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Resumo

Relações independentes de equações de estado entre duas ou mais propriedades

macroscópicas de estrelas de nêutrons se mostraram de extrema utilidade. Exemplos

incluem a relação “I-Love-Q” e a relação entre as deformabilidades por maré das com-

ponentes de um sistema binário de estrelas de nêutrons (binary love relations). Estas

relações são amplamente utilizadas para extrair informações relevantes sobre estrelas de

nêutrons a partir de observações. Relações universais entre propriedades macroscópicas e

microscópicas de estrelas de nêutrons, por outro lado, podem ser de extrema relevância

do ponto de vista de serem capaz de prover informação sobre as propriedades microf́ısicas

da estrela a partir de dados obsevacionais. Essa informação pode ser utilizada para ex-

pandir o nosso conhecimento do ainda desconhecido interior de estrelas de nêutrons. Nesse

trabalho, nós discutimos diversas relações independentes da equação de estado tanto en-

tre propriedades macroscópicas quanto entre propriedades microscópicas e macroscópicas.

Notavelmente, nós apresentamos e analisamos uma nova relação entre certos observáveis

macroscópicos, a compacidade da estrela, sua deformabilidade por maré e seu momento

de inérica e uma medida microscópica da dureza da matéria nuclear. Nós também inves-

tigamos o efeito que diferentes suposições têm na relação.

Palavras-chave: Estrelas de nêutrons. Relatividade Geral. Relações Universais.
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Abstract

Equation of state (EoS) insensitive relations between macroscopic properties of

neutron stars have proven to be extremely useful. Examples include the I-Love-Q rela-

tion, and the binary love relation, which is the relation between the tidal deformabilities

of the components of a neutron star-neutron star binary system. These relations have

been widely used to extract relevant neutron star data from observations. EoS-insensitive

relations between macroscopic and microscopic properties of neutron stars, on the other

hand, can be quite relevant in the sense of informing us of the microphysical properties of

the star, given the observational data. This information can be used to further expand our

knowledge of the still unknown interior of neutron stars. In this work we discuss several

EoS-insensitive relations both between different macroscopic and microscopic properties

of neutron stars. Notably, we uncover and analyze a tight relation between certain macro-

scopic observables, the star compactness, its tidal deformability and its moment of inertia

and a microscopic measure of the stiffness of nuclear matter. We also further investigate

the effect that different assumptions have on the relation.

Keywords: Neutrons Stars. General Relativity. Universal Relations.



Chapter 1

Introduction

Neutron star (NS) are astrophysical objects remnant of the process of gravitational

collapse of a massive main sequence star. They are extremely compact objects with a mass

close to the solar mass (M⊙) but with a radius of the order of 10 km, with central densities

that can exceed ∼ 1014g/cm3.

In such an extreme environment, General Relativity is necessary in order to explain

the behavior of these objects, since Newtonian gravity is no longer adequate to do so. Also

it is not known how matter behaves at such high densities, since they are not reachable

in Earth experiments at the temperatures that are present inside the star. Besides this,

there is also a difficulty in making accurate theoretical predictions, since densities in the

core of NSs exceed those where nuclear models are well tested, and is far below those

where perturbative Chromodynamic (QCD) calculations can be performed. This means

that the equation that describes the properties of neutron stars, its equation of state

(EoS), is not known.

Since their existence was proposed in 1934 [1] efforts to understand the interior

structure and behavior of neutron stars (examples include Refs. [2–6]) and several methods

to constrain the neutron star equation of state through observational data were developed

(examples include Refs. [7–21]).

Currently the field of compact objects – black holes and neutron stars – is very

active, with several observational efforts underway. Particularly, the first detection of

gravitational waves (GW) from neutron stars in 2017 by the LIGO/VIRGO collabora-

tion [22] and the launching of the Neutron Star Interior Composition Explorer, NICER,

telescope (analyses made of data from this mission include Refs. [23,24] and [25,26]) were
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responsible for boosting the study and understanding of neutron stars. GW observations

lead to deformability and mass measurements whilst the data from NICER has lead to

radius and mass measurements of pulsars. And with the growing number of measurements

of macroscopic properties of neutron stars, the constraints to the equation of state will

also increase.

Universal relations play an important part on how the parameters of neutron stars

can be measured through observational data. These are relations that connect two or

more NS properties whose behavior remain unchanged independently of the choice of

equation of state; they are also called EoS-independent relations, examples include the

universal relation between the tidal deformabilities of a binary neutron star system [27],

the relations between the multipole tidal deformabilities of a NS [28] and the relations “I-

Love-Q”, between the tidal deformability, moment of inertia and quadrupole moment of a

NS [29]. Some of these relations, specifically the ones between macroscopic parameters, are

what make it possible for certain observables to be measured and some are responsible

for decreasing the uncertainties associated with the measurements. For example, the

“binary love relations” [27] make it possible to measure individual deformabilities from a

gravitational wave detection from a binary system and the “I-Love-Q” relations [29] break

important degeneracies in the GW phase.

If universal relations between macroscopic quantities are so fundamental in the

current measurements of NS properties, relations that connect macroscopic quantities to

microscopic ones independently of the EoS (e.g. Ref. [30], that connects the pressure at

densities close to the nuclear saturation density and the radius of a star with specific

values of mass) can be an equally important tool in the understanding of the equation of

state. Unfortunately, the number of micro-macro universal relations is much lower when

compared to the macro-macro relations, since the internal properties of an object tend to

depend strongly on the matter inside it.

In the sense of exploring internal neutron star properties we propose and analyze

three approximate EoS-insensitive relations. They are between an average parameter for

the EoS stiffness αc = pc/ϵc where pc and ϵc are respectively the pressure and the energy

density at the center of the star and three macroscopic observables, the compactness

of the star C = GM/(Rc2), where M is the star mass and R is the star radius, the

dimensionless tidal deformability Λ, that characterizes the deformability of a neutron star
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to a given moment of the tidal field, and the dimensionless moment of inertia I of the

star. These relations are then analyzed with different assumptions on the observables and

the microscopic quantities.

The following work is divided as follows: in Chapter 2 we discuss the structure of

neutron stars and the equations used to calculate the macroscopic properties of the star

used here; we study both the equilibrium configuration and the perturbations of neutron

stars. In Chapter 3 we discuss the equation of state of neutron stars, the difficulties in

determining it and possible parametrizations to it. In Chapter 4 a literature survey of

universal relations is presented along with the demonstration and analysis of the αc −
C/Λ/ I relations. Chapter 5 gathers our main conclusions. In what follows, natural units

where G = c = 1 are adopted unless stated otherwise.



Chapter 2

Neutron Star Equilibrium and

Perturbations

Neutron stars were first thought of shortly after the discovery of the neutron [1],

as a method of explaining the existence of supernovae, in which the occurrence of a

supernova would be representative of the transition of an ordinary, what is now called a

main-sequence, star into a neutron star.

It is now known that neutron stars are formed as a result of the gravitational

collapse of a star, in which a supernova typically occurs. Main sequence stars are able

to maintain equilibrium by performing stellar nucleosynthesis that generates radiation,

which exercises pressure outwardly, and also maintaining the temperature of the gas,

which determines its pressure. This pressure is responsible for balancing the inward pull

caused by the gravitational field. Nuclear fusion inside the star core consists in hydrogen

nucleus being fused into helium and helium being burned into heavier elements, liberating

energy.

In these stars, when hydrogen fuel starts to become scarce, stars begin fusing

helium atoms and in massive stars (M > 8M⊙, where M⊙ is the mass of the Sun),

the fusion process continues up until iron is generated, at which point it is no longer

energetically favorable to fuse the atoms due to the high binding energy of iron, which

is the highest of the periodic table. As the amount of iron in the core begins to grow,

energy due to nuclear fusion is no longer released and the gravitational force takes over,

increasing the density in the star’s core, forcing electrons to occupy same energy levels,

and because electrons are fermions, this generates degeneracy pressure, that is capable of

4
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balancing out the gravitational force; the final object is called a white dwarf [31]. With

the initial mass M > 8M⊙, this iron core is generally over the Chandrasekhar limit [31]

M ≳ 1.39M⊙, the maximum mass for which it is possible for this object to remain stable.

This limit can also be reached by a white dwarf, previously in equilibrium, that accretes

matter up until it exceeds its mass limit. As the outer layer of the star burns, mass

is deposited in the core, and the electron degeneracy pressure is no longer capable of

sustaining the star, which becomes hotter causing the breaking of iron nuclei, liberating

protons that ignite the process of electron capture that consists in a proton capturing

an electron and releasing a neutrino and a neutron. The increase of neutrons in the core

causes them to become degenerate and the degeneracy pressure stops the collapse of outer

layers, which leads them to be expelled in a supernova explosion. If the neutron core that

remains has M ≲ 3M⊙ it no longer collapses and is able to maintain equilibrium using

both the neutron degeneracy pressure and the interaction between nucleons [32], with a

radius of only a few kilometers. This core is called a neutron star.

2.1 Equilibrium Configuration

These stars are extremely compact, with densities of the order of ρ ∼ 1014 g/cm3,

whereas the average density of the Sun is ρ⊙ = 1.4 g/cm3. For this reason Newtonian

gravity is not capable of accurately describing them and the use of General Relativity is

necessary.

Describing material objects in the formalism of General Relativity requires two

different aspects of these objects. The first aspect regards the geometry of the spacetime

where it is located and around it, and the second regards the object’s behavior as matter

or radiation.

The geometry of the spacetime is described by the metric, that is defined from the

line element ds [33]:

ds2 = gµνdx
µdxν , (2.1)

where x represents the spacetime coordinates, with µ, ν ∈ {0, 1, 2, 3}, 0 being the time-like

coordinate, (1, 2, 3) being the 3-dimensional space-like coordinates, and the metric being
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the second order tensor gµν . From now on, Greek indices represent numbers from 0 to

3, and Latin indices numbers from 1 to 3; there is also a convention, that will be used

in this entire work, called the Einstein notation, where a repeated index imply in a sum

over such indices.

The simplest (without considering rotation, which will be treated later on) con-

dition of gravitational equilibrium for a fluid, in this case, a neutron star, will result in

matter that has a static and spherically symmetric distribution, so we choose the spheri-

cal coordinates r, θ and φ. The spacetime in this case is described by the following line

element [34]:

ds2 = −eνdt2 + eλdr2 + r2dθ2 + r2 sin2 θdφ2, (2.2)

where ν and λ are functions to be determined, that depend only on the radial coordinate

r, in agreement with the hypothesis of spherical symmetry. Outside the star, meaning

r > R, where R is the radius of the star, the spacetime is described by the Schwarzschild

metric:

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dθ2 + r2 sin2 θ dφ2, (2.3)

where M is the total mass of the star.

The second part needed in this description is the energy-momentum tensor. It is a

second order tensor that carries information regarding the momentum and energy, it also

enables a more general description of the conservation of these quantities. This tensor is

represented by T µν , and is symmetric in General Relativity, meaning T µν = T νµ.

It can be separated in different components, the meaning of which are as follows,

without sum over repeated indices [32]:

• T 00 represents the energy density;

• T 0i represents energy flux — the amount of energy passing through a surface with

constant xi in an amount of time;
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• T ik is the so-called stress tensor and it represents shear stress. Its components mean

the amount of the i-th component of the momentum passing through a surface with

constant xk per amount of time;

• T ii represent each of the components of the stress, if they are the same in every

direction, this is called pressure.

The conservation of energy and momentum is given by four equations, that can be

condensed as one:

∇µT
µν = 0. (2.4)

This equation says that the four-divergence of the energy-momentum tensor vanishes.

∇µ is the covariant derivative, which is a generalization of the regular derivative. It is

useful in General Relativity because, differently than the regular derivative, the covariant

derivative maps tensors into tensors. It is defined, when applied to a 2nd order tensor

with both contravariant indices as:

∇µT
µν = ∂µT

µν + Γν
ρµT

ρµ + Γµ
ρµT

νρ, (2.5)

where ∂µ is an abbreviated form of the regular derivative ∂
∂xµ and Γν

ρµ is the Christoffel

symbol, a useful object in General Relativity used to define several important concepts,

such as geodesics, parallel transport and the covariant derivative. This symbol is defined

as [33]:

Γν
ρµ =

1

2
gνσ(∂ρ gµσ + ∂µ gσρ − ∂σ gµρ), (2.6)

where gνσ is the inverse metric, that is defined as:

gµνgνσ = δµσ (2.7)

where δµσ is the Kronecker delta, a second order tensor that has components δσσ = 1 and
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δµσ = 0 if µ ̸= σ.

A fluid without viscosity, shear stress or heat conduction is called a perfect fluid,

and that is a good way to describe the matter inside a neutron star. A perfect fluid can be

entirely described by its energy density and its isotropic pressure. The energy-momentum

tensor for such a fluid is written as [35]:

T µν = (p+ ϵ)uµuν + pgµν , (2.8)

where p is the pressure, ϵ is the energy density (as measured in the fluid’s rest frame) and

uµ is the 4-velocity of the fluid elements, it is defined as:

uµ =
dxµ

dτ
, (2.9)

where τ is the proper time, a more fitting way to describe movement in General Relativity

because it is frame-independent, whereas the usual time t is not. The proper time can be

thought of as the time in the locality of a clock, its formal definition is given by dτ 2 = −ds2

along the clock’s worldline.

Using Equations (2.9) alongside the metric defined in (2.2), it is possible to find that

ui = 0 (as we are considering a static equilibrium configuration, all space-like coordinates

are stationary) and u0 = −eν/2. Leading to, in indices of mixed types, that are obtained

by contracting the tensor with the covariant metric:

T 0
0 = −ϵ,

T 1
1 = T 2

2 = T 3
3 = p, (2.10)

T µ
ν = 0, for µ ̸= ν.

One of the greatest changes brought by Einstein’s theory of General Relativity is

the idea that instead of a gravitational force acting on massive bodies, massive bodies

distort the spacetime, creating the effects perceived as gravity. This idea is mathematically

expressed as the Einstein field equations, that are 10 independent equations that can be

expressed as one tensorial equation [36]:
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Gµ
ν = 8πT µ

ν , (2.11)

where Gµ
ν is the Einstein tensor, defined as:

Gµ
ν = Rµ

ν −
1

2
Rgµν , (2.12)

where Rµ
ν is the Ricci tensor defined as:

Rµν = ∂νΓ
σ
µσ − ∂σΓ

σ
µν + Γα

µσΓ
σ
αν − Γα

µνΓ
σ
ασ. (2.13)

The tensor with mixed components Rµ
ν can be obtained by contracting the one in this

equation with the inverse metric. R is the Ricci scalar, defined as the trace, meaning the

sum of the diagonal values, of the mixed-type Ricci tensor: R = Rµ
µ.

With these definitions, is then possible to find the equations that describe the be-

havior of a neutron star in equilibrium. This calculation and analysis was first performed

by Tolman [2], Oppenheimer and Volkoff [3], which is why these equations are called the

TOV equations. They can be obtained by solving the Equations (2.11) and Equations

(2.4).

By computing the Einstein tensor we find that only its diagonal components are

non-zero, and as only the diagonal terms are non-zero for the energy-momentum tensor as

well, this reduces the 16 equations contained in (2.11) to 4. We also find that G2
2 = G3

3,

remaining, then, only 3 equations:

G0
0 = −e−λ

(
− 1

r2
+

λ′

r

)
− 1

r2
= −8πϵ (2.14)

G1
1 = e−λ

(
− 1

r2
+

ν ′

r

)
− 1

r2
= 8πp (2.15)

G2
2 = e−λ

[
−(λ′ − ν ′)(2 + rν ′)

4r
+

ν ′′

2

]
= 8πp, (2.16)



10

where one prime mark indicates total derivative in relation to the r coordinate and two

primes indicate second-order total derivative in relation to the same coordinate.

Equation (2.14) can be rewritten as:

1− 8πϵr2 =
d

dr
(re−λ), (2.17)

which can be integrated from 0 to r, using the definition of mass aspect function:

m(r) =

∫ r

0

4πϵ(r′)r′2dr′, (2.18)

to obtain

e−λ = 1− 2m

r
. (2.19)

Substituting this in Equation (2.15), we obtain:

dν

dr
=

2(4pπr3 +m)

r(r − 2m)
. (2.20)

From Equation (2.4), we find that ∇µT
µ
0 = ∇µT

µ
2 = ∇µT

µ
3 are identically zero

and the only non-zero component leads to:

dν

dr
= − 2

(p+ ϵ)

dp

dr
, (2.21)

that can be used to rewrite (2.20) as:

dp

dr
= −(p+ ϵ)

(4pπr3 +m)

r(r − 2m)
. (2.22)

Equation (2.18) in its differential form

dm

dr
= 4πr2ϵ, (2.23)
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alongside Equations (2.22) and (2.20) are the TOV equations.

As these equations describe the interior of the star, the interior metric needs to

match the exterior metric (2.3) at the surface of the star. We can define this surface at

r = R, where R is the radius at which the pressure drops to zero, p(R) = 0. The boundary

is defined this way because outside the star the pressure generated by it is zero, so defining

it as zero at the surface is required in order to maintain a finite pressure gradient. At the

surface of the star, we have:

e−λ(R) = 1− 2M

R
, (2.24)

and

eν(R) = 1− 2M

R
. (2.25)

Consequently:

eν(R) = e−λ(R). (2.26)

Solving the TOV equations gives us the total mass M , radius R, pressure profile

of the star and values of ν and λ inside the star. This procedure is done by integrating

the differential Equations (2.23), (2.20) and (2.22). To perform it, a relation in the form

F (p, ϵ) = 0, (2.27)

is necessary. This relation is called the Equation of State, EoS, that will be discussed in

details in the next chapter. It is fundamental in the understanding the properties of matter

in general. The EoS that describes the matter inside NSs is not yet fully determined.

These equations are integrated from the center of the star, r = 0, or in actuality, a

very small cutoff radius, r = r0, of the order of a centimeter, to the radius R, this radius

is, as mentioned, defined by p(R) = 0. We begin by determining the boundary conditions

for each of the equations:

• The central pressure pc is determined by picking a value for the central energy

density ϵc and using (2.27) to connect it to the corresponding pressure.

• Assuming that m(r) is regular around the stellar center, using the cutoff radius,
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the central mass is determined by m(r0) =
4

3
πr30ϵc +O(r50), where ϵc is the central

energy density.

• The function ν is determined at the radius of the star by (2.25), so we choose an

arbitrary value for ν(r0) and integrate the equations. Then, we correct it by a

constant throughout the star so it matches the value found by substituting the total

mass and radius that were obtained in the integration in (2.25). This procedure is

possible since the TOV equations are invariant under a ν → ν+ cte transformation.

These steps can be performed numerically through several different methods for

solving differential equations, such as Runge-Kutta, the Euler method and others. Here,

the ordinary differential equations are solved using a 4-th order Runge-Kutta method.

2.2 Perturbed Configuration

The equilibrium configuration considered so far, although useful, does not accu-

rately represent most astrophysical objects, including neutron stars. A more realistic

description can be found through the use of perturbations that are implemented on top

of the equilibrium description. In the next sections we discuss perturbations of this de-

scription, specifically, perturbations caused by tidal forces and rotation.

From here on we shall consider small perturbations of the star. This configuration

is described by the displacement of the fluid in relation to the coordinate system. As a

result of this motion the spacetime both externally and internally no longer corresponds

to the equilibrium configurations shown in (2.1) and (2.2). The perturbed configuration

of the star can be described using a linear expansion, such as:

gµν = g(0)µν + hµν , (2.28)

in which g
(0)
µν is the background, non-perturbed, metric (2.2) and hµν is the perturbation

of the metric, which will be better described when a specific perturbation is considered.

As the displacement of the fluid is not large, we use only a first order approximation,

so that any terms that are quadratic in the perturbed metric are considered sufficiently

small when compared to the background metric and can be discarded.

The differential perturbation equations that hµν obeys are determined by solving
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the perturbed Einstein equations:

δGµ
ν = 8π δT µ

ν , (2.29)

in which the δ indicates the perturbation of the quantity that it precedes. After finding

them, and providing an equation of state, they can be, often numerically, solved in order

to find the coefficients of the perturbation hµν .

The perturbed Einstein tensor is obtained by performing the same calculations

done in the previous section using Equation (2.12), except the equilibrium metric is re-

placed by the one on (2.28):

δGµ
ν = δRµ

ν −
1

2
δR gµν

(0), (2.30)

where δRµ
ν can be found by contracting the inverse metric with [37]

δRνµ = −∇β δΓ
β
νµ +∇ν δΓ

β
βµ (2.31)

and

δΓβ
νµ =

1

2
gαβ(0)(∇ν hµα +∇µ hνα −∇α hνµ). (2.32)

The total energy-momentum tensor is given by:

T µ
ν = (ϵ+ p)uνu

µ + p δµν (2.33)

where ϵ = ϵ(0) + δϵ is the total energy density, with ϵ(0) being the energy density of the

equilibrium configuration and δϵ being its increment, p = p(0) + δp is the total pressure

with p(0) being the pressure of the equilibrium configuration and δp being its increment.

Calculating the Einstein tensor and the energy-momentum tensor and using them

in Equation (2.29), we find the perturbation equations, that need to be solved to give a

clear view of the perturbed behavior of the neutron star.
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2.2.1 Tidal Deformation

Tidal forces are caused by the non-homogeneity in the gravitational attraction

between two bodies. A well-known example of this force are tides, caused by the attraction

between the Moon, Sun and the Earth. As points of the planet are closer to the Moon,

the gravitational impact they are subject to is greater than the one on points further away

from it. Points that are not aligned with the Earth-Moon direction, also have components

of acceleration caused by the tidal force in the direction of the center of the Earth. This

configuration results in a quadrupolar pattern, meaning the Earth acquires a quadrupolar

momentum.

Besides the effects that tidal forces have on oceans, they also have a less visible

effect on the entirety of Earth’s structure. This effect can be observed by measuring the

different values of g, the acceleration of the gravitational force, throughout the surface of

the Earth [38]. The different responses a body can have to tidal forces are directly related

to its interior structure. This type of deformation, of the object as a whole, is what we

study. The analysis of tidal deformabilities, in the Newtonian context, was first made

by [39], a more recent account was made by [38]. In the context of relativistic stars there

are also several studies regarding the tidal proprieties of NSs, such as [40–44].

As a considerable number of neutron stars are part of a binary system, either

with its companion being also a neutron star or other stellar object, the analysis of this

configuration is extremely important and the external field considered is usually generated

by these objects. The tidal deformability of neutron stars has been measured recently,

via gravitational waves, for a NS-NS binary system [45]. This could be obtained because

the neutron star tidal distortion has effects on the orbital dynamics and the gravitational

waves of a binary system: the tidal deformability is connected to a tidal phase correction

for the phase of the GW signal, this correction is of post-5-Newtonian order. More details

on how the tidal deformability can be extracted from GW signals can be found in Ref. [15],

Ref. [46], Ref. [47], that uses not only the GW data but also microscopic modeling to

extract information on the tidal deformability, Ref. [48], that consider realistic equations

of state and Ref. [49].

In this section we consider static tides, meaning that the variation of the external

field responsible for the tides in a body is so slow, the body remains in hydrostatic

equilibrium. In practice, what is required is that the timescale in which the external field
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varies is much slower than the dynamical timescale of the neutron star, measured, for

instance, by the frequency of its oscillation modes.

For simplicity, here we first consider the Newtonian case. An external gravitational

potential Uext generates a quadrupolar tidal moment Eij in the form of:

Eij(t) ≡ − ∂i∂jUext(t,0); (2.34)

here the coordinate system has its origin in the center of the body affected by the

potential, meaning this is evaluated in the center of the star. As outside the star the

potential obeys the Laplace equation ∇2Uext = 0, the tidal moment Eij is symmetric

and traceless. It causes a response of the body that generates an internal gravitational

potential Ubody that can be characterized by the symmetric and traceless quadrupole

moment:

Qij(t) ≡
∫

R3

δρ(t,x)

(
xixj − 1

3
r2δij

)
d3x , (2.35)

where δρ is the perturbation to the mass density that is caused by the tidal field and

r ≡ |x|. The potential generated by a deformed star is:

U(t,x) =

∫
d3x′ ρ(r

′) + δρ(t,x′)

|x− x′ | , (2.36)

ρ is the mass density in the equilibrium configuration and it depends only on r as in

equilibrium the star is spherically symmetric; the coordinates with the prime mark are

integration variables ranging from the center to the surface of the star. Outside the star

we can perform a multipole expansion, around the center of the star:

1

|x− x′ | =
1

r
+

xi

3
x′
i +

3ninj − δij
2r3

x′
ix

′
j + ... , (2.37)

where ni ≡ xi

r
. This expansion is valid at any point for which r > r′, meaning that it is

valid outside the star. The first order term of the expansion (2.37) is the gravitational

potential for a point source. Outside the star, the gravitational potential Uext is added.
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We can add it as an expansion around the center of mass:

Uext(t,x) = −1

2
Eij xi xj +O(x3). (2.38)

Substituting (2.37) in the Equation (2.36) and adding (2.38) we find:

U(t,x) =
M

r
+

3

2r3
ni nj Qij(t) +O

(
1

r4

)
− 1

2
Eij(t)xi xj +O(r3), (2.39)

where we have used the fact that the second term of the expansion (2.37) is null when

substituted in the potential and that Qij δ
ij = 0, since the quadrupole moment is a

traceless tensor. As we are considering static perturbations, Eij is static, which leads to

the induced quadrupole Qij being time independent. In this case, to linear order, the

quadrupole moment and the tidal moment are proportional to one another as:

Qij = −Λ Eij, (2.40)

where Λ is a constant called tidal deformability. The second tidal Love number is defined

as:

k2 =
3

2R5
Λ. (2.41)

The gravitational potential (2.39) can be connected to the metric using a Newto-

nian approximation, which is valid far away from the star; in this case the metric can be

written as:

ds2 ≃ −(1 + 2Φ) dt2 + (1− 2Φ) δij dx
i dxj, (2.42)

where Φ = −U is the gravitational potential. With this relation we write [40]:
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(1− g00)

2
=

M

r
+

3

2r3
ni nj Qij(t) +O

(
1

r4

)
− 1

2
Eij(t)xi xj +O(r3). (2.43)

By finding the components of the perturbed metric it is then possible to use this equation

to determine the tidal Love number k2 or the tidal deformability Λ.

All of the components of the perturbed metric, in principle, are non zero and

depend on all spatial coordinates, since we are considering a static perturbation, there is no

time dependence, so we can write hµν = hµν(r, θ, φ). The angular part of each component

of the metric can be expanded into spherical harmonics Y m
l (θ, φ). For example, if the

component is a scalar given by h00(r, θ, φ), this expansion is:

h00(r, θ, φ) = f(r)Y m
l (θ, φ). (2.44)

Spherical harmonics are characterized by two parities, an even parity: Y m
l (θ, φ) = Y m

l (π−
θ, π + φ) and odd parity: Y m

l (θ, φ) = −Y m
l (π − θ, π + φ). This difference is determined

by the value of l, so that generically, we can write: Y m
l (π − θ, π + φ) = (−1)lY m

l (θ, ϕ).

With this, the problem can then be separated into two, each one representing one of the

possible parities of the spherical harmonics. As in this work we are interested in the Love

number connected to the tidal deformability, which is the electric or even second tidal

Love number k2, we focus on the even parity perturbations with l = 2.

Gauge transformations can bring several simplifications to the metric. In its sim-

plest form, the even components of the metric hµν can be written in the Regge-Wheeler

gauge as [37]:

hµν =


−eν(r)H0(r) H1(r) 0 0

H1(r) eλ(r)H2(r) 0 0

0 0 r2K(r) 0

0 0 0 r2 sin2 θK(r)

Y m
2 (θ, φ), (2.45)
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where the functions H0, H1, H2 and K are determined by solving the perturbed Einstein

Equations (2.30), and the functions ν(r) and λ(r) are the ones used in the equilibrium

configuration, meaning (2.20) and (2.19). With the explicit form of the perturbed metric,

we may proceed to the calculation of the Einstein equations. The four-velocity components

are given by ui = 0 as the perturbation considered is stationary and the explicit form

of u0 can be determined by the normalization condition gµνu
µuµ = −1; however we only

use this component as u0 u
0, which is −1. The non-zero components of the perturbed

energy-momentum tensor are:

T 0
0 = ϵ(0) − δϵ,

T 1
1 = T 2

2 = T 3
3 = p(0) + δp, (2.46)

T µ
ν = 0, for µ ̸= ν,

where δp and δϵ are the increments in pressure and energy density caused by the per-

turbation. The increment of the energy-momentum tensor, that we can call δT 0
0, can

be rewritten as δT 0
0 = −δϵ = −

(
dp

dϵ

)−1

δp, where we assume that the perturbed equa-

tion of state and the equilibrium equation of state are the same. From the equation

δG1
0 = 8πδT 1

0 = 0 we find:

−e−λ(r)H1(r)
csc2 θ ∂2

φ Y
m
2 (θ, φ) + cot θ ∂θ Y

m
2 (θ, φ) + ∂2

θ Y
m
2 (θ, φ)

2r2
= 0, (2.47)

as the exponential is never 0 and neither are the spherical harmonics for arbitrary angles,

this leads to H1(r) = 0, simplifying the following calculations. From δG2
2 − δG3

3 =

8π(δT 2
2 − δT 3

3) = 0, we find:

−[H0(r)−H2(r)]
1

2r2
csc2 θ ∂2

φ Y
m
2 (θ, φ) + cot θ ∂θ Y

m
2 (θ, φ)− ∂2

θ Y
m
2 (θ, φ) = 0, (2.48)
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from which we obtain H2(r) = H0(r) ≡ H(r). From equation δG2
1 = 8π δT 2

1 = 0 we

obtain:

1

2r2
[−K ′(r) +H(r) ν ′(r) +H ′(r)] ∂θ Y

m
2 (θ, φ) = 0, (2.49)

that leads to K ′(r) = H(r) ν ′(r) +H ′(r). The equation δG2
2 + δG3

3 = 8π (δT 2
2 + δT 3

3)

can be reduced to:

e−λ(r) H(r) (λ′ + ν ′)

16πr
Y m
2 (θ, φ) = δp, (2.50)

that, using the expressions for the function λ(r) (2.19), its derivative and the expression

for ν ′(r) (2.20), equals:

δp =
1

2
(p+ ϵ)H(r)Y m

2 (θ, φ). (2.51)

We have now eliminated most of the unknown functions leaving only one, H(r).

Finding the equation that H obeys is to find the equation that describes the perturbation.

To find it, we take δG0
0−δG1

1 = 8πδ p
(
1 + 1/dp

dϵ

)
, alongside all the simplifications found

and using the definitions of the equilibrium functions:

H ′′ +H ′
{
2

r
+ eλ

[
2m(r)

r2
+ 4πr (p− ϵ)

]}
+

H

[
−6eλ

r2
+ 4πeλ

(
5ϵ+ 9p+

ϵ+ p

dp/dϵ

)
− ν ′(r)

]
= 0. (2.52)

This equation depends on equilibrium functions throughout the star, so in order for it

to be solved, we need to integrate it alongside the equilibrium Equations (2.23), (2.22),

(2.20). This is done, given an equation of state, from the center of the star, using a

very small cutoff radius r = r0 to the total radius R of the star. The initial conditions

for the equilibrium functions are the same described in the previous section. The initial

conditions for H and H ′ can be determined by solving this equation for values of r that

are near zero and requiring regularity in the function, this yields
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H(r) = a0r
2

[
1− 2π

7

(
5ϵ(0) + 9p(0) +

ϵ(0) + p(0)

(dp/dϵ)(0)

)
r2 +O(r3)

]
(2.53)

as the most general and regular solution near the center of the star, where a0 is an

arbitrary constant. We can then take H(r0) ≃ a0r
2
0 as the initial value for H, but the

general expression above can also be used. The constant a0 is arbitrary, as the differential

equation is homogeneous, so the solution is determined up to a multiplying constant, so

we will determine a0 by matching the external and internal solution at the surface r = R

of the star evaluating the following function at the surface:

yint(r) ≡ r H ′(r)

H(r)
. (2.54)

We can write initial conditions for the perturbation function as H(r0) = r20 and H ′(r0) =

2r0, that will permit to solve Equation (2.52) to find the internal value of the quantity

(2.54), yint(R).

The equation of the perturbation outside the star can be found by making p = ϵ =

0, m(r) = M and using the expressions (2.25) and (2.24). This results in this differential

equation:

H ′′ +

(
2

r
− λ′

)
H ′ −

(
6eλ

r2
+ λ′2

)
H = 0, (2.55)

and, by changing variables from r to x = −1 +
r

M
, this equation becomes an associated

Legendre equation with l = m = 2:

(
x2 − 1

)
H ′′ + 2xH ′ −

(
6 +

4

x2 − 1

)
H = 0, (2.56)

where the prime mark now indicates total derivative in relation to the variable x. The

solutions to this equation are the associated Legendre polynomials P22(x) and Q22(x),

that can be linearly combined as one general solution:
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H(x) = aQ Q̂22(x) + aP P̂22 (x) . (2.57)

The hats in this case indicate some changes in the functions: both Q22(x) and

P22(x) were normalized so that when x → ∞ or r → ∞, P̂22 ≃ x2 ≃ ( r
M
)2 and Q̂22 ≃

x−3 ≃ (M
r
)3, this means writing them as:

P̂22 = −1

3
P22 (2.58)

Q̂22 = −5

8
Q22. (2.59)

Also, the usual Q22(x) was changed so that it is related to the interval x > 1 instead of

−1 < x < 1. This is necessary because the quantity −1+ r
M

is at least 1, since the external

solution is valid for r > R and R > 2M ; this means changing log
(
1+x
1−x

)
to log

(
x+1
x−1

)
. aQ

and aP are integration constants that will be determined by matching the internal and

external solutions.

The external quantity analogous to (2.54) is:

yext(x) = (1 + x)
P̂ ′

22(x) + a P̂22(x)

Q̂′
22(x) + a Q̂22(x)

, (2.60)

where a ≡ aQ
aP

and C ≡ M
R

is the compactness of the star.

The next step is to match the internal and external values of y at the surface of

the star. This can be done if both the function H and its derivative H ′ are regular at the

surface. It is correct to assume that the function is continuous and differentiable at the

surface [43], even though the thermodynamic variables pressure and energy density are

not analytic around the star’s surface and the fact that the radius of the perturbed star

and the radius R we use, of the star in the equilibrium configuration, are likely different,

even if only on a small scale. Matching both expressions we have:

a = − P̂ ′
22(x)− C yint P̂22(x)

Q̂′
22(x)− C yint Q̂22(x)

∣∣∣∣∣
x= 1

C
−1

. (2.61)

In order to connect the ratio between the two constants aQ and aP to the multipole
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moments, Equation (2.40) can be simplified by expanding Qij and Eij:

Eij =
2∑

m=−2

EmY2m
ij , (2.62)

and

Qij =
2∑

m=−2

QmY2m
ij , (2.63)

where Y2m
ij are symmetric traceless tensors, defined by [50] as:

Y2m(θ, φ) = Y2m
ij ninj, (2.64)

where n = (sin θ cosφ, sin θ sinφ, cos θ). This leads to:

Qm = −ΛEm, (2.65)

from which it is possible to assume that only one Em is not zero, which is sufficient to

compute Λ [41].

The ratio a can then be connected to the quadrupolar moments Q and E by

matching the asymptotic behavior at large r of the external part of the function H(r):

H = aP

( r

M

)2
+O

(( r

M

)3)
+ aQ

(
M

r

)3

+O

((
M

r

)4
)
, (2.66)

to the expansion in the Equation (2.43). We find that:

aP =
1

2
M2 E , (2.67)

aQ =
3

2
M3 Λ E ,

which we can use to rewrite the external function yext:

yext(x) = (1 + x)
P̂ ′

22(x) +
3Λ
M5 P̂22(x)

Q̂′
22(x) +

3Λ
M5 Q̂22(x)

, (2.68)

and by matching yint(R) = yext(R) ≡ y, after the interior function is numerically solved,
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we find for Λ:

Λ =
M5

3

P̂ ′
22(x)− C y P̂22(x)

Q̂′
22(x)− C y Q̂22(x)

∣∣∣∣∣
x= 1

C
−1

, (2.69)

explicitly:

Λ = −16(1− 2C)2C5R5

{
30C

[
C
(
2C (C (2C (y + 1) +

3y − 2)− 11y + 13) + 3(5y − 8)
)
− 3y + 6

]
(2.70)

+45 (1− 2C)2 ( 2C (y − 1)− y + 2) log(1− 2C)

}−1

,

or, in terms of the second tidal Love number k2, using the definition (2.41):

k2 =
8C5

5
(1− 2C)2 [2 + 2C (y − 1)− y]×{

2C (6− 3y + 3C(5y − 8)) + 4C3
[
13− 11y + C(3y − 2) + 2C2(1 + y)

]
(2.71)

+3(1− 2C)2 [2− y + 2C(y − 1)] log (1− 2C)

}−1

.

The dimensionless deformability, which will be used in the following chapters can be found

using the normalization:

Λ =
3

2C5
k2. (2.72)

2.2.2 Rotating Neutron Stars

As main sequence stars rotate, they have angular momentum, and even the slowest

rotation, through the conservation of the angular momentum, causes the remnant of the

gravitational collapse to spin considerably more, as its size is generally much smaller

than the original star. Newly formed NSs can have periods of hundreds of rotations per

second, because of this, considering the effect of this rotation is significant. Here we are
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interested in the moment of inertia of a neutron star. Currently, there are no observational

measurements of this quantity, but it is expected to be measured in the near future with

the observation of pulsars and double pulsar systems [51].

To treat neutron stars that rotate arbitrarily fast is numerically very challenging.

As we are interested in the moment of inertia we restrict ourselves to slow rotations.

With this, we can consider rotation as a perturbation of the equilibrium configuration as

described in equations (2.28)-(2.33). This analysis was first made by Hartle [52].

The slow rotation approximation we consider means that the star rotates at angular

velocity Ω small enough so that the perturbation it causes in pressure, energy density and

in the gravitational field are negligible. This also means that all terms quadratic in the

angular velocity can be discarded. Besides being slow, we consider rotation to be uniform,

meaning that Ω is constant throughout the star.

The rate of rotation of a fluid element in relation to an inertial frame is what

determines the forces that each element is subject to, both in Newtonian gravitation and

General Relativity. In the latter, however, the inertial frames inside a relativistic fluid are

not at rest in relation to distant observers. This happens because the motion of the fluid

drags along the spacetime and consequently the frames of reference.

In this configuration we no longer consider a spherically symmetric spacetime,

because due to the angular velocity, it is no longer isotropic, so we consider it to be

only axially symmetric and stationary. This spacetime may then be written using quasi-

Schwarzschild coordinates (t, r, θ, φ) [53]:

ds2 = −H2 dt2 +Q2 dr2 + r2K2 [ dθ2 + sin2(θ) (dφ− Ldt)2], (2.73)

where r is the radial coordinate that matches the equilibrium radius to first order. To

ensure that this metric describes an axially symmetric and stationary spacetime, we re-

quire that the components of the metric don’t depend on t and φ. This results in the

functions H, Q, K and L being functions of r and θ alone. L(r, θ) can be interpreted as

the angular velocity of a particle of zero angular momentum falling from infinity to the

coordinates (r, θ); we shall call this quantity the rate of dragging of inertial frames.

The components of the metric can be expanded in terms of the angular velocity

Ω; as the metric is invariant under a reversal in both the time and rotation directions,
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the diagonal functions H, Q and K have only even powers of Ω, while the function L has

only odd powers. The expansion of L(r, θ) to first order can be written as:

L(r, θ) = ω (r, θ) +O(Ω3), (2.74)

whereas the diagonal components have their values unchanged from the equilibrium con-

figuration. The metric can be simplified as:

ds2 = −eν dt2 + eλ dr2 + r2 [ dθ2 + sin2(θ) ( dφ2 − 2ω (r, θ) dt dφ ) ]. (2.75)

The problem now consists in finding the equation that governs the behavior of the

function ω. The only relevant component of the Einstein equations is:

Rt
φ = 8πT t

φ, (2.76)

where for simplicity we can multiply both sides by (−g)
1
2 where g is the determinant of

the metric (2.2):

g = −r4 sin2(θ)e(λ+ν). (2.77)

For the left side of the Einstein equation we find, discarding terms that are quadratic or

higher in ω:

−r2 sin(θ) e
(λ+ν)

2 Rt
φ = ∂r [e

−(λ+ν)
2 r4 sin3(θ) ∂r ω] + ∂θ [ e

(λ−ν)
2 r2 sin3(θ) ∂θ ω]. (2.78)

The component T t
φ is found using the expression (2.33):

T t
φ = (ϵ+ p)ut uφ = (ϵ+ p)ut (ut gtφ + uφ gφφ ), (2.79)
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the 4-velocity components are given by (2.9):

ut = [− ( gtt + 2Ω gtφ + Ω2 gφφ )]
−1/2, (2.80)

uφ = Ωut, (2.81)

and with this we write T t
φ:

T t
φ = r2 ( p+ ϵ) ( Ω− ω ) sin2(θ) e−ν(r), (2.82)

where terms quadratic and higher in Ω were discarded and the total quantities ϵ and p

are used now to represent the equilibrium quantities ϵ(0) and p(0) (as we are considering

they are unchanged, they are without the superscript for simplicity).

It is convenient to define the angular velocity of a fluid element seen by a free falling

observer; this is given by the difference between the angular velocity Ω and the dragging

of the inertial frames ω, we denote this quantity as ω (r, θ) ≡ Ω−ω (r, θ). Equation (2.76)

becomes, using (2.78) and (2.82):

1

r4
∂r [e

−(λ+ν)
2 r4 ∂r ω ] +

e
(λ−ν)

2

r2 sin3(θ)
∂θ [ sin

3(θ) ∂θ ω ]− 16π (ϵ+ p) e
(λ−ν)

2 ω = 0. (2.83)

By defining a function j(r) ≡ exp[−(ν + λ)/2] alongside the use of the unperturbed

equations we find:

1

r4
∂r [j r

4 ∂r ω ] +
e

(λ−ν)
2

r2 sin3(θ)
∂θ [ sin

3(θ) ∂θ ω ] +
4

r

dj

dr
ω = 0, (2.84)

which can be further simplified if the function ω is expanded in terms of spherical har-

monics:

ω (r, θ) =
∞∑
l=1

ωl(r)

(
− 1

sin θ

dPl

d θ

)
(2.85)

leading to:



27

1

r4
∂r [j r

4 ∂r ωl ] +

[
4

r

dj

dr
− e

(λ−ν)
2

l(l + 1)− 2

r2

]
ωl = 0. (2.86)

We demand that the geometry described is regular at small values of r and that it

is flat at large r. It can be shown [52] that this asymptotically flat and regular solution is

only obtained if all the coefficients of the expansion are zero except for l = 1, which means

that ω depends only on the radial coordinate r. Equation (2.86) becomes the second order

ordinary differential equation:

1

r4
d

dr

[
j r4

dω

dr

]
+

4

r

dj

dr
ω = 0. (2.87)

Outside the star j = 1 and the equation becomes:

d

dr

(
r4 ω′ ) = 0, (2.88)

leading to r4 ω′ = constant, that we choose to be 6 J , and to ω = −2 J
r3

+ c1 where c1 is

an integration constant that can be identified as Ω, resulting in:

ω = −2 J

r3
+ Ω, (2.89)

where J can be identified as the total angular momentum of the star. This identification

can be made because at the asymptotic region r ≫ R of the spacetime we are consid-

ering (asymptotically flat, stationary and axially symmetric) the component gtφ can be

expressed as [54]:

gtφ = −2 j

r3
, (2.90)

where j is the spacetime angular momentum parameter, that can be used to define the

angular momentum.

The general relativistic generalization of the moment of inertia can be found as the

constant of proportionality between the angular momentum and the angular velocity:
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J = I Ω. (2.91)

The explicit expression to calculate the moment of inertia can be found using the fact

that at the surface (r = R) of the star ω′ (R) = 6 J
R4 and Ω = ω (R) + 2 J

R3 , which can be

combined as:

I =
J

Ω
= ω′ (R)

R4

6

1

ω (R) + R
3
ω′ (R)

. (2.92)

The value for I can be determined by integrating Equation (2.87), alongside the

equilibrium equations (2.20), (2.22), (2.23), from the center of the star with r = r0 ≳ 0,

to the star’s surface. The initial conditions for the equilibrium configuration are the ones

described in the previous section and by requiring that the solution is regular at the center

of the star we find the initial condition ω′ (r = 0) = 0 and ω (r = 0) = k, where k is

a constant. As we are using a small cutoff radius, r0, we use a Taylor approximation

for both ω(r0) and ω′ (r0), that results in the conditions ω(r0) = k + k 8
5
r20 (ϵ0 + p0) and

ω′ (r0) = k 16
5
r0 (ϵ0 + p0). The Equation (2.87) is homogeneous and any constant that

multiplies ω will be eventually canceled in Equation (2.92), this means that the constant

k is arbitrary and for simplicity we set it as k = 1. Its dimensionless version will be used

in the following chapters and is defined as:

I ≡ I

M3
, (2.93)



Chapter 3

Equation of State of Neutron Stars

The equation of state (EoS), in a general way, is the term used to describe any

mathematical relation between two or more thermodynamic quantities; an example of this

is the ideal gas law that is the equation of state for ideal gases. More specifically, we use

this expression to describe the equation or equations that can completely determine the

state of matter given a specific set of conditions. An EoS that describes an astrophysical

object can only be used if the system described is in thermodynamic equilibrium (or

sufficiently close to equilibrium). This means that the thermodynamic variables such as

pressure and temperature need to be well defined in this system.

The internal structure of neutron stars is then described by its equation of state,

as it contains the information on the behavior of matter inside the star. This matter is,

in fact, with the exception of the early universe, in the most extreme conditions in the

universe; neutron stars is where matter is at its compactest, on the verge of collapsing

into a black hole. As these densities easily exceed, as mentioned, ρ ∼ 1014 g/cm3, they

are not yet reachable by nuclear physics experiments on Earth at the same temperature

levels present in neutron stars.

Even though neutron stars have extremely dense cores, each of the layers of the

star has its own range of densities. The outer layers are less dense, the star’s crust

ranging from 106 g/cm3 ≲ ρ ≲ 1014 g/cm3 whilst the inner ones are denser, with ρ ≳ 1014

g/cm3 [55]. Up until ρ ∼ 1011 g/cm3, in the outer crust, the behavior of the atomic nuclei

is expected to be the same as the one observed in laboratory; in the inner crust, with

density in the range 1011 g/cm3 ≲ ρ ≲ 1014 g/cm3 the behavior is described by theoretical

models. When densities are below 1013 g/cm3, the temperature of the star is high enough

29
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so that it has effects on the properties of matter [55]. At higher densities, these thermal

effects are no longer relevant [55] so that the pressure depends only on the mass density,

meaning a cold EoS has only one parameter and the form p(ρ); or, connecting the mass

density to the energy density ϵ trough the first law of thermodynamics, the form ϵ(p).

For a better understanding of the equation of state problem in neutron stars, we

can consider a simple model for it: We study the quantum mechanical pressure as the

only source of outward pressure in neutron stars. For this purpose we consider a fermion

gas, as neutrons are fermions, they are ruled by the same quantum statistic, Fermi-Dirac

statistics, and the fermion gas provides a simple description.

We begin by considering the fermion gas in a box of volume V . The uncertainty

of its momentum ∆ k, given the uncertainty principle of Heisenberg, can be written as:

∆ k = hV − 1
3 , (3.1)

where h is the Plank constant. The region in the space of momentum with momentum

between k and k+dk has volume 4π k2 dk and the number of possible states, that occupy,

at least, (∆k)3 each, in this volume is:

dN = 4π k2 dk

(∆ k)3
, (3.2)

that using Equation (3.1), becomes:

dN = V 4 π k2 dk

h3
. (3.3)

As we are considering a fermion gas, the particles obey the principle of exclusion of

Fermi, which states that two fermions cannot occupy the exact same momentum state. As

fermions have spin 1
2
, a fermion has two possible values for its spin, up or down, meaning

each state of momentum can be occupied by two fermions, one with spin-up and other

with spin-down. So the maximum number of fermions in the volume V is actually double

the value in Equation (3.3). If we reduce the temperature of this gas as much as possible

we also reduce the fermion momentum to nearly zero, meaning that at T = 0K, only the

lowest momentum states, between k = 0 and a given momentum k = kf , will be occupied.

This allows us to integrate Equation (3.3) using these limits:
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N

V
=

∫ kf

0

8π k2

h3
dk. (3.4)

The ration N
V

is the number density n and, solving the integral we find:

n =
8π k3

f

3h3
, (3.5)

or in terms of the momentum kf :

kf (n) =

(
3h3

8π

) 1
3

n
1
3 . (3.6)

The energy density ϵ can be calculated by finding the ratio between the total energy Etot

and the volume V , and as we are considering relativistic particles, the energy of a single

one is given by E2 = k2 +m2 where m is the fermion mass, and consequently the total

energy is found by making dEtot = E · dN and integrating:

Etot =

∫
dEtot =

∫ kf

0

V
8π k2

h3
(k2 +m2)

1
2 dk, (3.7)

and the energy density can be calculated by dividing this by the volume V :

ϵ =

∫
dEtot

V
=

∫ kf

0

8 π k2

h3
(k2 +m2)

1
2 dk, (3.8)

where we can make a substitution u ≡ k
m

and uf ≡ kf
m
:

ϵ =
8πm4

h3

∫ uf

0

u2 (u2 + 12)
1
2 du. (3.9)

Integrating this equation we find:

ϵ(n) =
πm4

h3

[
(2u3

f + uf ) (1 + uf )
1/2 − arcsinh(uf )

]
. (3.10)

The pressure p can be found using the first law of thermodynamics:

∆Q = ∆Etot + p∆V, (3.11)

where ∆Q is the energy added to the system as heat. As we are considering an isolated
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system, it is 0, which leads to:

p = −dEtot

d V
= − d

dV
(ϵ V ) = −ϵ− V

d ϵ

d V
= −ϵ− V

d ϵ

d kf

d kf
d V

. (3.12)

The term dϵ
dkf

is:

dϵ

dkf
=

8π k2
f

h3
(k2

f +m2)
1
2 , (3.13)

while the term
d kf
d V

can be obtained by using the chain rule and considering that the

number of fermions N is constant:

V
d

d V
= −n

d

d n
, (3.14)

that can be applied to kf using Equation (3.6) and leads to:

−n
d kf
d n

=
1

3
kf . (3.15)

With this, the pressure can be written as:

p(n) =
8π k3

f

3h3
(k2

f +m2)
1
2 − ϵ, (3.16)

or, writing the expression in terms of the variable uf and writing ϵ(n) explicitly:

p(n) =
π

3h3
m4
[
(1 + u2

f )
1/2(2u3

f − 3uf ) + 3 arcsinh(uf )
]
. (3.17)

The Equations (3.17) and (3.10) together are the equation of state of this gas.

Computing the equilibrium equations described in the previous chapter along with

these equations, using m as the neutron mass mc, we find that they allow for a maximum

mass of approximately 0.7M⊙ as shown in Figure 3.1. This is much lower than the mass

limit of a stable white dwarf and, more importantly, lower than the average observed

mass of a neutron star that is ≳ 1.4M⊙ with recent measures reaching 2M⊙ [56–58]. This
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shows that this description is clearly wrong, which leads to the question: What is the

problem or problems with it?

8 10 12 14 16 18
R[km]

0.2

0.3

0.4

0.5

0.6

0.7

M
[M

]

Figure 3.1: Mass-radius curve generated with Equations (3.10) and (3.17). The maximum
mass found is Mmax ≈ 0.72M⊙.

The main thing to consider is that this description is of a non-interacting gas,

meaning it does not consider the interaction between neutrons: Is this realistic?

We can approximate the volume occupied by a single neutron as V ∼ 1
n
, where

n is the number density. To understand the possibility of neutron-neutron interactions

we can compare the value of this volume to the wavelength of a neutron: if the volume

occupied by a neutron is smaller than its wavelength λn, V < λ3
n, this means the neutrons

interact with one another. If we consider the Compton wavelength of the neutron, given

by λn = h
mnc

where c is the speed of light, we find λ3
n ≃ 2.3 × 10−39cm3. For this to be

greater than the volume V , the mass density ρ, related to the number density through

n = ρ
mn

, needs to be ρ ≳ 3 ρsat.

As it is expected that densities this high are reached inside neutron stars, neutrons

inside them do interact with each other. Even though their interaction is clear, modeling

it is not easy. This leads to a variety of equations of state that propose to do so.
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3.1 EoS Representations

Different equations of state result in different predictions regarding macroscopic

properties and behavior of neutrons stars, such as radius, mass, tidal deformability and

others. This difference, illustrated in Figures 3.2 and 3.3, means that observational mea-

surements of these properties can inform us about the true form of the equation of state,

an example on how this can be done is given in [8].

1012 1013 1014 1015 1016
p
c2 [ g

cm3 ]

1014

1015

1016

c2
[g cm

3
]

SLy
MPA1
MS1
WFF1

Figure 3.2: Illustration of the ϵ(p) rela-
tion for a set of four realistic equations
of state: SLy [59], MPA1 [60], MS1 [61]
and WFF1 [62]. The EoS data used here
are from the tables from [63].
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Figure 3.3: The correspondent Mass-
Radius curves for each of the equations
of state in Figure 3.2. Each point in a
curve represents a different star with a
different central density.

In this context, there are realistic equations of state; they are derived from different

microphysical approaches that consider different interactions and models for the matter

inside the neutron star. Their description varies and comparison between them is not

necessarily trivial. In this sense, using a parametric representation of the equation of state

that can combine different EoS into the same format can be extremely useful. Having

parameterized EoS means that the space of EoS is also parameterized: this is important

as observational data can lead to direct constraints in regions of this space, narrowing

the number of EoS possibilities. Because of this it is necessary that a representation has

parameters enough and that it is flexible enough to reproduce any behavior an EoS may

have, such as phase transitions. However, it should not have an excessively large number

of parameters so that the constraints are the most restrictive of the space as possible.

Several different representations have been created: the widely used piecewise poly-
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tropic parametrization by Jocelyn Read et al. [64], a generalization of this parametrization

proposed by O’Boyle et al. [65], the spectral parametrization by Lindblom [66], a speed of

sound interpolation by Annala et al. [67], among several others. Despite the differences

between them, they must result in the same macroscopic properties when fitting the same

realistic equation of state, as anything different would mean the representation is not a

useful tool in the study of NS EoS.

Here, we describe and analyze a few of these representations that will be used in

the following chapter.

3.1.1 Generalized Piecewise Polytropic Parametrization

The piecewise polytropic parametrization is based on the polytropic equation of

state, which is defined as:

p(ρ) = K ρΓ, (3.18)

where ρ is the rest-mass density and Γ is the adiabatic exponent, which is defined in

general as:

Γ (p) =
ϵ+ p

p

dp

dϵ
. (3.19)

With the first law of thermodynamics,

d
ϵ

ρ
= −p d

1

ρ
, (3.20)

the energy density ϵ can be fixed. Using Eq. (3.18), Eq. (3.20) has an immediate integral:

ϵ

ρ
= (1 + a) +

1

Γ− 1
KρΓ−1, (3.21)

where a is a constant of integration that can be determined using the requirement limρ→0
ϵ

ρ
=

1, which implies that a = 0, leading to:
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ϵ = ρ+
1

Γ− 1
p. (3.22)

The piecewise polytropic (PP) parametrization (see, e.g. Ref. [64]) consists in defin-

ing density intervals above a density ρ0, ρ0 < ρ1 < ρ2 < ..., each one with its own Ki and

Γi, in such a way that the pressure and energy density are continuous everywhere and are

determined by:

p(ρ) = Kiρ
Γi , ρi−1 ≤ ρ ≤ ρi, (3.23)

and

ϵ(ρ) = (1 + ai)ρ+
Ki

Γi − 1
ρΓi , Γi ̸= 1, (3.24)

where ai can be determined using continuity:

ai =
ϵ(ρi−1)

ρi−1

− 1− Ki

Γi − 1
ρΓi−1
i−1 . (3.25)

The generalized piecewise polytropic (GPP) parametrization [65] is based on a gen-

eralization of the prescription above. This generalization has the purpose of guaranteeing

continuity of the sound speed across the dividing densities. Indeed, one can easily see

that the sound speed, generally defined as:

c2s =
d p

d ϵ
, (3.26)

is given by:

cs(ρ) =

√
Γip

ϵ+ p
(3.27)

in the PP parametrization, and in general it will be discontinuous across ρi.

In the GPP parametrization, Eqs. (3.18) and (3.21) become:

p(ρ) = KρΓ + Λ (3.28)
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and

ϵ(ρ) =
K

Γ− 1
ρΓ + (1 + a)ρ− Λ. (3.29)

In these equations Γ is no longer identified as the adiabatic exponent. If one used

(3.28) throughout the interior of the star, Λ would be related to the mass density at the

surface of the star, where pressure vanishes.

The GPP parametrization consists in considering, in the same manner as the PP

parametrization, density intervals each one with its own parameters, Ki, Γi, Λi and ai,

for an interval [ρi−1, ρi]. The EoS has the piecewise form:

p(ρ) = Kiρ
Γi + Λi, ρi−1 ≤ ρ ≤ ρi (3.30)

and

ϵ(ρ) =
Ki

Γi − 1
ρΓi + (1 + ai)ρ− Λi. (3.31)

Demanding continuity and differentiability for both the pressure and energy density

in all dividing densities results in the following relations:

Ki+1 = Ki
Γi

Γi+1

ρ
Γi−Γi+1

i , (3.32)

Λi+1 = Λi+

(
1− Γi

Γi+1

)
Kiρ

Γi
i , (3.33)

ai+i = ai + Γi
Γi+1 − Γi

(Γi+1 − 1)(Γi − 1)
Kiρ

Γi−1

i . (3.34)

In particular, the requirement of differentiabillity implies that the speed of sound,

now given by

cs(ρ) =

√
Γi p− Λi

ϵ+ p
, (3.35)

is continuous throughout the star.

The equations above are used to parameterize the unknown core and match it to

a known crust EoS. Following Ref. [65], the parameterized core is characterized by three

density intervals and four free parameters, K1 and Γi, i ∈ {1, 2, 3}.
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The density at which the inner crust EoS and the outer core EoS intersect is

designated as ρ0. At this density, one requires differentiability, resulting in:

dpcrust
dρ

(ρ0) = K1Γ1ρ
Γ1−1
0 , (3.36)

where pcrust is the crust EoS. Now we use Λ1 to ensure continuity at ρ = ρ0:

Λ1 = pcrust(ρ0)−K1ρ
Γ1
0 . (3.37)

Similarly, a1 can be determined by demanding continuity in ϵ(ρ):

a1 =
ϵc(ρ0)

ρ0
− K1

Γ1 − 1
ρΓ1−1
0 +

Λ1

ρ0
− 1. (3.38)

Appropriate diving densities are determined in Ref. [65] by minimizing errors in

observables. The preferred densities found in that work are ρ1 = 1014.87g/cm³ and ρ2 =

1014.99 g/cm³.

3.1.2 Spectral Parametrization

An equation of state in the form ϵ(p), where ϵ is the energy density and p is the

pressure can be fully described by its adiabatic index:

Γ (p) =
ϵ+ p

p

dp

dϵ
. (3.39)

It can be determined, given an initial condition, by solving the differential equation:

dϵ(p)

dp
=

ϵ+ p

pΓ(p)
. (3.40)

The spectral parametrization is based on the idea of writing the unknown part of

the neutron star equation of state, its core, trough a spectral expansion of the adiabatic

index:

Γ(p) = exp

[∑
k

γk Φk(p)

]
, (3.41)
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where γk are constants that characterize different equations of state and Φk(p) is any set

of complete functions. A representation of the EoS is obtained by truncating the sum at

a value of k and its accuracy increases with the value of k. In Ref [66], the representation

is truncated at k = 4, and the functions are chosen to be:

Φk(p) =

[
log

(
p

p0

)]k
, (3.42)

where p0 is a reference pressure that is correspondent to the initial condition ϵ0 ≡ ϵ(p0).

It is defined as the pressure at the dividing density between the low density (crust) EoS

and the high density (core) EoS:

p0 = p(ρc), (3.43)

this density is chosen to be ρc = 2 × 1014 g/cm3. The pressure at this density can be

found by solving the following differential equation:

d ρ

ρ
=

1

Γ(p)

d p

p
, (3.44)

found by combining (3.40) and the first law of thermodynamics.

3.1.3 Comparison

Although the parametrizations are differently developed, they share some similar-

ities: both fit the realistic equations of state with four free parameters and the candidate

EoS is fitted by the method of minimizing the residual errors of the parameters.

In Ref. [65], where the GPP parametrization was proposed, the errors minimized

when determining the ideal parameters to fit an EoS are:

∆2(K1, {Γi}) =
1

ρu − ρl

N∑
i=1

∑
ρ∈[ρl,ρu]

(
p(ρ)−Kiρ

Γi − Λi

)2
∆ρ, (3.45)

where p(ρ) are the actual values from each realistic EoS, ρu is the central mass density

correspondent to the maximum mass allowed by the candidate equation of state and ρl is

the central mass density correspondent to the lowest mass, set to be 1.25M⊙. In Ref. [66],
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where the spectral parametrization was proposed, the errors minimized when determining

the ideal parameters to fit an EoS are:

∆2(γk) =
N∑
i=1

1

N

{
log

[
ϵfit(xi, γk)

ϵi

]}2

, (3.46)

where ϵi = ϵ(xi) are the actual values from each of the candidate EoS.

From these two expressions we can observe some differences: in the GPP expression

the objective is to minimize the errors of the entire set of parameters, while in the spec-

tral one, the errors of each of the parameters are calculated separately. Another visible

difference is that at (3.45) the absolute error of each point is calculated and subsequently

minimized, whilst in (3.46) the relative error is the one used.

The difference in formulation and in the manner the error is minimized leads di-

rectly to differences when fitting a particular equation of state. We can use the parameters

of the fitted realistic EoS found in Refs. [65] and [66], that are presented in Appendix A

to generate Figures 3.4 and 3.5. From them, we can see these differences: the difference

on the fits, on the top part of the graph are barely perceptible, however this difference

becomes clearer when analyzing the relative errors in the lower part of the graph. As these

figures show, neither of the parametrizations seems to be an objectively better choice of

representation, each fitting one of the chosen realistic EoS better than the other.
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Figure 3.4: Top: Fits of the MPA1 EoS
[60] (with the data from [63]) using both
the GPP and the spectral representa-
tions. Values used in the fits are the ones
at A.2 and A.3. Bottom: Correspondent
relative error of each fit.
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Figure 3.5: Top: Fits of the MS1 EoS
[61] (with the data from [63]) using both
the GPP and the spectral representa-
tions. Values used in the fits are the ones
at A.2 and A.3. Bottom: Correspondent
relative error of each fit.



Chapter 4

Universal Relations

Universality is a known phenomenon in physics. It appears when a local prop-

erty of a system does not affect a specific global behavior of this system. For example,

in statistical physics phase transitions are sometimes characterized by the same critical

exponent for systems that have wildly different compositions and properties.

Black holes, for example, present universality because none of the events that

lead to the formation of a black hole and whatever fell into it are significant from an

astrophysical perspective since this information is inaccessible behind the event horizon.

For astrophysical purposes, the only relevant information to the describe the orbit, for

example, of a binary system of black holes, is their mass, angular momentum and electric

charge, this is called the no-hair theorem [68–70].

In neutron stars, universality appears in the form of universal relations, meaning

relations that do not show strong dependence on the equation of state. In this case,

universality is particularly important because it is capable of informing us of properties of

the star that would be otherwise inaccessible without the knowledge of the exact neutron

star equation of state.

4.1 Literature Survey

In the context of compact stars, and particularly neutron stars, there are several

known universal relations. Here we mention a few of these and their respective applica-

tions.

42
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I-Love-Q

One of the most well-known universal relations for neutron stars is the I-Love-Q

relation. It was first introduced by Yagi and Yunes in Ref. [29]. This is the name of a

set of universal relations between the “I”, “Love” and “Q” quantities: “I” stands for I in

the stellar moment of inertia, “Love” stands for the quadrupolar tidal deformability λ(tid)

and “Q” stands for the quadrupolar spin-induced moment Q.

The tidal deformability λ(tid) of a neutron star is the tidal deformability, that was

calculated explicitly in the Subsection 2.2.1 in Equation (2.70) as Λ and is here identified

as λ(tid). Its dimensionless form, defined in (2.72), and there named Λ, here is called λ
(tid)

.

It characterizes the response of a non-rotating neutron star when subject to an external

gravitational field.

The steps to obtain the stellar moment of inertia I are described in Subsection

2.2.2, and this quantity is defined in Equation (2.92). In these relations, however, the

dimensionless moment of inertia is used, as defined in (2.93).

The quadrupolar spin-induced moment Q can be found by extending the calcula-

tions made in Subsection 2.2.2 to quadratic order in the angular velocity, these calculations

are performed in Ref. [52], still, however, considering a slow rotation approximation. In

Ref [71] it is given by:

Q = −J2

M
− 8

5
AM3, (4.1)

where A is an integration constant. In the relation, its dimensionless version is used,

defined as:

Q ≡ − Q

J2M
. (4.2)

This quantity characterizes the quadrupolar deformation of a spherical body due to its

rotation given a certain spin angular momentum J .

The I-Love-Q relations are three: the I-Love, that connects I and λ
(tid)

, shown in

Figure 4.1; the Love-Q relation that connects λ
(tid)

and Q, shown in Figure 4.2, and the

I-Q relation that connects I and Q, shown in Figure 4.3.
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Figure 4.1: Reproduction from Ref. [71]. Top: the universal I-Love relation from slowly
rotating neutron stars for a few realistic equations of state as well as polytropic equations
of state, and a black line that represents a fit that can be found in [71]. The top axis
represents the stellar mass calculated in the APR EoS. Bottom: corresponding fractional
error in relation to the fit.
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Figure 4.2: Reproduction from Ref. [71]. Top: the universal Love-Q relation for slowly
rotating neutron stars for a few realistic equations of state as well as polytropic equations
of state, and a black line that represents a fit that can be found in [71]. The top axis
represents the stellar mass calculated in the APR EoS. Bottom: corresponding fractional
error in relation to the fit.

Figure 4.3: Reproduction from Ref. [71]. Top: the universal I-Q relation for slowly
rotating neutron stars for a few realistic equations of state as well as polytropic equation
of state, and a black line that represents a fit that can be found at [71]. The top axis
represents the stellar mass calculated in the APR EoS. Bottom: corresponding fractional
error in relation to the fit.



46

From the bottom part of these figures we can see that these relations are EoS-

insensitive, or universal, to O(1%). This means that these relations are in fact extremely

insensitive to the choice of equation of state.

With the relations presented, there are several applications for these that are im-

portant to discuss. One is from the astrophysical perspective: from an observational

point of view, these relations allow for a measurement of any of the three quantities to

be used to measure the other two. For example, as mentioned in Subsection 2.2.1, the

tidal deformability can be measured through gravitational wave data from inspiralling

neutron star binary systems and black hole-neutron star binary systems [15,17,46,48,49],

this measurement allows us to extract information about the moment of inertia I and the

quadrupole moment Q. It will also be possible to use future measurements of the moment

of inertia obtained from pulsar timing [13,51] to extract information of tidal deformability

and spin-induced quadrupole moment.

Another application is to gravitational-wave astrophysics: this relation is capable

of breaking degeneracies found in the GW phase. The neutron star quadrupole moment

enters the phase at the same order as a spin-spin interaction term [72], this means that

at first it would not be possible to individually measure the quadrupole moment and the

spins of the neutron stars. However, using the I-Love-Q relation the quadrupole moment

Q can be rewritten in terms of the tidal deformability, and if it is measured using GW

detection as just mentioned, it is possible to measure the spins individually. A study on

how this relation influences the NS spin measurement with GWs can be found at [29].

The last application we mention here is to fundamental physics: A measurement of

two of the components of the relation would allow for a robust test of General Relativity,

if these measurements have small enough uncertainties. If the values obtained for the

quantities do not lie in the universal I-Love-Q line predicted by GR, this would indicate

some sort of deviation from the theory.

The reason why these relations exist was investigated thoroughly in Ref. [73]. The

paper concludes that this universality appears due to an emergent symmetry that occurs

when moving from a non-compact star region to the region of relativistic stars. It is also

important to mention that these relations were also analyzed in different contexts.

• In the context of rapidly rotating neutron stars, with uniform rotation, the I-Q

relation was first analyzed in Ref. [74], and then in Refs. [75] and [76].
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• The validity of these relations were also evaluated with magnetized neutron stars:

this is important because neutron stars can have strong magnetic fields. This anal-

ysis can be found in Ref. [77].

• The universality of these relations was also analyzed when the pressure in the star

is not isotropic, meaning that the radial pressure is not necessarily equal to the

tangential pressure. This analysis can be found in Ref. [78].

• The I-Love-Q relations were also studied using non-barotropic EoS. This scenario

is important when considering newly formed neutron stars from supernovae, the

so called proto-neutron stars, which are hotter than neutron stars, meaning that

temperature effects must be taken in consideration. This study can be found in

Ref. [79].

• Non-static tides, or dynamical tides, were also considered. In Ref. [80] the tidal

deformability is calculated in the dynamic context and the influence of this on the

universality of the I-Love relation is studied.

Binary Love Relation

A neutron star binary system is an astronomical system composed of two neutron

stars. The binary Love relation is an approximately equation-of-state-independent rela-

tion between the tidal deformabilities, or the Love numbers, of neutron stars in a NS-NS

binary system. It was first introduced in Refs. [27] and [81] and connect the quantities

Λ̄s–Λ̄a.

The quantity Λ̄s is a dimensionless symmetric combination of the tidal deforma-

bility of each of the components of the binary system. It is defined as:

Λ̄s =
Λ̄1 + Λ̄2

2
, (4.3)

where Λ̄1 is the dimensionless tidal deformability defined in subsection 2.2.1 of the com-

ponent 1 of the binary system and Λ̄2 is the dimensionless tidal deformability of the

component 2 of the system. These quantities are calculated by considering each star sep-

arately and treating the tidal effects as is done in subsection 2.2.1. The quantity Λ̄a is
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Figure 4.4: Reproduction from Ref. [27]. Top: the universal Λ̄s–Λ̄a relation for a binary
system of neutron stars for a few realistic equations of state, the Newtonian limit is
represented in dashed black lines and the equations are fitted to a fit that can be found
in Ref. [27]. The relation is tested for different values of the mass ratio q. Bottom:
corresponding fractional error in relation to the fit.

the dimensionless asymmetric combination of the tidal deformabilities:

Λ̄a =
Λ̄1 − Λ̄2

2
. (4.4)

The relation Λ̄s–Λ̄a is illustrated in Fig. 4.4, reproduced from Ref. [27]. In the

figure, q ≡ m1

m2
, where ma is the mass of the a-th component of the binary system, here, it

is considered that the component 2 is the most massive star, meaning q < 1. The relation

is evaluated for different values of q, and the figure shows that the relation becomes more

insensitive to the EoS choice with high values of Λ̄s or low values of q. Also from the

figure we can see that the degree of universality of this relation is O(10%).

This relation has important applications: currently, one of the most important

ways of extracting new neutron star information is through the detection of gravitational

waves, examples include Refs. [18, 82–85]. One of the systems generating an observable

GW signal is the neutron star-neutron star binary system. However, detecting individual

deformabilities from such a system is difficult due to the degeneracy between them when



49

entering the GW model, this happens because at leading order, the GW phase is sensitive

to the combination of the tidal deformabilities, and not to the individual ones.

Using the relation to write, for example Λ̄a = Λ̄a(q, Λ̄s) improves the accuracy in

which Λ̄s can be measured; and this relation can be used again to extract Λ̄a, making

it possible to obtain both of the individual deformabilities. An estimate of the error of

measuring these quantities with and without this relation can be found in Ref. [27]. This

was used in the first confirmed gravitational wave detection of a NS binary system [45].

There are also other applications of this relation. For example, constraining the

EoS families given a GW observation; this can be done because the relation between

the tidal deformability of a star and its mass is EoS dependent, thus measuring them

simultaneously can be used to extract EoS information [27]. Another applications can be

found in [27] and [28]. Examples include:

• Improving the possibility of testing General Relativity through tests of the I-Love-Q

relation; this is done by using the binary Love relation to improve measurements of

the tidal deformability;

• It can also be used in cosmology to help improve the measurement of cosmological

parameters through gravitational waves. Details on how this is done can be found

in Refs. [86–89].

I-Love and C

The relations between the I-Love quantities and the compactness C are also EoS-

independent for neutron stars. These are two relations: the I-C, and the Love-C, that can

be treated individually.

A universal relation between the normalized moment of inertia I
MR2 and the com-

pactness C was first highlighted in Ref. [90] and later treated in Refs. [30], [11] and applied

in [13]. A more recent account can be found in Refs. [91] and [92], exploring the relation

between both the normalized moment of inertia and the dimensionless moment of inertia

I defined as in Equation (2.93) with the compactness.

As shown in Ref. [91], the latter relation appears to be more insensitive to the

choice of EoS, a comparison between them can be found in the same reference. The

relation I-C is illustrated in Fig. 4.5, for slowly rotating stars. As the figure shows, the
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I-C relation depends very weakly on the equation of state.
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Figure 4.5: Reproduction from Ref. [91]. Top: the universal I-C relation for a slowly
rotating neutron star for a number realistic equations of state, and a fit that can be found
in Ref. [91]. Bottom: corresponding fractional error in relation to the fit.

The Love-C relation was first noted in Ref. [80] and later illustrated in [93]. It

arises naturally from the Q-C relation [94] (that is not explained here due to its similarity

to the I-C relation) and the I-Love-Q relations. The relation between the dimensionless

tidal deformability defined in Eq. (2.72), then with the symbol Λ and here with Λ2, and

the compactness of the star is illustrated in Fig. 4.6. From the figure it is possible to note

that the relation, specifically for neutron stars, is indeed universal.

The I-C relation can be used to obtain, or at least constrain, the radius of the

star given measurements of its moment of inertia and mass from pulsar timing [51]. The

analysis on how this can be done can be found in Refs. [13] and [91]. The Λ2-C relation

can be applied to extract the radius of the star through gravitational-wave detections that

can provide measurements of the tidal deformability and its mass [80]. Both the methods

of extracting the radius with mass measurements are capable of constraining the equation

of state because, as mentioned in Chapter 3, and illustrated in Figure 3.3, the mass-radius

curve of neutron stars is not EoS-independent and determining points in this curve with

a sufficiently low uncertainty can help greatly in determining the right EoS, see Ref. [8]
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and [30] for a detailed description on how this can be done.

The I-C relation was also studied for rapidly rotating stars in Refs. [91] and [92].

The reasoning for both these relations and an analytic version and explanation for them

can be found in Ref. [95].

RM-P(n)

The relation RM -P (n) was first noted by Ref. [30]. It is the relation between the

nominal radius RM which is the radius of a star at a certain mass M and the pressure

P (n) at a specific baryon density n.

It was noted, in Ref. [30], that a lot of the realistic equations of state had approxi-

mately the same behavior, characterized as having the same adiabatic index Γ = 2, around

the baryon density interval ns − 2ns, where ns is the nuclear saturation baryon density,

which is the density related to the nuclear saturation mass density ρsat as ρsat = mbns,

where mb is the baryon mass. Alongside the fact that when Γ = 2 the radius is propor-

tional to the square root of the K constant in the polytropic equation of state (3.18), this
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suggested the possibility of a relation between the radius and pressure that was not EoS

dependent.

This was confirmed by analyzing the nominal radius with M = M⊙ and M =

1.4M⊙ and the pressure at the densities n = ns, 1.5ns, 2ns. The relation between these

quantities can be numerically written as the power law [30]:

RM ≃ C(n,M) [P (n)]0.23−0.26 , (4.5)

where C(n,M) is a constant that varies for different values of density and mass. This

relation is demonstrated in Fig. 4.7: in the figure the value 0.25 is chosen for the power

in equation (4.5) even though the relation holds for a small range of parameters. From

Fig. 4.7 it is possible to identify the different values of C(n,M), that can be found in

Ref. [30].

Figure 4.7: Reproduction from Ref. [30]. Top (Bottom): Relation between RM⊙(R1.4M⊙)
and RP 0.25 for several equations of state considering the pressure P at different values of
density, which can be identified by the different symbols.

The relation mentioned in this section differs from others presented so far in the
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sense that instead of connecting two or more macroscopic observables it connects a macro-

scopic quantity, the radius of the star, to a microscopic quantity, the pressure at a fiducial

density. As mentioned previously, the microscopic behavior of the matter inside neutron

stars is still a mystery, and a direct way to obtain information regarding it from macro-

scopic observations is extremely useful. This means that it is possible to constrain the

equation of state given a radius measurement using directly the inverse relation found in

equation (4.5). A complete analysis and further discussion on the reasons for this relation

can be found in Ref. [30].

f-Love

The f -Love relation was first highlighted in Ref. [96]. This is the relation between

the multipolar fundamental mode oscillation frequency and the multipolar tidal deforma-

bility. A universal relation between the moment of inertia and the l = 2 (or quadrupolar)

f -mode oscillation frequency was discovered by [19], and alongside the I-Love-Q relations,

it seems natural that a relation between the quadrupolar f -mode and the quadrupolar

tidal deformability (the one present in the I-Love-Q relation and described in Subsection

2.2.1) was also EoS-independent. Besides the analysis of this relation, the other multipolar

relations, meaning with different values of l, were also discovered by Ref. [96].

Perturbations to the equilibrium state of a neutron star lead to oscillations that can

be described in terms of quasinormal modes (QNM) [97]. These modes are quasinormal

and not normal because of the decay that occurs due to the emission of gravitational

waves. Each of these modes is characterized by a complex frequency ω = ωr + i ωi, where

ωi is the measure of its decay rate. The f -mode is the fundamental mode, associated with

the frequency ωr. The frequency used in this relation is the scaled lth multipole defined

as:

ωl = M ωl, (4.6)

where M is the stellar mass. The jth multipolar tidal deformability is defined in Ref. [43]

in terms of the tidal love number as:

kj =
(2j − 1)!!

2
C2j+1Λj, (4.7)
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where Λj is the dimensionless tidal deformability, with the normalization:

Λj ≡
Λj

M2j+1
. (4.8)

There are several relations between these quantities that arise from the combination

of different values of l and j. In Ref. [96], the considered values for l and j are (2, 3, 4, 5).

Here, we illustrate only the relation between the j = 2 tidal deformability and l = 2, 3, 4, 5

oscillation frequencies in Fig. 4.8. The illustrations for different values of j can be found

in Ref. [96].
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Figure 4.8: Reproduction from Ref. [96]. The relations for ωl-Λ2 for l = 2, 3, 4 and 5 for
a few realistic equations of state and polytropic stars with various adiabatic indices and
one quark star. The black solid line indicates an incompressible star. Under each relation
are the fractional errors E.

From these graphs it is possible to see that the universality increases when l = j,

which also happens for different values of j. A Newtonian analytical analysis of this

relation can be found in Ref. [96].
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Other relations

Here we mention a few other universal relations:

• Λ̃-δΛ̃: Relation between the coefficients of the Post-Newtonian expansion of the GW

phase [81];

• Λ
(0)

0 -Λ
(k)

0 : Relation between the coefficients of the Taylor expansion of the tidal

deformabilities [27];

• BE
M

-C: Relation between the normalized binding energy and the compactness [30];

• Λl-Λj, σ2-Λ2 and ηl-ηj: Relations between the dimensionless forms of the multipolar

even tidal deformabilities, Λl, between the even quadrupolar tidal deformability Λ2

and the quadrupolar odd one, σ2, and between the multipolar shape tidal deforma-

bilities ηl [28].

4.2 Results

The new relations presented and analyzed here are between the microscopic quan-

tity αc, defined as the ratio:

αc ≡
pc
ϵc
, (4.9)

where pc and ϵc are respectively the pressure and the energy density evaluated at the center

of the star, and three macroscopic quantities: the dimensionless tidal deformability Λ, the

compactness C and the dimensionless moment of inertia I.

The ratio αc is an average measure of the stiffness of the star, in contrast with the

sound velocity that can be interpreted as a local parameter of the stiffness. This difference

can be seen in Fig. 4.9. In the figure three different equations of state are displayed, one

considered to be “soft”, composed of APR nuclear matter and color-flavor-locked quark

matter (ALF1) [98]; one with npeµ nuclear matter (SLy) [59], considered neither soft nor

stiff and a stiff one, also with npeµ nuclear matter but relativistic (MPA1) [60].

The angles indicated with the letter ϕ (ϕ1, ϕ2 and ϕ3) are the angles between the

tangent line to the point ϵc
c2

= 3ρsat, and the x-axis. The tangent lines are indicative of
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Figure 4.9: The relation p(ϵ), represented by the solid lines, is presented for three equa-
tions of state of different stiffness. The colored dashed lines are to better visualize the
angles and the black dotted lines are the tangent lines to the points marked by dots.

the slope of the equation of state at the specific point, meaning how much the pressure is

increasing given the energy density at this point. The angles are directly related to the

derivative at the point d p
d ϵ

∣∣
ϵc
in the form of ϕ = arctan

(
d p
d ϵ

)
. This derivative is also related

to the sound speed through the relation in Eq. (3.26), c2s =
d p
d ϵ
, meaning the sound speed

and the angle are related by c2s = tan (ϕ). In this particular case, the values we find for

the speed of sound of each particular EoS (represented by the superscript) are:

c(1)s (ϵc) = 0.4940,

c(2)s (ϵc) = 0.5449, (4.10)

c(3)s (ϵc) = 0.7372.

On the other hand, the angles represented by the letter θ are the angles between

the lines that connect ϵ(0) and the point ϵc. These lines characterize the general slope of
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the equation of state up until the specified point, with general meaning that it describes

the total variation of the pressure given an energy density. However, for most equations

of state ϵ(0) ≈ 0, so that for the following discussion we consider this approximation.

The corresponding angles θ1, θ2 and θ3 are related to the ratio p(ϵc)
ϵc

by θ = arctan
(

p(ϵc)
ϵc

)
Consequently they are related to the quantity αc by αc = tan(θ). The values we find for

this quantity given these specific EoS and the energy density ϵc are:

α(1)
c = 0.0599,

α(2)
c = 0.1119, (4.11)

α(3)
c = 0.1788.

As shown, this is capable of differentiating the stiffness of each equation of state and being

able to determine the value of this quantity from observations can be an important tool

in understanding more of the matter inside neutron stars and their EoS.

The quantity α ≡ p
ϵ
is bound to some values; requiring causality, implies [99] that

cs ≤ 1. (4.12)

The dominant energy condition (see e.g. Ref. [100]), on the other hand, for perfect fluids

can be written as ϵ ≥ |p|. This leads to:

α ≤ 1. (4.13)

Of course, since in the non-relativistic limit nuclear matter satisfies p ≪ ϵ, for the bound

α = 1 to be achieved, the fluid must first go superluminal; Eq. (4.12) is therefore more

restrictive than (4.13). In particular, it is interesting to consider the case of an EoS that

is “maximally soft”, p(ϵ) = 0, for ϵ ≤ ϵ0, and “maximally stiff”, p(ϵ) = ϵ− ϵ0, for ϵ ≥ ϵ0,

which yields the most compact NS models consistent with causality [101]. The maximally

compact configuration, with C ≈ 0.35, has ϵc = 3.024ϵ0 and pc = 2.034ϵc, and therefore

αc = 0.670. (4.14)

As we will see below, by requiring that the EoS satisfies Eq. (4.12), the bound (4.14) is
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approached, rather than (4.13).

4.2.1 Relations for Realistic EoS

Here we present three approximately EoS-independent relations αc − I, αc − Λ

and αc − C for a set of 40 realistic equations of state. These equations are the ones that

can be found in the catalog from Ref. [63], the values and naming used here are also the

ones in the catalog. The equations of state are: ALF1-4 [98], AP1-4 [102], BBB2 [103],

BGN1H1 [104], BPAL12 [105], BSK19-21 [106], ENG [107], FPS [108], GNH3 [109], GS1-

2 [110], H1-7 [111], MPA1 [60], MS1-1b-2 [61], PAL6 [112], PCL2 [113], PS [114], SLy [59];

SQM1-3 [113] and WFF1-3 [62].

In order to present these relations 50 stars were generated each with different

central densities for each one of the equations of state. For each star, its mass and radius

were determined through the TOV equations (2.22) and (2.23), its moment of inertia

through Eqs. (2.92) and (2.93) and its tidal deformability through Eqs. (2.71) and

(2.72). Here, we only consider stars with compactness C ≥ 0.05, which besides setting a

lower limit for the compactness, also sets an upper limit for both the deformability and

the moment of inertia, the particular values will be mentioned later on.

First we evaluate the relation between the value of α at the center of the star and

the compactness of the star. This relation is presented in the top of the images in Fig.

4.10, from which we can see that it is weakly sensitive to the choice of equation of state.

We analyze different polynomial fits for this relation, all in the form of:

αc =
n∑

k=0

akC
k, (4.15)

where ak are the coefficients of the polynomial. The fits here and forward were made

using the least squares methods. The values n = 3, 4, 5, and 6 are used for this purpose.

The relative error, presented in the bottom of the images in Fig. 4.10 is calculated as:

E =
|αfit − αc|

αfit

, (4.16)

where αfit is the value found by substituting the value of C in Eq. (4.15).
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Figure 4.10: Universal αc − C relation for a set of 40 realistic equations of state. A solid
black line represents an n-th order polynomial fit (as in Eq. (4.15)). Bottom panels
display the corresponding relative error as described in Eq. (4.16), with the red, blue
and black dashed lines representing the value of, respectively, 99.7%, 95% and 68% of the
relative error. Only configurations with C > 0.05 are considered.

The fits with lower parameters, n = 3, 4 do not seem to capture accurately the

behavior of the relation at lower values of C and neither does the n = 6 fit, the only

one, from Fig. 4.10, that seems to the properly demonstrate the general behavior of the

relation is also the one with the lower maximum relative error (∼ 32%), n = 5; this
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one also presents the lower average relative error (∼ 6.7%). Also in this fit 99.7% of the

relative error, which is represented by the dashed horizontal red line in the bottom, is

under ∼ 28.5%, 95%, represented by the blue line is under ∼ 20.2% and 68%, represented

by the black line under ∼ 7.1%. For n = 5 the values of the fit coefficients can be found

in Table B.1.

The αc − I relation is presented in upper panels of Figure 4.11. From it we can

see that the dependence on the choice of EoS is also weak. In the figure, the C ≥ 0.05

requirement sets an upper limit in the moment of inertia of log I ≲ 4.47. To fit this

relation we try different degrees of a logarithmic polynomial expression in the form of:

logαc =
n∑

k=0

bk(log I )k, (4.17)

where bk are the fit coefficients. The values n = 3, 4, 5 and 6 are used for this purpose.

The relative error, presented in the bottom of the images in Fig. 4.11 is calculated as

presented in Eq. (4.16).

The fits with lower parameters, n = 3, 4 show a bigger discrepancy from the curve

of the relation at higher values of I. Both the n = 5 and the n = 6 fits seem to the properly

capture the general behavior of the relation. The one with the lower maximum relative

error (∼ 34.6%) is n = 5; it also presents the lower average relative error (∼ 3.9%). Also

in this fit 99.7% of the relative error, which is represented by the dashed horizontal red

line in the bottom, is under ∼ 15.4%, 95%, represented by the blue line is under ∼ 9.6%

and 68%, represented by the black line, under ∼ 5%. For n = 5 the values of the fit

coefficients can be found in Table B.2.

The αc − Λ relation is presented in upper panels of Figure 4.12. In the figure, the

C ≥ 0.05 requirement sets an upper limit in the tidal deformability of log Λ ≲ 12.3. From

it we can see that the dependence on the choice of EoS is weak, except for the equations

of state SQM1-3. SQM1-3 EoS are modeled for quark stars, instead of neutron stars and

from this figure it is apparent that these stars obey a different relation than the one found

for NS. This has similarities to the difference found in the universal relation between Λ

and I in Fig. 4.6. Here we first fit the relation including these equations then excluding

them. To do this we try different degrees of a logarithmic polynomial expression in the

form of:
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Figure 4.11: Quasi universal I − αc relation for a set of 40 realistic equations of state. A
solid black line represents an n-th order polynomial fit (as in Eq. (4.17)). Bottom panels
display the corresponding relative error as described in Eq. (4.16), with the red, blue
and black dashed lines representing the value of, respectively, 99.7%, 95% and 68% of the
relative error. Only configurations with C > 0.05 are considered.

logαc =
n∑

k=0

ck(log Λ )k, (4.18)

where ck are the fit coefficients. The values n = 3, 4, 5 and 6 are used for this purpose.
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The relative error, presented in the bottom of the images in Fig. 4.11 is calculated as

presented in Eq. (4.16).
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Figure 4.12: Approximately universal Λ − αc relation for a set of 40 realistic equations
of state. A solid black line represents an n-th order polynomial fit (as in Eq. (4.18)).
Bottom panels display the corresponding relative error as described in Eq. (4.16), with
the red, blue and black dashed lines representing the value of, respectively, 99.7%, 95%
and 68% of the relative error. Only configurations with C > 0.05 are considered.

Here the fit with the lower maximum relative error is the one that generally tends

towards the lower part of the plot. This one, with maximum relative error (∼ 47.5%) is
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n = 3. It also has average relative error ∼ 9.05%. Also in this fit 99.7% of the relative

error, which is represented by the dashed horizontal red line in the bottom, is under

∼ 44.1%, 95%, represented by the blue line is under ∼ 30.5% and 68%, represented by

the black line, under ∼ 10.2%. For n = 3 the values of the fit coefficients can be found in

Table B.3.

If we consider the αc−Λ relation only for neutron stars, meaning, excluding equa-

tions of state that describe quark matter, we obtain Fig. 4.13. In this case, the fit with

lower maximum relative error ∼ 30% is n = 4 which has the lower average relative error

∼ 5.4%, with 99.7% of the relative errors under ∼ 28%, 95% under ∼ 14% and 68% under

∼ 6.7%. The values for this fit can be found in B.4.
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Figure 4.13: Approximately universal Λ − αc relation for a set of 37 realistic equations
of state. A solid black line represents an n-th order polynomial fit (as in Eq. (4.18)).
Bottom panels display the corresponding relative error as described in Eq. (4.16), with
the red, blue and black dashed lines representing the value of, respectively, 99.7%, 95%
and 68% of the relative error. Only configurations with C > 0.05 are considered.

4.2.2 Relations for Phenomenological Equations of State

Besides presenting the relation for tabulated realistic equations of state, we also

present them for a set of 15,000 phenomenological equations of state. These equations
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were generated using the GPP parametrization, described in Sec. 3.1.1. Comparison with

another set of 10,000 spectral EoS will be performed in Sec. 4.2.5

The process of generating these EoS was to randomly generate values for each of

the free parameters of the parametrization. The relation between parameters K1 and Γ1

is constrained by the equations that describe the last interval of the SLy crust, and the

first interval of the core. As the densities for the intervals mentioned are ρSLy < ρ < ρ0,

where ρSLy = 5.317 × 1011 g/cm3 is the last density of the crust from Table A.1, and

ρ0 < ρ < ρ1, we have a requirement that the dividing density ρ0 is in the interval:

ρSLy < ρ0 < ρ1. (4.19)

Using Eq. (3.36) we find that:

KSLy ΓSLy ρ
ΓSLy−1
0 = K1 Γ1 ρ

Γ1−1
0 , (4.20)

where the subscript SLy indicates the last item from the Table A.1. From this equation

we can isolate ρ0:

ρ0 =

(
KSLy ΓSLy

K1 Γ1

)1/(ΓSLy−Γ1)

. (4.21)

With the requirement in Eq. (4.19) we find that if Γ1 > ΓSLy, the parameter K1 is

restricted as:

KSLy ΓSLy

Γ1 ρ
Γ1−ΓSLy

1

< K1 <
KSLy ΓSLy

Γ1 ρ
Γ1−ΓSLy

SLy

, (4.22)

and on the other hand if Γ1 < ΓSLy:

KSLy ΓSLy

Γ1 ρ
Γ1−ΓSLy

SLy

< K1 <
KSLy ΓSLy

Γ1 ρ
Γ1−ΓSLy

1

. (4.23)

This means that the portrayed four free parameters parametrization has effectively only

three free parameters, as the area for the allowed values of K1 is limited. This is displayed

in Fig. 4.14.

In order to decide the interval in which the parameters Γi, with i = 1, 2, and 3
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Figure 4.14: The allowed area for logK1, as limited by Eqs. (4.22) and (4.23).

should be generated, we take the interval in which they are contained in Table A.2, which

is Γ1 ∈ [2, 4], Γ2 ∈ [2, 4] and Γ3 ∈ [1.5, 4] and expand it. We generate random values

for Γi and logK1. The interval for Γ2 and Γ3 was [−2, 8]; for Γ1 it was [0, 8] (excluding

Γ1 = ΓSLy as that would result in an infinite power in Eq. (4.21) and negative numbers

as logK1 depends on log Γ1); lastly, logK1 is generated between the restrictions in Eq.

4.22 given the value of log Γ1. We generated 5,000 EoS in this interval in order to test the

possible constraints due to causality and the requirement that Mmax ≥ 2M⊙. The result

of this analysis is presented in Figs. 4.15, 4.16, 4.17 and 4.18.
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Figure 4.15: Histogram of the randomly
generated values of Γ1 in blue and in or-
ange the histogram of values that satisfy
causality and the requirement Mmax ≥
2M⊙.
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Figure 4.16: Histogram of the randomly
generated values of Γ2 in blue and in or-
ange the histogram of values that satisfy
causality and the requirement Mmax ≥
2M⊙.



67

2 0 2 4 6 8
3

101

102

Mmax 2M  and c2
s 1

Figure 4.17: Histogram of the randomly
generated values of Γ3 in blue and in or-
ange the histogram of values that satisfy
causality and the requirement Mmax ≥
2M⊙.
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Figure 4.18: Histogram of the randomly
generated values of logK1 in blue given
the intervals in Eqs. (4.22) and (4.23)
and in orange the histogram of values
that satisfy causality and Mmax ≥ 2M⊙.

From the histograms of Γ2 and Γ3 we find that causality and the maximum mass

requirements do not restrict the possible values for these parameters. For Γ1 and conse-

quently K1, however, these requirements do change the allowed interval. In the case of

Γ1, no value below ΓSLy was able to generate an EoS that fulfilled the specific constraints.

To generate the 15,000 phenomenological EoS we use the intervals Γ1 in [ΓSLy, 8], Γ2,3

from [−2, 8] and logK1 the one described in Eq. (4.22). Besides this, we also require:

• Causality, by imposing that c2s ≤ 1 throughout the star up to the density that

generates the maximum mass;

• That the configuration with the highest mass, generates a star with Mmax ≥ 2M⊙,

value that is in correspondence to measured masses of neutron stars [63,115].

The equations of state generated can be represented by two graphs: one of the

different ϵ(p) relations and the correspondent mass-radius curves. These are presented in

Figs. 4.19 and 4.20. Also in this figures we highlight the EoS that satisfy Λ1.4M⊙ ≤ 800

and both this and Mmax ≤ 2.3M⊙; it is clear that although these restrictions do not

greatly restrict the ϵ(p) space, they do restrict the mass-radius space. The upper limit on

Λ1.4M⊙ is the 90% credible upper bound derived in Ref. [22]; the upper limit on the Mmax

is a reasonable condition for the maximum mass coming from analysis of GW170817 and

its electromagnetic counterpart [116–118].



68

Figure 4.19: Curves, in blue, represent-
ing the ϵ(p) relations for 15,000 phe-
nomenological equations of state, where
both ϵ and p are in unities of the nu-
clear saturation mass density ρsat. High-
lighted in orange are the ones that sat-
isfy Λ1.4M⊙ ≤ 800 and in green the
ones that satisfy both this and Mmax ≤
2.3M⊙.

Figure 4.20: Representation of the mass-
radius curves for 15,000 phenomenologi-
cal EoS. Each curve was made by gener-
ating 50 stars with different central den-
sities up to the one that generates the
most massive star. Highlighted in or-
ange are the ones that satisfy Λ1.4M⊙ ≤
800 and in green the ones that satisfy
both this and Mmax ≤ 2.3M⊙.

From this we can move on to analyze the αc − C/Ī/Λ̄ relations with this space

of equations of state, considering the entire space, with no further restrictions. The

fits presented here are done in the same manner as described in Sec. 4.2.1 where only

configurations with C > 0.05 are considered.

The relation between αc − C is presented in Fig. 4.21 fitted to different values of

n in Eq. (4.15). The fit with the lower maximum relative error is n = 6, ∼ 51.8%, with

90% of errors below ∼ 15.5% and average relative error of ∼ 4.18%. However, from the

figure, we can see that the difference between the fits is very small. The coefficient values

for all the fits presented in Fig. 4.21 can be found in Table B.5. From this table we can

see that the coefficient a0 is small in all the different order fits and because of this, it can

be set to 0. As this does not affect the errors, we choose not to do so.

The relation between αc − I is presented in Fig. 4.22 fitted to different values of

n in Eq. (4.17). The fit with the lower maximum relative error is n = 6, ∼ 23.76%, with

90% of errors below ∼ 6.8% and average relative error of ∼ 2.82%. The coefficient values

for all the fits presented in Fig. 4.22 can be found in Table B.6.

The relation between αc−Λ is presented in Fig. 4.23 fitted to different values of n
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Figure 4.21: Approximately universalαc−C relation for a set of 15,000 phenomenological
equations of state. A solid black line represents an n-th order polynomial fit (as in
Eq. (4.15)). Bottom panels display the corresponding relative error as described in Eq.
(4.16), with the black dashed line representing 90% of the relative error in the particulars
intervals. Only configurations with C > 0.05 are considered.

in Eq. (4.18). The fit with the lower maximum relative error is n = 4, ∼ 25.0%, with 90%

of errors below ∼ 7.3% and average relative error of ∼ 2.52%. The coefficient values for

all the fits presented in Fig. 4.23 can be found in Table B.7. From the table we can see

that the higher order coefficients are extremely small; this means a lower order fit than

n = 3 may still be able to properly fit this relation.
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Figure 4.22: Approximately universalαc − I relation for a set of 15,000 phenomenological
equations of state. A solid black line represents an n-th order polynomial fit (as in
Eq. (4.17)). Bottom panels display the corresponding relative error as described in Eq.
(4.16), with the black dashed line representing 90% of the relative error in the particulars
intervals. Only configurations with C > 0.05 are considered.
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Figure 4.23: Approximately universalαc−Λ relation for a set of 15,000 phenomenological
equations of state. A solid black line represents an n-th order polynomial fit (as in
Eq. (4.18)). Bottom panels display the corresponding relative error as described in Eq.
(4.16), with the black dashed line representing 90% of the relative error in the particulars
intervals. Only configurations with C > 0.05 are considered.
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4.2.3 Effects of Constraints on the Maximum Mass and Tidal

Deformability

We can impose on the EoS space the constraints highlighted in Figs. 4.19 and 4.20.

We consider both only setting the upper limit Λ1.4M⊙ ≤ 800 (Ref. [22]) and setting the

upper limit on both the tidal deformability and the upper limit Mmax ≤ 2.3M⊙ [116–118].

The effect this has on the αc −C/Λ/ I relations can be seen in Fig. 4.24. The fits

used here are the ones that capture the tendencies of the relation with the lowest number

of parameters. For αc − C we use n = 4, αc − Λ is fitted with n = 3 and αc − I is fitted

to n = 5. From Fig. 4.24 we can see that these restrictions do not change the profile of

these relations significantly.

Figure 4.24: Approximately universalαc−C/Λ/ I relations for a set of 15,000 phenomeno-
logical equations of state, with regions that satisfy Λ1.4M⊙ ≤ 800 and both this and
Mmax ≤ 2.3M⊙. A solid black line represents the fits of 4/3/5-order respectively. Only
configurations with C > 0.05 are considered.

4.2.4 Effects of Requiring Monotonicity in the Speed of Sound

We can also require that the sound speed c2s is monotonically increasing with

the pressure, which is not an mandatory physical condition, but is being explored here

to evidence the possible impacts on the relations. We demonstrate this behavior by

categorizing equations of state that have this characteristic as type 1. The requirement

also leads to αc being monotonically increasing. The effect this has on the EoS space and

the space of the mass-radius curves can be visualized in Figs. 4.25 and 4.26, that show

that this requirement does not restrict the EoS space.
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Figure 4.25: Curves representing the
ϵ(p) relations for 15,000 phenomenologi-
cal equations of state, where both ϵ and
p are in unities of the nuclear saturation
mass density ρsat. The orange curves in-
dicate the type 1 EoS, meaning the ones
were the speed of sound is monotonically
increasing.

Figure 4.26: Representation of the mass-
radius curves for 15,000 phenomenolog-
ical equations of state. Each curve was
made by generating 50 stars with differ-
ent central densities up to the density
corresponding to the maximum mass.
The orange curves indicate the type 1
EoS, meaning the ones were the speed
of sound is monotonically increasing.

The αc − C/Λ/ I relations for EoS that have monotonically increasing speed of

sound compared to the general space is shown in Fig. 4.27. Even though imposing this

seems to have little effect on the EoS space, it has a big impact on the relations. It is

apparent that the widening that occurs for higher values of αc are directly related to the

behavior of non-monotonicity in the speed of sound.
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Figure 4.27: Approximately universalαc−C/Λ/ I relations for a set of 15,000 phenomeno-
logical equations of state, with regions that satisfy the requirement of monotonicity in the
speed of sound. A solid black line represents the fits of 4/3/5-order respectively. Only
configurations with C > 0.05 are considered.

4.2.5 Impact of Parametrization Choice

To analyze the impact of the parametrization choice on the αc − C/Λ/I relations

we can generate phenomenological EoS utilizing a different parametrization. Here, we

choose the spectral parametrization, described in Sec. 3.1.2.

To generate these equations we use a different method than the one presented in

Sec. 4.2.2. This is because that method was not an effective way of generating these EoS,

likely due to the fact that a small change in the parameters generate a big change in the

equation of state. Here, we opted for a random walk in the space of spectral EoS.

The first equation of state is generated by taking the SLy equation of state param-

eters γSLy
i , i ∈ [0, 3], presented in Table A.3, and changing each one of the free parameters

γi, i ∈ [0, 3] by up to 5% of the original SLy values. The following are generated by chang-

ing the parameters of the last EoS generated by up to 5% of the original SLy parameters.

This means that the n-th EoS parameters γi are generated by:

γn
i = γn−1

i + r γSLy
i , (4.24)

where r ∈ [−0.05, 0.05] is a randomly generated number. The equation is accepted if it

satisfies the requirements:

• Causality, by imposing that c2s ≤ 1 throughout the star up to the density that
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generates the maximum mass;

• That the configuration with the highest mass, generates a star with Mmax ≥ 2M⊙,

value that is in correspondence to measured masses of neutron stars [63], [115];

• That the tidal deformability Λ1.4M⊙ ≤ 800, which is the 90% credible upper bound

derived in Ref. [22].

With this, 10,000 EoS were generated, with the distribution of the parameters presented

in Figs. 4.28, 4.29, 4.30 and 4.31
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Figure 4.28: Histogram of the values of
γ0 generated with the random walk.
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Figure 4.29: Histogram of the values of
γ1 generated with the random walk.
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Figure 4.30: Histogram of the values of
γ2 generated with the random walk.
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Figure 4.31: Histogram of the values of
γ3 generated with the random walk.

We can now compare the relation for the set of equations of state with Λ1.4M⊙ ≤ 800

generated with the GPP parametrization — which amounts to about ∼ 2, 300 EoS— and

the spectral parameterized EoS. The space of EoS of both these cases is presented in Figs.
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4.32 and 4.33. As the method used to generate the EoS were different in both cases, it

is understandable that the number of EoS generated by the spectral parametrization was

not high enough to populate the entire space occupied by the EoS generated with the

GPP parametrization. However, it was capable of populating areas that the GPP EoS

were not. This is likely due to the fact that the random walk method chosen to generate

the EoS with the spectral parametrization populates the EoS space slowly, whereas the

method used to generate the EoS with the GPP parametrization is quick to populate the

EoS space as the parameters are chosen at random.

Figure 4.32: Curves representing the
ϵ(p) relations for 10,000 phenomenologi-
cal equations of state generated with the
spectral parametrization and the GPP
EoS space with the restriction on the
tidal deformability. Both ϵ and p are
in unities of the nuclear saturation mass
density ρsat.

Figure 4.33: Representation of the mass-
radius curves for 10,000 phenomenologi-
cal equations of state generated with the
spectral parametrization and the GPP
EoS space with the restriction on the
tidal deformability. Each curve was
made by generating 50 stars with differ-
ent central densities up to the density
corresponding to the maximum mass.

The αc − C/Λ/ I relations for the spectral and GPP with Λ1.4M⊙ ≤ 800 gener-

ated EoS is shown in Fig. 4.34. From it we can see that the relations for the spectral

parametrization are tighter than the ones from GPP even with the same restrictions on

the observables.

4.2.6 Comparison with other Relations

As demonstrated previously, the speed of sound and αc are both measures of the

stiffness of a neutron star. Because of this, it is natural to consider if the αc − C/Λ/I
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Figure 4.34: Approximately universalαc − C/Λ/ I relations for 10,000 phenomenological
equations of state generated with the spectral parametrization and the GPP EoS space
with the restriction on the tidal deformability. A solid black line represents the fits of
4/3/5-order respectively. Only configurations with C > 0.05 are considered.

relations are also valid if we consider the squared speed of sound c2s at the center of the

star instead of αc.

This is tested with the set of ∼ 25, 000 phenomenological EoS generated both with

the GPP and spectral parametrization in Fig. 4.35. From it is clear that the relations

involving the central speed of sound c2s are much more EoS-dependent than the αc−C/Λ/I

relations, meaning it presents no universality.

Figure 4.35: Comparison between the αc − C/Λ/ I relations and c2s − C/Λ/ I for 25,000
phenomenological equations of state generated with both the spectral and the GPP
parametrizations. Only configurations with C > 0.05 are considered.

It has been shown in Ref. [30] and presented here in Sec. 4.1 that the radius of a

star with a fixed mass, or equivalently its compactness, is well correlated with the pressure

at densities of (1-2)ρsat as can be seen in Fig. 4.7. As a consequence of the Love-C (and
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I-C) relations [30, 80, 90, 91], a similar correlation is expected between the dimensionless

tidal deformability (or moment of inertia) and pressure at 1-2 ρsat. This is illustrated

for a 1.4M⊙ neutron star in the first row of Fig. 4.36 for our set of phenomenological

EoS generated with the GPP parametrization (gray), with the spectral parametrization

(blue) and realistic tabulated (orange) EoS. The correlation is stronger for realistic EoS,

but much weaker for the larger set of phenomenological EoS.

On the other hand, around nuclear saturation density, the ratio ϵ/ρ between energy

density and mass density is not expected to differ appreciably from 1. As a consequence,

a similar relation is expected between α around nuclear saturation density and the radius

(and also the compactness, tidal deformability and moment of inertia) of a NS with fixed

mass. This is presented in the second row of Fig. 4.36 for a 1.4M⊙ neutron star.

Due to these relations, it is natural to consider whether the αc − C/Λ/I relations

we present here might be a consequence of this well known relation, extrapolated for the

higher densities present in the NS core. We show, on the the third row of Fig. 4.36, the

relations between αc and R1.4, C1.4 and Λ1.4. Also in this figures are fits such as presented

in Eqs. (4.15) and (4.18) for C1.4 and Λ1.4 respectively and

logαc =
n∑

k=0

ak(log R )k, (4.25)

where ak are the fit coefficients, for R1.4. The correlation between this quantities is

much stronger at the stellar center than around 2ρsat. It appears then that the relations

αc−C/Λ/I are more fundamental than the ones presented in the upper rows of Fig. 4.36.
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Figure 4.36: Top row : Pressure at twice nuclear saturation density as a function of ra-
dius, compactness and dimensionless tidal deformability of a 1.4M⊙ NS for our set of
phenomenological EoS generated with the GPP parametrization (gray), with the spectral
parametrization (blue) and realistic tabulated (orange) EoS. A black dashed line repre-
sents the fitting formulae p(2 ρsat)

−1/4R1.4 = 5.72 km MeV−1/4 fm3/4 [30] (first panel),
p(2ρsat)

1/4C1.4 = 0.361 MeV1/4 fm−3/4, which is a rescaling of the first (second panel),
and Λ = 31.59 p(2ρsat)/(MeVfm−3)− 272.36 [47] (third panel). Middle row. Same as first
row, but for α at twice nuclear saturation density. Bottom row. Same as first row, but
for αc. Black dashed lines represent the fitting formulae B.8. Only configurations with
C > 0.05 are considered.



Chapter 5

Conclusions

Neutron stars are objects in which matter is at its most extreme apart from the

beginning of the universe. Understanding these objects can be very informative of the

nature of matter at high densities and can provide important tests of General Relativity.

Because of this, since its prediction and subsequent discovery, several models to describe

the neutron star interior — through the equation of state — have been created (e.g.

Refs. [59–62,98, 102–114]. And due to the difficulties of obtaining either experimental or

theoretical information on the validity of any particular EoS, extensive efforts to extract

this information via observations have been made (examples include Refs. [7–21]). An

important part of being able to measure accurately different macroscopic properties of

neutron stars are the universal relations. They allow, for example, the measurements

of the individual tidal deformabilities of a binary system of neutron stars through GW

detection [27] and the determination of quantities that are not yet measured, such as the

moment of inertia, through the measurements of the tidal deformability or the quadrupole

moment [29]. Besides this, universal relations that connect microscopic and macroscopic

quantities can be useful to determine important information and behavior on the interior

of neutron stars (e.g. Ref. [30]).

In this thesis we presented three new EoS-independent relations in neutron stars

between the ratio of the pressure and energy density at the center of the star αc and

three macroscopic quantities, the compactness C, the dimensionless tidal deformability Λ

and the moment of inertia I. In Chapter 2 we described the necessary theoretical basis

to calculate the macroscopic quantities C, Λ and I: the equilibrium and perturbation

configurations of neutrons stars. In Chapter 3 we described the general difficulties of
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determining the neutron star equation of state, the importance of EoS parametrizations

and described two parametrizations, the generalized piecewise polytropic [65] and the

spectral [66] parametrizations. Chapter 4 is divided in two sections: Section 4.1 is a

general overview of universal relations in the form of a literature survey, where a few

known relations are presented. Section 4.2 is where the original contributions of this

thesis are presented and elaborated.

First, we describe the interpretation of the microscopic quantity present in the

EoS-independent relations, αc = pc/ϵc as an average measure of the stiffness of a neutron

star. Then, we move on to analyzing the relations between this quantity, evaluated at

the center of the star αc, and the macroscopic quantities C/Λ/ I for a set of 40 realistic

equations of state found in [63], we do this by presenting fits to represent these relations.

The fits can be used to portray the dependence on the EoS each relation has; this is

presented here with values of the maximum error. We find that the αc − C relation has

the maximum relative error of 32% with respect to the fit, with 99.7% of the relative

error under 28.5%. For the αc− I relation we find that it has a maximum relative error of

35% with respect to the fit and 99.7% of its relative error is under 15.4%. For the αc −Λ

relation we find that its maximum relative error with respect to the fit is 47.5%, which

is considerably higher due to the apparent different relation that quark stars obey; if we

remove the EoS that describe these stars, we find the maximum relative error is of 30%,

and 99.7% of the relative error is under 28%.

After this, we analyzed these relations for a set of 15,000 phenomenological EoS

generated with the GPP parametrization. Preceding this we discuss the process of gener-

ating these equations and analyze the space of parameters of the GPP parametrization and

present new restrictions in this space, showing that the four free parameters parametriza-

tion has, in reality, effectively only three free parameters. The αc − C/Λ/ I relations for

this set of equations of state is, as expected, wider than for the set of realistic EoS. The

fit of the relation between αc − C has the maximum relative error of 51.8% with respect

to the fit and 90% of the relative error under 15.5%. The fit of the correlation between

αc − I has the maximum relative error of 23.8% with respect to the fit and 90% of the

relative error under 6.8%. The fit of the correlation between αc − Λ has the maximum

relative error of 25% with respect to the fit and 90% of the relative error under 7.3%.

The next step we took was to analyze the robustness of these relations given
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different assumptions. First we consider the effect of setting an upper limit Λ1.4 ≤ 800

on the tidal deformability by itself and latter adding an upper limit of Mmax ≤ 2.3M⊙ on

the maximum mass. Neither of these requirements appears to change the general profile

of the three relations. Then we consider the effect of requiring monotonicity of c2s; this

seems to tighten the three relations: it is apparent that the non-monotonicity on the

speed of sound causes widening in the region of high compactness. Following this we

considered how dependent on the EoS parametrization these relations are. To do this we

generated 10,000 phenomenological equations of state using the spectral parametrization

with the requirement that Λ1.4 ≤ 800, previously describing the process of generating these

equations. We compare the relation for this set of EoS with the set of GPP-generated

EoS with the same upper limit requirement on the tidal deformability. We find that the

relations hold for the spectral parametrization, being even tighter than the one presented

with the GPP equations of state, which is likely the result of the smaller EoS space

generated by the set of the EoS generated with the spectral parametrization.

Lastly we analyzed the universality of these relations against different relations

between macroscopic and microscopic quantities. We find that it depends considerably

less on the EoS than the relations between the speed of sound in the center of the star

and the quantities C/Λ/ I, that has great EoS-dependence. We also find that for our

set of equations of state, the known correlation between the radius of a neutron star at a

specific mass and the pressure evaluated near the nuclear saturation density [30] appears

to be much less robust than the relation between αc and the radius at a specific mass. We

also analyze the possibility that the origin of the αc −C/Λ/ I lies in this known relation;

which does not appear to be the case, with the relation of α evaluated near the nuclear

saturation density being much more EoS-dependent than the relations we present.

There are several possible extensions to the work presented here. A clear path is

to determine how well these relations can be used to estimate the value of αc given a

measurement of one of the observables in the relation. One can also, for example, explore

these relations for neutron stars under different configurations: analyzing magnetized neu-

tron stars and considering rapidly rotating NSs. Another possible extension is analyzing

the possibility of other macroscopic quantities also being universally related to αc, for

example the frequency of the fundamental quadrupolar mode. On the other hand, it is

possible to consider an extension under the nuclear physics scope, by asking questions
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such as: What can a specific value for αc tell us about the behavior of the matter inside

the star? These are some of the interesting avenues intended to future research.
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[79] Grégoire Martinon, Andrea Maselli, Leonardo Gualtieri, and Valeria Ferrari. Ro-

tating protoneutron stars: Spin evolution, maximum mass, and i-love-q relations.

Physical Review D, 90(6), Sep 2014.

[80] Andrea Maselli, Vitor Cardoso, Valeria Ferrari, Leonardo Gualtieri, and Paolo

Pani. Equation-of-state-independent relations in neutron stars. Physical Review

D, 88(2):023007, July 2013. arXiv: 1304.2052.

[81] Kent Yagi and Nicolás Yunes. Approximate universal relations among tidal pa-

rameters for neutron star binaries. Classical and Quantum Gravity, 34(1):015006,

December 2016. Publisher: IOP Publishing.

[82] Walter Del Pozzo, Tjonnie G. F. Li, Michalis Agathos, Chris Van Den Broeck, and

Salvatore Vitale. Demonstrating the feasibility of probing the neutron-star equa-

tion of state with second-generation gravitational-wave detectors. Physical Review

Letters, 111(7), Aug 2013.

[83] Leslie Wade, Jolien D. E. Creighton, Evan Ochsner, Benjamin D. Lackey, Ben-

jamin F. Farr, Tyson B. Littenberg, and Vivien Raymond. Systematic and statistical

errors in a bayesian approach to the estimation of the neutron-star equation of state

using advanced gravitational wave detectors. Physical Review D, 89(10):103012,

May 2014. arXiv: 1402.5156.

[84] Benjamin D. Lackey and Leslie Wade. Reconstructing the neutron-star equation

of state with gravitational-wave detectors from a realistic population of inspiralling

binary neutron stars. Physical Review D, 91(4), Feb 2015.

[85] Michael McNeil Forbes, Sukanta Bose, Sanjay Reddy, Dake Zhou, Arunava Mukher-

jee, and Soumi De. Constraining the neutron-matter equation of state with gravita-

tional waves. Physical Review D, 100(8):083010, October 2019. arXiv: 1904.04233.

[86] B. F. Schutz. Determining the Hubble constant from gravitational wave observa-

tions. Nature, 323(6086):310–311, September 1986.

[87] Chris Messenger and Jocelyn Read. Measuring a cosmological distance-redshift

relationship using only gravitational wave observations of binary neutron star coa-

lescences. Physical Review Letters, 108(9):091101, February 2012. arXiv: 1107.5725.



93

[88] T. G. F. Li, W. Del Pozzo, and C. Messenger. Measuring the redshift of standard

sirens using the neutron star deformability. arXiv:1303.0855 [astro-ph, physics:gr-

qc], March 2013. arXiv: 1303.0855.

[89] Walter Del Pozzo, Tjonnie G. F. Li, and Chris Messenger. Cosmological inference

using only gravitational wave observations of binary neutron stars. Physical Review

D, 95(4):043502, February 2017. arXiv: 1506.06590.

[90] D. G. Ravenhall and C. J. Pethick. Neutron Star Moments of Inertia. The Astro-

physical Journal, 424:846, April 1994. ADS Bibcode: 1994ApJ...424..846R.

[91] Cosima Breu and Luciano Rezzolla. Maximum mass, moment of inertia and com-

pactness of relativistic stars. Monthly Notices of the Royal Astronomical Society,

459(1):646–656, June 2016.

[92] Kalin V. Staykov, Daniela D. Doneva, and Stoytcho S. Yazadjiev. Moment-of-

inertia–compactness universal relations in scalar-tensor theories andr2gravity. Phys-

ical Review D, 93(8), Apr 2016.

[93] Kent Yagi and Nicolas Yunes. Approximate Universal Relations for Neutron Stars

and Quark Stars. Physical Review ports, 681:1–72, April 2017. arXiv: 1608.02582.

[94] M Urbanec, J. C Miller, and Z Stuchĺık. Quadrupole moments of rotating neu-
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Appendix A

Table EoS

Presented here are the fit values for some of the parametrized realistic equations

of state presented in Ref. [65] and Ref. [66].

ρi (g/cm
3) Ki (cgs) Γi Λi (g/cm

3) ai
0 5.214e− 9 1.611 0 0

6.285e5 5.726e− 8 1.440 −1.354 −1.861e− 5
1.826e6 1.662e− 6 1.269 -6.025e3 −5.278e− 4
3.350e11 −7.957e29 −1.841 1.193e9 1.035e− 2
5.317e11 1.746e− 8 1.382 7.077e8 8.208e− 3

Table A.1: From Ref. [65], a GPP fit to the SLy equation of state found in Ref. [59]. This
was designed to reproduce the values from the article Ref. [59] at low densities.
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EOS logK1 Γ1 Γ2 Γ3

APR -33.210 3.169 3.452 3.310
BHF -35.016 3.284 2.774 2.616
FPS -32.985 3.147 2.652 2.120
H4 -23.310 2.514 2.333 1.562

KDE0V -30.250 2.967 2.835 2.803
KDE0V1 -29.232 2.900 2.809 2.747
MPA1 -40.301 3.662 3.057 2.298
MS1 -30.170 2.998 2.123 1.955
MS1b -33.774 3.241 2.136 1.963
QHC19 -36.879 3.419 2.760 2.017
RS -25.150 2.636 2.677 2.647

SK255 -25.990 2.693 2.729 2.667
SK272 -27.597 2.804 2.793 2.733
SKI2 -24.202 2.575 2.639 2.656
SKI3 -26.457 2.729 2.680 2.708
SKI4 -31.008 3.029 2.759 2.651
SKI5 -23.109 2.505 2.708 2.727
SKI6 -31.089 3.036 2.762 2.653
SKMP -27.116 2.766 2.741 2.698
SKOP -26.089 2.693 2.660 2.579
SLY2 -31.070 3.026 2.871 2.760

SLY230A -33.385 3.184 2.895 2.588
SLY4 -31.350 3.045 2.884 2.773
SLY9 -30.657 3.005 2.796 2.652
WFF1 -34.394 3.240 3.484 3.695

Table A.2: From Ref. [65], fit parameters for the core region of a set of realistic EOS
matched to the SLy(4) crust in Table A.1 at the density ρ0 defined in (3.37).

EOS γ0 γ1 γ2 γ3

SLy 0.9865 0.1110 -0.0301 0.0022
FPS 1.1561 -0.0468 0.0081 -0.0010
WFF1 0.6785 0.2626 -0.0215 -0.0008
MPA1 1.0215 0.1653 -0.0235 -0.0004
MS1 0.9189 0.1432 0.0122 -0.0094
MS1b 1.2132 -0.0648 0.0561 -0.0111
H4 1.0526 0.1695 -0.1200 0.0150

Table A.3: From Ref. [66], spectral fits of the standard ϵ = ϵ(p) form of a set of realistic
neutron-star equations of state. These fits were made to match the lower density part of
each specific EoS at the pressure p0 defined in (3.44).



Appendix B

Fit Coefficient Tables

Presented here are the tables containing the values for the fit coefficients used

throughout this work.

a0 a1 a2 a3 a4 a5
93.004× 10−4 89.475× 10−2 −11.9 1.3378× 102 −5.5227× 102 8.766× 102

Table B.1: Fit coefficients of a 5-th order polynomial fit to the αc − C relation for a set
of 40 realistic EoS. The values used here were restricted to 5 significant figures.

b0 b1 b2 b3 b4 b5
25.114 −40.279 24.803 −7.7737 1.2131 −75.105× 10−3

Table B.2: Fit coefficients of a 5-th order logarithmic polynomial fit to the αc− I relation
for a set of 40 realistic EoS. The values used here were restricted to 5 significant figures.

c0 c1 c2 c3
−26.032× 10−3 −0.4985 35.384× 10−3 −14.339× 10−4

Table B.3: Fit coefficients of a 3-rd order logarithmic polynomial fit to the αc−Λ relation
for a set of 40 realistic EoS. The values used here were restricted to 5 significant figures.

c0 c1 c2 c3 c4
16.191× 10−3 −0.46772 0.02346 −22.462× 10−5 −3.5524× 10−5

Table B.4: Fit coefficients of a 4-th order logarithmic polynomial fit to the αc−Λ relation
for a set of 37 realistic EoS. The values used here were restricted to 5 significant figures.
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n a0 a1 a2 a3 a4 a5 a6
3 18.355× 10−3 27.612× 10−2 1.5615 77.8809 — — —
4 −17.182× 10−3 1.3117 −8.4592 47.166 −53.75 — —
5 −6.1723× 10−3 0.90421 −3.0053 13.604 42.629 −104.57 —
6 70.315× 10−3 −2.5229 55.78 −485.41 2276.7 −5152.6 4532.6

Table B.5: Fit coefficients of polynomial fits to the αc − C relation for a set of 15,000
phenomenological EoS. The values used here were restricted to 5 significant figures.

n b0 b1 b2 b3 b4 b5 b6
3 4.9531 −5.3362 1.3432 −0.12747 — — —
4 9.7476 −12.553 5.278 −1.0485 0.078206 — —
5 18.746 −29.432 17.602 −5.4264 0.83526 −0.051045 —
6 35.829 −67.818 52.74 −22.197 5.2386 −0.65446 0.033747

Table B.6: Fit coefficients of logarithmic polynomial fits to the αc − I relation for a set
of 15,000 phenomenological EoS. The values used here were restricted to 5 significant
figures.

n c0 c1 c2 c3 c4 c5 c6
3 −0.12009 −0.39439 0.017279 −56.271× 10−5 — — —
4 −0.084571 −0.42467 0.02575 −0.001501 3.548× 10−5 — —
5 −0.093826 −0.41448 0.021753 −79.405× 10−5 −2.1793× 10−5 −1.7245× 10−6 —
6 −0.13057 −0.36445 −0.0038252 0.005556 −83.853× 10−5 5.3917× 10−5 −1.3079× 10−6

Table B.7: Fit coefficients of a logarithmic polynomial fit to the αc − Λ relation for a
set of 15,000 phenomenological EoS. The values used here were restricted to 5 significant
figures.

Relation d0 d1 d2
αc −R1.4 3.3379 −2.7036 0.24016
αc − C1.4 0.01372 0.25105 3.148

αc − Λ1.4 0.051614 −0.37015 0.0073207

Table B.8: Fit coefficients of a 2-nd order polynomial fits to the αc−R1.4/C1.4/Λ1.4 relation
for the set of EoS presented in Fig. 4.36. The first row was fitted to the fit presented in
Eq. (4.25), the second fitted to the fit presented in Eq. (4.15) and the third one fitted to
Eq. (4.18). The values used here were restricted to 5 significant figures.
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