 T 1% 14 "
ApLL <EkE (k" k f>)> — (AR (B L)) e

— —fA“l'“lM <E17;+1k:<V1 L. kl/e>> vt
Zan”)
= Lot (D.15)

where we have used Eq. (4.52) to obtain the second equality, whose derivation is discussed in

Appendix E.
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D.3 Third term

The last term on the right-hand side of Eq. (D.1) is

dfi

I (D.16)

V1l

AP He / dKEf;kO’l ol feve)

At this point, it is convenient to decompose the 4-momentum in terms of its longitudinal
and transverse components with respect to the fluid 4-velocity as k* = u*FEy — k. Then,
from the Boltzmann equation, Eq. (2.18), it is possible to express the time derivative of the

single-particle distribution function as

d - _
% = B Clf) = BRIV e (D.17)
Therefore, Eq. (D.16) can be written as

dfi
dr

V1 lp

AL / dKEgkY - k)

— AMLH (/ dKEli—lk@ﬂ . kw)c’[f] _ /dKE£_1k<yl . kw)k(#wﬁvwﬂfk) . (D.18)

V1l

The first term on the right-hand side of this equation can be immediately identified as the

generalized collision term, see Eq. (3.25),

NZRYT: /dKE£_1k<V1 ... kVZ>C[f] = Cﬁ‘fl'"“d. (D.19)

Vi-Vyp
We now look at the last term term on the right-hand side of Eq. (D.18).

NI /dKEl,;_lk(m .. sz>k<Ve+1>VW+1 fi

V1V

— _AMH (VWH <El7{’—1]€(V1 . sz>k<Ve+1>> N <(VW+1E17;—1> AR kV£>k;(Ve+1>>

V1 lp V1 lUp

A+ AL (B, (R Rk ) ) (D.20)

In the following, we work each of these terms individually.

Part I
Using Eq. (D.8), the first term on the right-hand of Eq. (D.20) can be written as
— AN, <E{{_1k<”1 e k:”f>k;<”f’«+1>>
= =AY, <<E{;1k<”1 k) 4 %L;Aggj.‘ggmwl (Awacky k- k"“>>>
ALV 5 T AT (Mg K )
=~ AN Vi 5 - %#;V““ (m2ghi = o). (D21)
where we have used A7V, A%+ = () and AfL T (VoeAr v Z) = 0, since every term

carries contractions either of the type given by Eq. (D.7) or by Eq. (D.12).
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Part I1

We proceed to analyze the second term on the right-hand side of Eq. (D.20). First, we

note that

V.Ei = (r = 1)E2Y (Vo) .

Then, we use the relation

to write

Am N7

V1 lp

= (r — 1)AF e

V1V

r—1
_ 2 p1cphe
- (m Qr—2

3

The vorticity is contracted with a symmetric tensor, thus leading to zero. In order to express

the second term on the right-hand side of Eq. (D.24) in terms of irreducible moments, we

successively use Eq. (D.8),

_ Qﬁfl"w) 0+ (T _ 1)Au1--wz

1
Vo, = 0 + §AW9 + Wy

<(VW+1 E{;_l) k<V1 .. kV£>k<l/Z+1>>

<E17;_2]€<V1 L. kVe>k<Ve+1>k<V£+2

Vg

(D.22)

(D.23)
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(5 (B 2k k0 4+ (B2 o e f+2>>aw+1,,g+2)

')
0-V£+1 Vey2-

(D.24)
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Using Eq. (3.3), it is possible to write the term A# 7he AT gfife oo

¢ A AV 7 AYever (k<a1
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AR WAVI Vet Qﬁl Be 5£+1

vivg “Bet1 Oveia

— AMLHe C’(€ + 1, 0) Z Agl NG
g )

v1-Vp B£+1
-N’ZJrLO P5+17>§+1
Cl+1,1)
8\/’ Z AVevert A5£5£+1A,6’1 .. A;‘;ll + ... 951 5@0-5;111’ (D.26)
R

where the ellipsis denote all terms containing at least two covariant (and contravariant) projection

operators, which are identically zero since they involve contractions similar to Eq. (D.7).

We analyze each term inside square brackets separately, starting with the first. All
permutations containing the projector Agifl are identically zero, since the shear tensor is
traceless and orthogonal to the 4-velocity, and thus A;‘;“ affjj = 0. Therefore, in order to
account exclusively the non-vanishing terms, we calculate the number of total permutations and
exclude those that contain the aforementioned operator. Hence, the number of contributing terms

in the sum is simply

(0+ 1)1 — 0 = ¢0), (D.27)

Then, the first term inside square brackets reduces to

/li/’-l- 1, O Z A L W+1 ,31 Be 5P
z+1 Vo1
£+1,0 z+1pe+1
C/+1,0 y
- (./\[_'_ 7 ) x Lel x EH 52 ) AWA Hl Bl /BZUE;:
{+1,0
4 et1
v v ﬁ ~Be B8
€+ 1A52+1 52 A A + . eO—Vji_ll
14
— al/ln-Vg_lo.Vg‘ D.28
(+ 1° ¢ ( )

The next step is to compute the number of non-zero permutations in the second term in
square brackets. First, we note that the doubly contravariant projection operator must be A¥:"¢+1,
with 0 < ¢ < /¢, which accounts for ¢ different possibilities, otherwise leading to vanishing
terms analogous to Eq. (D.7). Similarly, the doubly covariant projection operator can only be of
the type Ag,3,,,, once again corresponding to ¢ different combinations. In particular, since the
indices (3,1 and v, ; were already used in constructing these projectors, there are no restrictions
to be imposed on the projectors with one covariant and one contravariant indices. Therefore,
the first contravariant (covariant) index can be paired with any of the remaining ¢ — 1 covariant

(contravariant) indices. The next can be paired with ¢/ — 2 indices and so on. Wherefore, the
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number of permutations in this case is ({ — 1) x ({ —2) x --- x 1 = (£ —1)!, and thus

C(l+1,1) " v Vo1 By
Netia Z A HlAﬁzﬁulABll o Aﬁi; 961 5@055111
’ 7)5‘5’17)24’1
C(g—i_l?l) 1717 1% Vi—
=N S Cx X (L= 1)1 x A" Ng g (AL AT PP gl
20

— vy Vp—1q l/[. D.2
(+ D+’ Oa (D-29)

Then, from Egs. (D.28) and (D.29), the last term on the right-hand side of Eq. (D.25) becomes

B 6(26 — 1) 2 afprpe—1 (- pg—1 Eee)
- S TET (m2erly e — o ) ot (D.30)

Finally, from Egs. (D.24), (D.25) and (D.30), the second term on the right-hand side of
Eq. (D.20) is given by

(r— DAL ((V,,, By ) kY g e

Vi-Vyp
N r B A e
= (1 = D& s + —5— (725" — o) 6
20 g
+ (r— 1)—2€ 3 <m297«£"21 Pe—1 Q?‘<N1"‘M€—l> O-Ze)
o—1 . )
—+ (T — ]_) 4(62 — 1> <m4gil112 He—2 2m29§./»l1-.~,u572 + Q7<=Ii12 Hl—2) 0_/1,271#@‘ (D31)

Part I11

The final step is to compute the last term on the right-hand side of Eq. (D.20). We have

AP e <E1:71VW+1 (k<u1 ... kw>k<w+1))> — AM---MVWH (Aul...w AW“) <E1:71ka1 . kae+1> ’

) Vi-Vp Qe Qg1
(D.32)
where
VitV AVe+1l | — vitvg _ AVITYe
Voo, (Aal,,,wAaHl) = Vi AL AV ) (D.33)

Therefore, Eq. (D.32) becomes
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Al/l Uy

The next step is to compute the term AL 71 (V,, A2 ),

AP (v

vyip

140 % 4 C(g’ O) v 12
e ALY = AT N S OAL-AL 4| (D35)
Y0 Py
Once again, the ellipsis denote all vanishing terms. In fact, terms containing at least one doubly
covariant (and one corresponding doubly contravariant) projection operators are identically zero,
since they always involve contractions analogous to Eqgs. (D.7) and/or (D.12). Furthermore, given

the symmetry of the projection operator being contracted, all terms yield the same result,

C(¢,0
o O S e (9,,0%). 036
“0 Py
where VWHA;@ = — (uwv%lu% + uajVaHlu”i), with {3, 7} € [1,...,/]. The £ — 1 remai-

ning projection operators that are not being derived are contracted with AZ1H¢. We remark that
this is a symmetric tensor under the exchange of its covariant and contravariant indices, and
therefore all these terms are identical, hence the factor ¢, which comes from the product rule.
As it was already discussed, the number of different ways we can arrange the indices of the

projectors AZZ is simply ¢!, thus leading to

EA;V? Iljf -A/-fo Z A ’ Agf;z 11 (VO‘HIAW)
'plfpl
—CAG A AT ey < o, + A;gﬂewa”l”f) : (D.37)

where we have used Eq. (D.23) to obtain the last equality. Using this result in Eq. (D.34),

PANGE N (Vaé_’_lAm vy ) <E17;_1k’a1 . kjo“"+1>

V1 Up a1y

(78] RIS

1
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_ (1 + 5) fepe ) gAAVL; 5; <E17;]€<V1> . k(l’471>k<ye+1>> ( o+ WWHW) . (D.38)

The final step is to determine the second term on the right-hand side of Eq. (D.38). At this point,

we make use of Eq. (4.52a) to write

AFUpe ) | ve1) (verr)

vy

— AH Mek ke sz+1> AkkAVe wep L(v) | k(l/e-z) 4o (D.39)

Ve 20—1

As usual, the ellipsis contain all the terms that are zero when contracted with A{flljjj[,ff. In
particular, we note that the doubly contravariant projector must be A¥**+2_ with i € [1,...,/],

corresponding to ¢ — 1 different permutations, otherwise leading to contractions analogous
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to Eq. (D.7). Therefore, the last term on the right-hand side of Eq. (D.38) can be cast in the
following form

NS <E£k<1/1> .. k»<l/e—1>k<’/£+1>> (UW + WWHW)

V1l 7%
0e—1)
20 — 1

viVp
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Note that we have exchanged the order of the covariant and contravariant indices in the vorticity
tensor, thus leading to a minus sign, since this is an antisymmetric object, which further leads
to Aprbrwve-1t = (), since the projection operator is symmetric by construction. Then, using
Eq. (D.40), we can write Eq. (D.38) as

AR b (vaeﬂAulmw ) <£Cl7;_1ka1 T kae+1>

ViU 1o
l
_ (1 X g) Qi,“n'WQ _ KQ?<M1‘“/M71 (OZL/) _ wuda)
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_ _ég — 1) (mQQT{m'“ue—z _ Qil_‘é Wﬁ) 0/%—1#2). (D.41)

From Egs. (D.21), (D.31), and (D.41), it is possible to write Eq. (D.20) as

N / AK B g ey, f
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(D.42)

We are finally in position to obtain the final form of the equation of motion for the
irreducible moments of rank ¢. Combining Egs. (D.9), (D.15), (D.19) and (D.42), it is possible
to write Eq. (D.1) as
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(D.43)

which is exactly Eq. (4.4) from the main text.
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APPENDIX E - Useful identities for the

irreducible momenta

In this appendix, we derive the identity (4.5a) for the irreducible momenta that are

employed in the calculations in the main text.

We have
L feme)
=AM E1)
[¢/2]
C(lq) -
= Z Mq Z AP AR N Awq_lquﬁ;;Ll ce A% A2 A7
9=0 4 pLps

We must analyze all different contractions between the 2—index projection operators and the 4-
momenta. First, we note that the doubly covariant projectors, A, ., are always contracted with a
pair of 4-momenta k" k"7, resulting in Aa[gk"‘kyﬁ = by, where ¢, j = 1,2, ..., 2q. Naturally, since
q corresponds to the number of doubly covariant (as well as the number of doubly contravariant)
projection operators, it will also indicate the power of by of each term of the sum. It is then
necessary to compute the number of different configurations among the indices of aforementioned

projectors. The result is simply

1l (¢ —2)! (0 —2q+2)!
AVVAZ/U"'quil/q: X W ~— 4
; e 2t 910 —2)1 T 210 — 4)! 21(¢ — 2q)!
—ﬂ A, A A E.2
T Qa0 — g et S (E2)

Furthermore, these projectors commute. Therefore, in order to avoid counting the same term
more than once, we must then multiply this result by the inverse number of different forms that

these projectors can be arranged, which is given simply by 1/¢!.

On the other hand, projectors of the type A are contracted with the remaining 4-
momenta, k*», with m,n = 2q + 1,2q + 2,--- , £. Therefore, each covariant (contravariant)
index i, can be paired with a total of / — 2¢ contravariant (covariant) indices v, thus resulting
in a total of ¢ — 2q possibilities. In the next projector, the covariant (contravariant) index can
now be paired with one of the / — 2¢ — 1 remaining contravariant (covariant) indices, and so on.

Consequently, the number of possible configurations to arrange these projectors is (¢ — 2q)!.

Then, the irreducible momenta can be expressed as

[¢/2]

Ll pre) — C(t.q) bl x L % 1 x (£ —2q)! x fH2at1) oL gl - (E3)
2N, L s < ! - &
q=0 a4 pe
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Finally, we obtain

[¢/2]

Ll e — gl W+Zk€ CEQ)ZA’““Q---
2

Qq' M

Z

which is exactly Eq. (4.5a) from the main text.

AHF2a-1H2q | (B2q+1) |, , .

/{:<W>,

(E4)
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APPENDIX F - Analytical treatment of
the divergence

In this appendix, we provide an analytical calculation to address the source of the diver-
gence of the moment expansion. In particular, we show that the moments Y, , grow factorially
at intermediate times, and that the series for the distribution function becomes (and stays)

asymptotic after a certain time.

F.1 Evolution of the irreducible moments

We start from the original equations for the irreducible moments, which take the form
[58,83] — see Eq. (4.25) from the main text,
dQn,E 1

e On,t—1 On,e On,e 1
dr n (one = ohie) = Pu - an— — Rt (F.1)
T TR T

where we reproduce the following coefficients below for convenience

(n+20)(20—-1)
o = 20 , F.2
Poe =20y @r— ) (F22)
2020 + 1) +n(240? + 120 —3) 2
it = -, F.2b
Cne = 3(40 — 1)(4€ + 3) T3 (F.25)
(20+1)(20 4 2)
Roe=Mn—-20—-1 : F.2
e=n Y ars1)@i+3) (F20)
Introducing the vectors
Om = {Qm,07gm717'”}a é’;q = {Q:T(Ll707gig,17“'}7 (F3)
we can rewrite the equations of motion as
B} I
TR
where we defined the matrix
1L Qn P, R
[A(m)]y, = {E += ’e} Ok + —5e 1kt 5e+1 k- (E5)

At this point, we make several assumptions to simplify the system of equations (F.4).
First, the equilibrium term on the right-hand side provides an asymptotic value for the irreducible
moments, and is not expected to be the cause of the pathological behavior explored in Chapter 5.

Thus, in the following, we simply set it to zero, thus causing the irreducible moments to relax
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to zero at asymptotically long times. Furthermore, we assume a constant relaxation time. In

summary, we consider the system of first-order ODEs
— 1 —
0% O + []l + ;B(m)] Om =0, (F.6)

where

B(m)] ., = Qm,e0k + Prmebe—1k + R eOe+1.k (F.7)
and 7 = 7/7g, as in the main text. The system (F.6) is straightforwardly solved by
On(7) = e "™ exp [~ In (7/70) B(m)] 8 (70). (F.8)

In order to proceed, we have to simplify the matrix B(m). Since we observe that the divergences

happen for large m at any ¢ > 0, let us first assume that m > 1,

-
P =mir var=y + O (F.92)
2 _
Qs =m0, (F.9b)

(40 — 1)(44 + 3)
(20+1)(20+2)

(40 +1)(40 + 3) +O). (E30)

Rm,f =m

Then, the respective moments evolve as
Gn(7) = e T exp [In (73" /7™) D] G (70) , (F.10)

where we defined

802 + 40 — 1 20(20 — 1) (20+1)(20 + 2)

Dy = B
@)t T @ ey DY T @ @y a) e

(F.11)

which is now independent of m. To further simplify this matrix, we assume that 4¢ > 3, such

that we can approximate

1 1
D, ~ §5ek + 1 (001 + des1.k) - (F.12)

Naturally, this assumption fails for ¢ = 0, 1, but becomes better quickly. We have now reduced
the problem to finding the exponential of a tridiagonal symmetric Toeplitz matrix, which has
been investigated in Ref. [162]. Such an exponential can be approximated in the following

manner,

exp ~ e I 1(22) — Tppri2(22)] (F.13)

o O v o
O W
ot O
St N O O
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where I,,(z) denotes the modified Bessel function of the first kind.! Now, we can approximately

express the irreducible moments as

A\ Mm/2
O (7) = e (F770) (—0) E(m) @y (7o), (F.14)

2|3

where we defined

%m/Q 7A_m/2
[]E(m)]@k = [Z—k‘ (hl %07n/2> — [€+k+2 <1H #) . (FIS)

Since we initialize the system in thermal equilibrium,

R . ) armmas (m 4+ 1)!
omalin) = (@], () = eory2 P s, (E16)
we obtain
~ N\ m/2 ~m/2 Am/2
ez M DU o L (T 7o 7o
me(T) ~ e TO 2—7r26 0 ; ]g In W — ]g+2 In m
D oy (™2 400+ 1)(—1) Fm/2
= eaTénJr?Me—(T—m) T_P (+—)A(A>]£+1 In T ] (F.17)
272 7 mn (7/7) %SH/Q

In Fig. 22, we compare the exact solution for the irreducible moments of the simplified
system, Eq. (F.8), with the approximation of large m and ¢, Eq. (F.17). We observe that, even
for moderately large m and ¢ > 1, these solutions display a rather good qualitative agreement.

Quantitatively, compared to the exact solution there are relative factors of orders O(1) — O(10).

F.2 Factorial divergence of the normalized moments

In order to move on to the normalized moments ., ¢, defined as

Om,
Xmit = Q—E (F.18)

m,0

it is first necessary to estimate the equilibrium moments. For this, we assume the temperature

satisfies the equation of motion for an ideal fluid,

ar T
— 4+ —=0 F.19
dr * 37 ’ E19)
that is, disregarding the term proportional to X that originally appears in Eq. (4.31). The
temperature of the system is then given by

To

1/3
T(#) ~ Ty ( ! ) . (F.20)

7

I Note that, in contrast to the notation of Ref. [162], the indices ¢ and k start from 0.
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Figure 22 — Evolution of different moments (blue circles) in comparison to the analytical appro-
ximation (red lines). Left: (m = 60, ¢ = 10), right: (m = 1,¢ = 0). The chemical
potential and the initial temperature are taken as & = 0 and 7;, = 1. The initial time
is taken to be 7, = 1.

Hence, the equilibrium moments read

ohlo(F) = e T2 2 , (F21)
and the normalized moments are
. A\ (m—4)/6 ¢ ~m/2
A Om Z(T) —(#—#0) [ TO 4(5 + 1)(—1) T
Xl ) = gy = € 7 min(7/7) P\ (22

We can obtain an estimate of the maximum value of the rescaled moments. Using the

expansion of the Bessel function for large arguments,

T

e
I,(z) ~ Nore

which is justified at not too small times since m is large, we can approximate that, up to

(F.23)

logarithmic corrections, the rescaled moments behave as

o S (m+2)/3

Xme(7) ~ e (-) . (F.24)
To

This suggests that the maximum of X, ¢(7) lies at Tyax /70 = (M + 2)/3. We can then estimate

that the magnitude of the maximum grows as

m/3

e

m/3
xm,e(%max)~< > ~ (m/3)!, (F.25)

showing a factorial divergence.
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In Fig. 23, we display the rescaled irreducible moments ., o and X, 1 for several values
of m, considering the temperature of an ideal fluid (F.22). It can be clearly seen that these
moments diverge with increasing m. In the same plots, we also display the maximum values of

the corresponding moments, which are achieved at a time 7 = (m + 2)/3.

102

Figure 23 — The analytic evolution of the normalized moments X, and x,,1 for m =
2,4,...,40. The points mark the value of y,,, at the time 7 = (m + 2)/3. The
initial time is taken to be 75 = 1.

F.3 Summing the distribution function

Using the results of the previous section, we are now in a position to analyze what
the growth of the moments x,, , implies for the distribution function. First we compute the

coefficients

(—1)™ (m + 20+ 1)! )
m—m)l(m + 40+ D 247

Cnp(T) = (40 + 1)n!

m=0

.\ 2/3
= (40 + DAL+ 1)(=1) e ) (T> #

% /7o)

~(n (m+ 204 1) (7 ™T2006 ol s
it ) (70 L (me2w 7Y

x;(m)( ) (m+4£—|—1)!(f' Y 0+1 5 n%O
(F.26)

The /-th multipole moment of the distribution function (truncated at order /N, which we later

send to infinity) is given by

N

So(BE)™ Y T LD (BE) e (7), (F.27)

n=0

2
40 +1

ROWN7) =
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160
thus we need to evaluate the following expression

N

> LYV (BB ()
n=0

(2-0)/3 1

4 D(—1)e= G0 [ L - -

@i e (2) T pe

R\ (m+20+1) 1

7 m+ 40+ 1)!m + 20

= 1)4
Freon () (1) |
g_TTO(i> A

T %/%0)
! e .
(F.28)

(m—i—%
1| —=—In—
=

(40 + 1)4(0+ 1)(
. i <—6 7o/ %> (m + 20+ 1)!
— ! (m+40+1)!'m+ 20
Invoking the integral representation of the associated Laguerre polynomials
LY (z) = ¢* _0‘/2—/ dse *s"t/2 ], (2¢/s7), (F.29)
we have
N nl
: L(4Z+1 E
oo N n
_ BEx —20—1/2 —s 20+1/2 S
€ (BE ) / dse ®s J4 +1(2 S/BEk) Z m
0 n=m ’
—20—1/2
—(N T s$ 1041 (2+/sBE)T( m+1,s)
—au,n 17

Writing the incomplete Gamma function as
oo

[(n,a) = a"/ due
1

and switching the order of integration, we find

2 i
(N —m)!
s, (N +1)!
(N —m)!
g (m+40+1)
(40 +1)!

V(N 440+ 2
E
(a2

4Z+1) (,BEk)
/ duu m/ ds e=*us? 32N 1, 1 (24 sBEy)
1 0

,BEk(ﬁEk) —20—-1/2
! (4641
vBEy, m+4L
1/0 dv e PPy AL LT (0B By )
N+40+3, m+40+2
4042, m+40+3

(F.30)

(F.31)

‘ - ﬁEk), (F.32)



E3. Summing the distribution function 161

where we employed Eq. (F.29) and substituted v = 1/u. The hypergeometric function 5 F

arises because of the connection between Laguerre polynomials and confluent hypergeometric
functions
n—+ao —-n
L9 (z) = F,
w (@) n )7 \a+1

1
x):ex("+a)1F1<"+o‘+ ‘—x) (F.33)
n a+1
and the integral identity [163]

a, b B (d—1)! 1 - o .
QFQ(Q d‘x) -~ (b— 1)!(d—b)!/0 dvo’™ (1 —v) 11 e

which can be combined (witha = N + 40 + 3, b =m + 4¢ + 2, and ¢ = 4/ + 2) to yield

2F2 (C az; ji . ‘ _ BEk> _ b(CL za/C)_(lc)_ 1) /0‘ dw e*UﬁEk,UbflL((zc:cl) ('UBEk) . (F35)

Inserting the result (F.32) into Eq. (F.27), we arrive at

) . (F34)

G0 (BB (N + 4L + 2)!
In (7/7) (4€+ 1)!N!

m o .
Xi MY (g (m+2€+1)!fz+1< 3 1n;0>
" 7] (m+4ac+2)  m+20

FON,7) = 8e(£ + 1) (—1)fe~—7) (Ti)
0

m=0

N+40+4+3, m+40+2
F. ' — . F.36
X 2 2( A+2 m+40+3 ‘ Bk) ( )
By repeatedly using the relation
0 a, b ab a+1, b+1
—oF = —F F.37
oz’ 2<c,dx> cd’ 2(c+1,d—|—1‘x)’ E®37)
we can rewrite ]-"IEE) as
N (2-0)/3 20
(£) A\ £ —(7—70) T (/BEk)
N,7) = C+1)(—1 — ———(N+1)(N+2
FOW.7) =sere -pre e () RS (v v
m m+2¢ T
Z R (m+2€+1)!fﬂ+1< 3 1“%)
BEk (BB 7] (m+40+ 1) (m+20)(m+2)
N+3 m—|—2
F: ’ — BEx ) . F.
X 9 2( 2. m+3 ‘ Bk) (F.38)

The crucial ingredient is the sum that appears in the second line of the equation above, which

we will analyze more closely in the following. Using the integral representation of the Bessel

(I/2)V /ﬂ 2v xcosﬂ
—ﬁf (1/ n %) i dd (sin?) , (F.39)

function
I, (x) =

as well as

N+3 2 ! N +3
2F2 N ) ™ + — ﬂEk = (m + 2) / dv Um+11F1 i - UﬁEk s (F40)
2, m+3 0 2
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) . [
we can rewrite the sum in ]:1(< ) as

al 70 ™ (m 1 e m;%ln%
o sy (5) (-fF) e CERE)

m=0
N+3, m+2
F. ’ — BE
X 2 2( 2. m+3 ‘ 51{)

=(N+1)(N +2) (In7/70) /ﬁ 10 (sn ) 7 Ccos ¥
- 41/l (04 3) Jo .

Xi N - i cos9/2—1/6
s m 7A'0

_ (N + )N +2)—n T/ 7o) / " 40 (sin )+ (i)mw
- VAL (€7 5) A
N

! N +3 N #\ 2T (4 20 4 1) ,
X /(; dv U1F1< 9 ‘ — UﬁEk) Z (m) [—’U <7A_—0) m(m+2£) .

(F41)

m(m+2€+1)!(m+2€)€F N+3, m+2 5E
(m+40+1) m+2 2\ 2, m+3 )

In the following, we will first specialize to the case ¢ = 0, and subsequently treat the more

involved case ¢ > 0, which works in a similar way, but is technically more complicated.

F.3.1 Case/ =0

From Eq. (F.41), we obtain in the case where ¢ = 0,

v (1) (2) im0 om)

m=0
A A T 1
=(N+ 1)(]\7—1—2)%/ dﬁsinZﬁ/ dvv1F1<N;—3‘ —vﬁEk> (1 — vy
0 0
B In#/7% [T, . ,. O ! N +3 N41
=—(N+2) B /o dv sin ﬁay(ﬁ)/o dv Fy ) vBEX | [1 —vy(9)] )

(F.42)

where we defined (1) = (7/7)°"/*7"/® By looking at the integrand in Eq. (F.42), we can
identify the crucial ingredient for the observed divergence of the distribution function: as long as
the integration interval is such that y € (0, 2) always holds, the integrand converges for N — oc.
Conversely, if y < 0 or y > 2 at some point inside the integral, the limit N — oo does not exist,
implying that the series for the distribution function becomes asymptotic.

~2/3_ which converges to

At the upper limit of the ¥-integration, we have y(m) = (7/7)
zero from above for large times and is thus well behaved. Conversely, at the lower limit of the
¥-integration, we have y(0) = (7/7)'/3, which leads to divergences as soon as 7 /7 > 8. The

edge case 7/7p = 8 is still well behaved, since then the divergence only occurs at ¢ = 0, and
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that point carries zero weight due to the factors of sin ¢J. Thus, we can conclude that the series

for the distribution function is asymptotic for times 7 /7, > 8.

In the following, we will assume that 7/7, < 8, such that the limit N — oo exists. In

order to perform the v-integral, we note that for N > 1

A2 <N<;>§>k
S (|- ov) -2

(F.43)

Using this relation and substituting u = 24/ (N + 2)v5E, Eq. (F.42) becomes

< 1
— (N + 2>ln7'/7'0/ dd) sin® ﬁi/ dv, Fy (N+ 3’ - vﬂEk) [1— vy !
0

27 0y (V) 2
A e (N+2)BEy N+1
= —M/ dv sin® ﬁi/ du Jy(u) [1 — &UQ]
In %/ /“ L, 0 /°° { y(¥) 2}
~— d¥ sin” ¥y —— du Ji(u)e — u”| F.44
o8B Jo U oy Jy VP TR, (44

where we used that N >> 1 in the second step and expanded In(1 — x) ~ —x for small x. Note
that, at this point, all dependence on the truncation N is gone, which is due to the fact that we
put the upper limit of integration to infinity [and approximated (N + 1)/(N + 2) ~ 1]. This
procedure is permissible as long as 7 /7, < 8; for larger values of 7 /7 it amounts to neglecting
an infinite contribution. Employing the integral [cf. Eq. (10.22.54) of Ref. [163]]

/ du Jy(u)e ™ =1 — ¢/ (F45)
0

we find

_ /% / dd) sin? 19i/ du Jy(u) exp [— y(v) u2}
0 0

273 By Ay (9) 48 By
BEx
A A T exp | —54¢
_nt/h / dﬂsin219—[ ) (F46)
2 Jo y(0)?

Using the definition of y(}), the Taylor series of the exponential function, and the integral

representation (F.39) finally gives

BEx
A ™ exp
n7/7 / dﬁsinw—[ (ﬂ)]
2r Jo y(0)?

k
PN It 7 o 1 ANV, 7 k

== —E — | —BE | — d¥sin“dexp |—cos¥In— |1+ =
7o 2m k:(]k! 7o 0 7o 2

AN\ 1/3 o N\ 1/67F .

T 1 T k+2 7T
() Y -8B (= I L) . F47
<%0> 2 Kk + 2) p k(%()) ] 1( 2 n%()) (E47)




164 APPENDIX F. Analytical treatment of the divergence

Thus, making use of Eq. (F.38), we find the zeroth multipole moment of the distribution function
to be (for 7/79 < 8)

R@)

lim FL(N,7)

N—oo

LFe G =

Fo In# /7 &= kl(k +2)

= 8e

AV kro s
—BEx <7) I ( In T) ;o (F48)
T0 2 T0

whereas the limit does not exist in the standard sense for 7 /7 > 8.

In closing, let us note two special cases: First, for 7/7, = 1, we may use the expansion

1 rx\v
L)~ = <§> (F.49)
to obtain
1
FO(r) = 2e°> " ] (—BEy)" = 2e°FBx (F.50)
k=0

as expected, since we consider the system to be initially in an equilibrium state. Second, for
BEx = 0, only the k£ = 0-term contributes and we have
o, 7 e )

FOF) =4 —— 1 (m;) : (E51)

to 1H7A'/’7A'0 To

We display the zeroth and first multipoles of the single-particle distribution function for S Ey = 3
as functions of the rescaled proper time in Fig. 24. We observe that the convergence of multipoles
of higher order requires the inclusion of more terms in the expansion. Moreover, it can be clearly

seen that the expansion indeed becomes asymptotic for times 7 /75 > 8.

F.3.2 Case/? >0

The argumentation for ¢/ > 0 works in the same way as shown before. The main

complication lies in evaluating the sum in Eq. (F.41), which can be done by noting that

S (N) (2D

m (m+4¢+1)!

m=0

m . m+24

¢ N —
= lim 9 Z N (=y)"a
a1 0Ina == \m ) (m+20+2)- - (m+40)(m + 40+ 1)
’ N
= lim 0 a” 21 / (da)* <N> (—y)mam T2
0

a—=10lnat m

m=

¢
im0 g / (da)®* a®**(1 — ay)V , (F.52)

a—=1 0lnat

where the notation [ (da)? means that one has to integrate 2¢ times with respect to a, and the
limit @ — 1 has to be taken at the end. From this expression, it is already clear that the fact that

the series for the distribution function becomes asymptotic for 7/7, > 8 is not changed. In order



E3. Summing the distribution function 165

to obtain the finite contribution in the case 7/79 < 8, we can repeat the same steps as outlined
above [with y(1) replaced by ay(v))] and find from Eq. (F.38)

To

) [~ 0 —(F—F 7\ (8 k)% .
‘Fk (7') = 86’&(6 + 1)(—1) 6_(7_7—0) (T) mgg (ﬁEk, 7') y (F53)

where we defined

or lim o' a%l/(da)% a®1 (In7 /7))
(BEX)* a1 J1nat 441, /xT (g + %)

T -\ Lcos? exp |:— ’BEg ]
X dv (sin )% 2 <;) 1w
| armo MOk

70
AN (14+20)/3 In+/4 £+1 ™ A\ —(f+1)cos?d
_ (;) (IIT/TO) )/ d19<sin19)2€+2 <;) hz(ﬁEkﬂ% )
0 T

ge (5Ek7 72) = o

T0 4”1\/?F (é + % 0
(F.54)
The function hy is given by
: 0 —20-1 20 —20-1 BEx
he (BB, 0) = lim =7 —a /(da) a exp {_ay(ﬁ‘)}
= lim o [y(ﬂ)]% ex ——ﬁEk
a1 0lInal g2 (BE)* ay ()
— (~1) y(9)]* o= (k+2)° _ BEk : (E55)
BEx] &~ K y(¥)] '
where we used
g r a%_l T
/(da)2 a ltema = T e a, (F.56)

which can be proven by induction. Finally, inserting Eq. (F.55) into Eq. (F.54) and subsequently

into Eq. (F.53), we obtain
N\ 167 .
T kK+2., 7
—5Ek (T) ] Ié—i—l ( In 7) ,
To 2 To

(F.57)

7: 67(%7720)

- 1
FO(5) = 8e (£ +1
i (F) = 8 >%01n(%/%0);k:!(k+2)

where we made use of the integral representation (F.39). When comparing Eq. (F.57) to Eq. (F.48),
we observe that the /-th multipole moment of the distribution function is very similar to the

zeroth one, the main difference being the order of the modified Bessel function.

Lastly, we have to make a remark on the quantitative accuracy of the distribution function
derived here. Although the analytical form obtained in Eq. (F.57) is rather elegant, the quantitative
agreement with the full distribution function constructed from the solution (F.8) is not good,
as can be seen in Fig. 25. The reason for this is the approximation made in the solution for
the moments (F.17), which captures the important qualitative aspects (such as the expansion
becoming asymptotic), but is off by factors of up to order O(10), which manifests itself in the
distribution function. Nevertheless, the calculations performed here shed light on the origin of

the observed pathological behavior of the moment expansion.
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Figure 24 — The zeroth (left panel) and first (right panel) multipole moments of the distribution
function at energy S Ey = 3 as functions of time for different values of N. The lines
for finite NV correspond to the evaluation of Eq. (F.38), while the black line denotes
the analytical solution given by Eq. (F.57). In both cases, the initial time is taken to

be 75 = 1.
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Figure 25 — The analytic distribution function computed by summing Eq. (F.57) for ¢ up to 4
and the full solution computed with Eq. (F.8) for SEy = 1 (left panel) and SEyx = 3

(right panel) as functions of time. The initial time is taken to be 7, = 1, and we set
0 =0.
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