
Universidade Federal Fluminense
Instituto de Física

Programa de Pós-Graduação em Física

Classical and quantum features of optical
parametric oscillators pumped with structured

light

Rafael Ferreira P. do R. Barros

Niterói-RJ, February 3, 2021





Rafael Ferreira P. do R. Barros

Classical and quantum features of optical parametric
oscillators pumped with structured light

Thesis presented as part of the requirements
for obtaining the degree of Doctor of Philos-
ophy by the Physics Institute of Universidade
Federal Fluminense.

Universidade Federal Fluminense – UFF

Instituto de Física

Programa de Pós-Graduação em Física

Supervisor: Prof. Dr. Antonio Zelaquett Khoury

Niterói-RJ
February 3, 2021





Ficha catalográfica automática - SDC/BIF
Gerada com informações fornecidas pelo autor

Bibliotecário responsável: Sandra Lopes Coelho - CRB7/3389

B277c Barros, Rafael Ferreira Pinto do Rêgo
  Classical and quantum features of optical parametric
oscillators pumped with structured light / Rafael Ferreira
Pinto do Rêgo Barros ; Antonio Zelaquett Khoury, orientador.
Niterói, 2021.
  136 f. : il.

  Tese (doutorado)-Universidade Federal Fluminense, Niterói,
2021.

DOI: http://dx.doi.org/10.22409/PPGF.2021.d.15408139751

  1. Quantum optics. 2. Nonlinear optics. 3. Paraxial optics.
4. Produção intelectual. I. Khoury, Antonio Zelaquett,
orientador. II. Universidade Federal Fluminense. Instituto de
Física. III. Título.

                                      CDD -



Dedicated to

To my mom, my brothers and all my family.

Thank you for all the love and support, without which I would never have finished this

journey. I love you.



Acknowledgements

Above all, I would like to thank my mom Claudia, and my brothers Pet and Let,
and my step father Vinicius, and also to my aunt Carmem, my cousin Lucas and my
grandma Marlie. thank you for your love and support. This thesis is the result of a 10
years journey, and I would never have come so far without you. I hope one day I can do
for you a piece of what you have done for me all my life. Love you.

I would also like to thank my friends from UFF. To Manolo, thank you for your
friendship and all the stimulating physics discussions. To Marcello, thank you for all the
sharing your worldwide experience involving physics and/or wine and/or coffee, you are
a valuable friend. To Davor, thank you for being a (paradoxically nice) pain in the ass.
Thank you Professor Braian and Rafinha, it was really nice to share moments with you
both inside and outside the Lab, and I hope we keep doing that for a long time, perhaps
one day in our own labs. Without all of you, let’s say I woudn’t be 100%.

A special thanks to all my friends from Itaborai. Thank you Fabricio, you are an
incredible person, and a reference of what I want to represent to my friends in the future.
Thank you Karla and Karina for all the good moments, you are indispensable good friends
of mine and it was a pleasure to work with you. To Gravata, thank you for the friendship
and all the nice moments, which I hope we keep having for a long time. Thank you Bruno
for your kindness and for caring for me and my mom in our worst moments.

To Nathalia Leão, thank you for being a great partner in this journey. You are one
of the best people I have ever met, and I will be eternally grateful for all the moments we
shared together, both the good and the bad. I look forward to see the amazing doctor you
are going to be in the near future.

I am also immeasurably thankful for all the professors I had in my career so far.
With their passion and dedication, they led me to see the beauty in physical phenomena,
and to develop that same passion myself. I am greatly inspired by your work, and I will
be happy if I represent to my future students a tenth of what you represent to me.

To Andrea, my former supervisor, I thank for the patience and humanity with
which you led me through my scientific initiation and my master’s. Although we did not
work together in this project, my work as a physicist is undoubtedly affected by what I
learned working with you. You are not only one of the best professionals I have ever met,
but also an incredible person.

A very special thanks to Bié, which mentored me through this whold PhD project.
Thank you for dedicating your time to teach me from the very beginning, and for the



joyful collaboration that we developed since then. I hope we keep working together for a
very long time.

I would also like to give a special shout out to some researchers that inspired my
throughout this project. Thank you Cadu and Tasca for all the moments and discussions
in the Lab, they were very fun and helpful. Thank you Renné, Zé Augusto and Martinelli
for the teaching moments whenever I asked about OPOs, it is incredible how much you
know about it. Thank you Olivier for the inspiring work that you perform, and also for
taking your time to hear my ideas and discuss them with me.

Last but not least, thank you Zela for dividing with me a part of your knowledge
during these four years. I went to work with you inspired by your work as a professor,
and I leave your lab inspired by the researcher you are. I hope the works contained here
are only the beginning of a fruitful history of scientific collaboration and friendship.



Abstract
The optical parametric oscillator (OPO) is the quintessential nonlinear optical device
for the production of non-classical light, and has been used in different contexts since
the early days of quantum optics. The great interest of the scientific community in such
devices, in part, stems from the fact that they produce quantum-noise-compressed and
entangled states of the electromagnetic field, due to the interaction of different spectral,
temporal or polarization modes in the wave mixing. In this thesis we investigate, both
experimentally and theoretically, the role played by an additional degree of freedom in the
OPO features: the spatial structure. We study both classical and quantum phenomena
arising from the parametric oscillation of structured light fields. In the classical regime,
our contributions show that the spatial degree of freedom plays an important role in the
OPO dynamics, leading to effects such as spatial selection rules and coupling between the
spatial and spectral modes of the device. Such effects not only have standalone impact for
the OPO community, but they also provide a route to investigate spatial-mode-related
phenomena in the quantum regime. In this context, we show theoretically that an OPO
pumped with structured light is a source of quantum controllable cluster states, with
promising applicability to continuous-variable quantum information.

Keywords: Structured light - Quantum optics - Continuous-variable entanglement -
Cluster states - Nonlinear optics





Resumo
O oscilador paramétrico óptico (OPO) é o dispositivo óptico não-linear fundamental para a
produção de luz com propriedades não-clássicas, e tem sido usado em diferentes contextos
desde os princípios da óptica quântica. O grande interesse da comunidade científica em
tais dispisitivos se deve, em parte, ao fato de os mesmo produzirem estados do campo
eletromagnético com compressão de ruído quântico ou emaranhamento, o que surge da
interação de modos espectrais, espaciais, temporais e de polarização na mistura de ondas.
Na presente tese, nós investigamos experimentalmente e teoricamente o papel da estrutura
espacial da luz no OPO. Nós abordamos fenômenos tanto clássicos quanto quânticos
provenientes da oscilação paramétrica com luz estruturada. No regime clássico, nossas
contribuições mostram que o grau de liberdade espacial afeta significativamente a dinâmica
do OPO, levando a regras de seleção espaciais e o acoplamento entre os modos espectrais
e espaciais do dispositivo. Tais efeitos não apenas são interessantes por si só, mas também
fornecem uma rota para a investigação de fenômenos relacionados ao grau de liberdade
transverso no regime quântico. Neste contexto, nós mostramos teoricamente que um OPO
bombeado com luz estruturada é uma fonte de estados cluster controláveis, com potencial
aplicabilidade para a informação quântica com variáveis contínuas.

Keywords: Luz estruturada - Óptica quântica - Emaranhamento em variáveis contínuas -
Estados Cluster - Óptica não linear
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1

1 Introduction

Shortly after the realization of the first laser by Maiman in 1960 [1], Franken et al.
[2] observed for the first time the second-harmonic generation in a quartz crystal. This
phenomenon occurs when part of the response of the medium scales quadratically with the
amplitude of the applied field, in which case the medium is called a second-order nonlinear
medium. The second-harmonic generation is only one example of three-wave mixing
phenomenon occurring in second-order media. Others are the sum frequency generation,
difference frequency generation and parametric down-conversion [3].

In the second-harmonic generation, the quadratic response of the nonlinear medium
produces a beam of frequency 2ω out of an impinging beam of frequency ω. In the sum
frequency generation, two beams of frequencies ω1 and ω2 produces a third one of frequency
ω0 = ω1 + ω2. The difference frequency generation occurs similarly, when the nonlinear
medium is illuminated by beams of frequencies ω0 and ω1 and produce a third beam of
frequency ω2 = ω0 − ω1. The parametric downconversion is when a beam of frequency ω0

produces two other beams of frequencies ω1 and ω2, always observing the conservation of
energy through the relation ω1 + ω2 = ω0.

While such phenomena can be well described in the classical formalism of nonlinear
optics 1, they can be comprehensively understood in the quantum mechanical framework.
The second-harmonic generation, for example, occurs when two photons of the impinging
beam are absorbed, each one with energy ~ω, and as a consequence of conservation of energy
a photon of frequency 2ω is emitted. The reverse process is the parametric downconversion,
also known as spontaneous parametric downconversion (SPDC) or parametric fluorescence,
in which one higher frequency photon is absorbed and a pair of lower frequency photons
are emitted. The emission of a pair (and not three or more photons) stems from the
quadratic response of the nonlinear medium. There are higher order nonlinear media [3],
in which the interaction of a higher number of waves takes place.

The SPDC was predicted already in 1961 by Louisell et al. [4], but the first
observation of the phenomenon was made by Burnham et al. in 1970 [5]. SPDC sources
are often used to produce heralded single-photons – with one photon used to herald
the other, as they are produced in pairs – as well as indistinguishable photons for two-
photon interferometry [6] and entangled photons usable for fundamental tests of quantum
mechanics and for quantum information tasks [7].

More important for the context of the present thesis is what occurs with the

1 With the exception of the parametric down-conversion, which should be impossible in the classical
framework
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quantum fluctuations of the amplitudes and phases of the beams produced by SPDC.
If the SPDC is degenerate, i.e., if the pairs of photons are produced in the same mode,
the amplitude or phase fluctuations in such mode can be compressed below the standard
quantum limit established by the vacuum [8, 9]. In the non-degenerate case, the pair
production leads to amplitude and phase correlations that configure continuous-variable
entanglement between the corresponding modes, a phenomenon that led some of the most
brilliant minds of the 20th century to contest the correctness of quantum mechanics [10].

However, such interesting phenomena are hamped in SPDC due to the low efficiency
of the nonlinear process. Although existing, the aforementioned quantum features are
only appreciable for too high pump intensities, not achievable by continuous-wave lasers.
One way to overcome this problem is to place the SPDC source inside an optical cavity,
constituting an optical parametric amplifier (OPA) or an optical parametric oscillator
(OPO), depending on whether the device is operated below or above the oscillation
threshold. In such device, the aforementioned quantum features become perfect at a finite
pump intensity given by the threshold itself [8, 11]. The production of several pairs of
photons then manifests as “macroscopic” quantum correlations between the continuous-
variables or quadratures of the electromagnetic fields.

The first optical parametric oscillator (OPO) was experimentally realized by J. A.
Giordmaine and Robert C. Miller [12] just five years after the first laser, in 1965. While this
device emerged as a promising source of widely tunable and coherent light, the difficulty of
obtaining a stable continuous-wave (CW) OPO has delayed its development as an active
research area for a few decades [13].

With the arrival of new nonlinear crystals and new servo techniques for stabilization
[14], new studies in the 80’s showed that the OPO not only produces tunable radiation,
but it also is an efficient source of non-classical light, such as quantum-noise-compressed
(squeezed) light [15, 16] and twin beams [17, 18]. The interest in the OPO was renewed
and its place at the heart of quantum optics, established. Since then, several groups have
reported a myriad of phenomena arising in the parametric oscillation, such as chaos,
bistability and pattern formation on the classical side [19, 20], and the observation of
non-classical correlations and entanglement on the quantum side [21–25].

In the present days, OPOs have uses in different areas of physics. Due to the
quantum-noise-compression or squeezing feature that a degenerate OPO produces, such
devices are used for interferometric measurements with precision that beat the standard
quantum limit, the highest precision obtainable with a coherent laser beam[9] . Entangled
beams are also generated from OPOs, either mixing the beams produced by multiple
degenerate OPOs in an array of beam splitters [26,27] or with a single OPO encompassing
multiple nonlinear interactions [28–35] . This has been used in the literature to perform
quantum mechanical tests, including, but not limited to Bell’s inequality [36].



3

More important to this thesis is the fact that OPOs have been employed in the
production of highly multipartite entangled states [30,37–40]. Such states are promising
for continuous-variable quantum information, as they can be used as a substrate for
measurement-based quantum computing. In the special case where the states produced are
cluster states [41,42], they are usable for the so called one-way quantum computing [41]. In
short, this is a different quantum computing scheme in which an initial highly multipartite
entangled state is prepared, and the flow of quantum information is manipulated via
measurements and feedforward [42].

This alternative quantum computing scheme differs radically from the standard
circuit model [43] . In the latter, for a given initial state, each computation requires a
different set of quantum gates. An universal circuit-model quantum computer, capable of
performing arbitrary computations with an initial state of arbitrary dimension, requires a
universal set of quantum gates. In clear contrast, the computation in an one-way quantum
computer is defined by a set of adaptive measurements, while the universality refers to the
initial cluster state. An example of universal cluster is the two-dimensional square lattice,
which has been pursued by the OPO community for quite some time [39,44].

Different authors have reported on the production of continuous-variable cluster
states using OPOs, either using a single multimode OPO or multiple degenerate OPOs.
With the former strategy, cluster states have been produced using both spectral [30,35,44]
and spatial [28, 29] degrees of freedom, while with the latter one the most successful
technique uses a time-domain approach [37–39]. Each strategy has its own pros and cons.
For example, the time-domain approach has set the record for the cluster dimension,
yielding 106 entangled modes. However, this high number of modes cannot be accessed
simultaneously, as they are produced and measured sequentially. The multimode OPO
technique produces clusters with lower dimensions (104), but all the modes are produced
at once and become simultaneously available. The multimode OPO technique is also more
suitable for miniaturization, as the time-domain encoding requires lengthy delay lines in
the experimental setup.

There are different ways to engineer the multimode interactions in the OPO so as
to produce cluster states, but all of them involve structuring the pump beam in at least
one degree of freedom. For the spectral clusters, for example, one needs to pump the OPO
with multiple frequencies, concatenating different pairwise interactions that are allowed for
the energy conservation [30]. Similarly, for spatial cluster states it is needed to pump the
OPO with a structured light beam [28], unless one uses another degree of freedom such
as the polarization [29]. The key point in this multimode strategy is the concatenation
of pairwise processes, as needed to obtain an effective highly multimode interaction from
only three-wave mixing processes.

As a matter of fact, this pump structuring technique has also been investigated
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in four-wave mixing setups. The more recent and impactful results in this regard were
demonstrated in Refs. [45–50], where the authors use the conservation of linear and orbital
angular momentum to entangle up to 66 modes in a cluster state.

In this thesis, we investigate the classical and quantum features of multimode OPOs,
where the control of the concurrent nonlinear interactions is made by the pump spatial
structure. The spatial degree of freedom and its effect on nonlinear optical phenomena
have been investigated in the recent years and have led to interesting results [51–57]. Here
we study thoroughly the classical aspects of the nonlinear mixing of structured light waves,
covering topics such as spatial selection rules, effects of astigmatism and the spatial mode
effects on the OPO spectrum. Then we follow to a fully quantum analysis, unveiling the
multipartite entangled states that can be obtained by engineering the transverse spatial
structure of the OPO pump beam.

The text is separated in two parts. We begin the first part with Chapter 2, where
we provide a theoretical background on classical optics. First, we introduce in Section 2.1
the formalism of paraxial optics, which is suited to describe laser beams. We present the
paraxial wave equations and introduce the Laguerre-Gaussian and Hermite-Gaussian modes,
which are used throughout the whole thesis to describe the transverse spatial structure of
laser beams. In Section 2.2 we discuss the three-wave mixing process, emphasizing the
role played by the spatial structure of the three waves. We then introduce the classical
formalism of optical parametric oscillators in Section 2.3, where we derive the OPO
equations and discuss its dynamics and steady-state operation.

In Chapter 3 we present a thorough analysis of the OPO dynamics in the presence
of structured light. We detail in this Chapter the results obtained in Ref.[58], which was
the first contribution from the present thesis to the literature. We present details of our
experimental investigation and provide a theoretical model to describe the multi-spatial-
mode dynamics. We show that the wave mixing is constrained by spatial selection rules,
with experimental results in good agreement with the theory. We also discuss the mode
competition in a multimode OPO above threshold, making a parallel with other nonlinear
systems outside the field of optics.

In Chapter 4 we investigate the role played by the OPO astigmatism in the
aforementioned multimode dynamics. By astigmatism, we mean the spectral separation of
different spatial modes due to the breaking of the cylindrical symmetry caused by the crystal
anisotropy. We study in this Chapter the limits of low and high astigmatism, considering
spatial modes carrying orbital angular momentum (OAM). The results of this Chapter
are from our second contribution [59], and they show that the low astigmatism allows for
the fine tuning of the OAM transfer obtainable by controling properties (temperature and
orientation) of the nonlinear crystal.

We then discuss in Chapter 5 the transverse mode effects on the longitudinal modes
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of the OPO, which define the frequency spectrum of the device. We show in this study that
the OPO spectrum is affected by diffraction, leading the device to produce several spatially
structured frequency combs simultaneously. This study contains our third contribution to
the literature, presented in Ref.[60].

The second part of the thesis deals with the quantum phenomena arising from the
parametric oscillator of structured light fields. We begin in Chapter 6 with a comprehensive
overview of quantum optics. The quantization of the electromagnetic field is presented
in Section 6.1, where we also introduce the field quadratures and important quantum
states, including coherent and squeezed states. We provide a quantum description of
three-wave mixing in Section 6.2, where we introduce the quantum Hamiltonian of the
OPO. We discuss in Section 6.3 the multimode squeezing Hamiltonians and how they
produce multipartite entanglement, and we introduce two methods to identify multipartite
entanglement in a continuous-variable system. We finalize the Chapter with Se.6.4, where
we overview the basic formalism of cluster states and present the state-of-the-art methods
to produce them with OPOs.

We then present in Chapter 7 our last contribution [61], which is an investigation of
the quantum phenomena arising from the transverse mode effects studied classically in the
previous Chapters. We show theoretically that the spatial structure of the pump beam can
be used to engineer nonlinear interactions in the spatial domain so as to generate cluster
states, which is a direct consequence of the spatial selection rules derived in Chapter 3.
We also investigate the quantum states produced when the pump beam is structured in
both spatial and spectral domains, showing that hybrid large-scale cluster states can be
obtained.

We finish the thesis with our closing remarks in Chapter 8. The Appendix A details
the interaction picture used for the squeezing calculations presented in Chapters 6 and 7.





Part I

Classical regime
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Overview

In the first part of this thesis, we discuss the classical properties of optical parametric
oscillators pumped with structured light. For that purpose, we provide in Chapter 2 a
theoretical background containing the basics of structured light, nonlinear optics and
optical parametric oscillators. The formalism of three-wave mixing between structured
light waves is presented, and explored in the chapters that follow.

In Chapter 3, we present an experimental and theoretical investigation of the spatial
selection rules arising in the OPO with structured light, and analyze how this manifest
in the OPO multimode dynamics. In Chapter 4, we discuss the effects of astigmatism
in the OPO dynamics, specially regarding the oscillation of modes with orbital angular
momentum. Then, we discuss in Chapter 5, the effects arising in the OPO longitudinal
modes due to the spatial degree of freedom, with emphasis on the frequency combs
produced in the below threshold regime.
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2 Classical theoretical background

2.1 Paraxial optics
Let us begin with the description of the electromagnetic fields in lossless media.

In this case, in the absence of sources, the Maxwell equations [62] for the electric field
E(r, t) and the magnetic field B(r, t) write

∇ ·D(r, t) = 0 , (2.1)

∇ ·B(r, t) = 0 , (2.2)

∇× E(r, t) = −∂B(r, t)
∂t

, (2.3)

∇×H(r, t) = ∂D(r, t)
∂t

, (2.4)

where r is the position vector and t is time. Besides the vectors H and D are related to
the electric and magnetic fields as

H = 1
µ0

B−M , D = ε0E + P , (2.5)

where the polarization P is the electric dipole moment per unit volume and the magneti-
zation M is the magnetic dipole moment per unit volume.

For the moment, we shall consider the medium as linear, in which case we get the
constitutive relations

P = ε0χeE , M = χmH , (2.6)

where χe and χm are the electric and magnetic linear susceptibilities, respectively. The
effect of the transparent media, in this sense, is a change in the refractive index from
n0 = √ε0µ0 to n = √εµ , where

ε = ε0(1 + χe) and µ = µ0(1 + χm) , (2.7)

are the electric permittivity and magnetic permeability of the medium, respectively.

In this case, by substituting (2.3) into the time derivative of (2.4), we get the
Helmholtz wave equation for the electric field

∇2E(r, t) = n2

c2
∂2E(r, t)
∂t2

, (2.8)

where c = 1/√ε0µ0 is the speed of light in vacuum. Among the solutions of 2.8, the most
often used are the plane waves, which can be written as

E(r, t) = E0 exp i(k · r− ωt), (2.9)
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where ω is the frequency of the harmonic time dependence and k is the wave vector, whose
modulus is given by k = nω/c. Notice, however, that plane waves represent fields that
are spread over the whole space, and therefore are, in a sense, unphysical solutions of the
wave equation. Nonetheless, it is worth noting that Fourier superpositions of plane waves
can in fact describe arbitrary distributions of the electric field.

The electromagnetic field of a laser beam are particularly not fit to the description
by plane waves. This is because laser beams are rather localized in the plane transverse to
the propagation direction. In order to describe such fields, one often uses the so called
paraxial approximation [62] . We start by writing each frequency component of the
electric field E(r, ωj) of a wave propagating in the z direction as

E(r, t) =
∑
j

E(r, ωj)e−iωjt , E(r, ωj) =
∑
pl

αjplu
j
pl(r)eikjzε̂j , (2.10)

where upl(r) are orthonormal and slowly-varying functions of z when compared to the fast
oscillating part eikz, and αjpl are complex amplitudes. The functions upl(r) also contain
the transverse structure of the electric field, which is assumed to be confined to a small
region around the propagation direction, i.e,∣∣∣∣∣∂2upl

∂z2

∣∣∣∣∣�
∣∣∣∣∣∂2upl
∂x2

∣∣∣∣∣ ,
∣∣∣∣∣∂2upl
∂y2

∣∣∣∣∣ . (2.11)

We can now insert (2.10) in (2.8), obtaining the following equation for the functions upl(r)
after performing the approximation of Eq. (2.11)

∇2
⊥upl(r) + 2ikupl(r) = 0 , (2.12)

where, in cartesian coordinates, ∇2
⊥ = ∂2

∂x2 + ∂2

∂y2 . This equation also known as the paraxial
equation. The solutions of (2.12) lead to different families of modes, depending on the
coordinate system. When using Cartesian coordinates, we obtain the Hermite-Gaussian
(HG) mode family

HGmn(r) = Amn
w(z)Hm

(√
2x

w(z)

)
Hn

(√
2y

w(z)

)
×

× exp
[
−x

2 + y2

w2(z) + ik
x2 + y2

2R(z) − iφmn(z)
]
, (2.13)

where Hm,n are the Hermite polynomials and Amn is a normalization constant. Notice that
the transverse dependence is a Gaussian function centered at x = y = 0 with a variance
w2(z) given by

w(z) = w0

√
1 + z2

z2
R

, (2.14)

often called the beam radius at position z. The parameters w0 and zR are the beam waist
and Rayleigh length, respectively, and are related according to [62]

zR = πw2
0

λ
, (2.15)
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Figure 2.1 – Illustration of the paraxial propagation of a laser beam. The solid red lines
indicate a constant amplitude contour, while the dashed blue lines show the
beam wavefront.
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Figure 2.2 – Transverse intensity distribution of different Hermite-Gaussian modes.

where λ = 2π/k is the wavelength.

The wavefront of the Hermite-Gaussian modes is determined by the complex
exponential containing the radius of curvature R(z), given by

R(z) = z

[
1 +

(
zR
z

)2
]
. (2.16)

The mode-dependent phase term φmn(z) is the so called Gouy phase, and is given by

φmn = (SHGmn + 1) arctan
(
z

zR

)
, (2.17)

where
SHGmn = m+ n (2.18)

is the order of the Hermite-Gaussian mode HGmn. In Fig.2.1 , we illustrate the diffraction
of a laser beam described by (2.14) and (2.16). Some elements of the HG mode family are
shown in Fig.2.2.
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Figure 2.3 – Transverse intensity distribution of different Laguerre-Gaussian modes.

Another important set of solutions can be obtained by solving (2.12) in cylindrical
coordinates, leading to the Laguerre-Gaussian (LGpl) mode family

LGpl(ρ, θ, z) = Apl
w(z)

(√
2ρ

w(z)

)|l|
L|l|p

[
2ρ2

w2(z)

]
exp

[
− ρ2

w2(z)

]
×

× exp
[
ik

ρ2

2R(z) − iφpl(z) + ilθ

]
, (2.19)

where L|l|p are the generalized Laguerre polynomials, Apl is a normalization constant, w(z)
and R(z) are defined in (2.14) and (2.16), respectively, and the Gouy phase term is given
by

φpl(z) = (SLGpl + 1) arctan
(
z

zR

)
, (2.20)

where
SLGpl = 2p+ |l| (2.21)

is the order of the Laguerre-Gaussian mode LGpl. The indexes p and l of such modes
are called radial index and topological charge, respectively. The transverse intensity
distributions of some LG modes are shown in Fig. 2.3.

The Laguerre-Gaussian modes have one particular property due to the topological
charge. It can be shown that a LGpl mode possess l~ of orbital angular momentum
(OAM) per photon [63]. This azimuthal dependence of the phase leads to a wavefront that
is twisted around the propagation direction. These OAM-carrying LG modes are often
referred to as optical vortices.

Although the LG and HG modes are more frequently used to describe paraxial
beams, it is worth mentioning that there are many different families of modes which
solve (2.12). Besides, one can show that both the LG and HG families, after proper
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normalization, form a complete set of orthonormal functions in the plane∫ ∫
dx dy umn(r)u∗m′n′(r) = δmm′δnn′ , (2.22)

and, therefore, a field with arbitrary transverse distribution can be decomposed as a
combination of LG or HG modes.

2.1.1 Production of structured light

Laser beams whose transverse profile has been set to a higher-order mode or a
combination of higher-order modes are referred to as structured light. While essentially
all commercially available lasers emit light in a TEM00 transverse mode, they can be
transversely structured using different techniques. The most often used nowadays consists
in using the well known holographic method to produce the desired structure by impinging
the TEM00 in a transmissive or reflective plate containing a pattern (the hologram) which
is the interference between the desired structure and a plane wave [62].

Nowadays, the most often used device for the production of holograms is the
spatial light modulator (SLM). This device consists of a programmable liquid crystal
display which can control the phase acquired by the impinging light, pixel by pixel. There
are both transmissive and reflective SLMs. In such devices, the hologram is set up by a
computer, giving total freedom to shape the beam wavefront.

Although in the present thesis we have only used SLMs to produce and manipulate
structured light beams, there are also other important devices, such as the spiral phase
plates [63] and the q-plates. Mode converters can be built with cylindrical lenses so as
to convert between HG modes and LG modes. Nevertheless, there are also the digital
micromirror devices [64], which are spatial light modulators of a different kind. Instead of
a programmable LCD screen, they have a large number of small moving mirrors that are
used to produce and shape the beam wavefront.

A much more detailed overview on the current methods for the production of
structured light can be found in Refs. [63–65].

2.2 Nonlinear optics

2.2.1 Nonlinear polarization

In the previous section, we have shown that the wave equation (2.8) describes the
propagation of light waves in media where the polarization P grows linearly with the
electric field E, i.e.,

P(t) = ε0χ
(1)E(t) , (2.23)
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where we made the change χe → χ(1) to make a clear reference to the first order
susceptibility. Equation (2.23) implies, for example, that an oscillating external field
E(t) = E0e

−iωt of frequency ω induces a response of the medium with that exact same
frequency.

The term nonlinear optics often refers to the regime in which an intense field
induces an anharmonic response of the medium, which then mediates the interaction
between fields of different frequencies. Such intense fields are typically generated by laser
beams only.

The canonical approach to nonlinear optics consists of writing the polarization
vector in a power series of the electric field [3]

P (t) = ε0
[
χ(1)E(t) + χ(2)E2(t) + χ(3)E3(t) + . . .

]
, (2.24)

where χ(n) is called the n-th order susceptibility, which decrease in magnitude for increasing
n. Notice also that we have written (2.24) in scalar form for simplicity, although in the
general case χ(n) is a rank-(n+ 1) tensor. We can also rewrite (2.24) in the simpler form

P (t) = P (1)(t) + PNL(t) , (2.25)

where the nonlinear contribution to the polarization PNL(t) is explicit.

Here we are interested in second-order nonlinear processes, also known as three-
wave mixing. In this case, the nonlinear polarization can be written as [3]

PNL
i (ωn + ωm) = ε0

∑
jk

∑
(nm)

χ
(2)
ijk(ωn + ωm;ωn, ωm)Ej(ωn)Ek(ωm) , (2.26)

where {ijk} denote Cartesian coordinates and the sub-index (mn) indicates a sum over
frequencies whose sum is constant. After a number of symmetry considerations on the χ(2)

tensor, one can show that the three-wave mixing between frequencies ωi (i = 0, 1, 2) is
described by [3]

PNL(ω0) = deffE(ω1)E(ω2) (2.27)

PNL(ω1) = deffE(ω0)E∗(ω2) (2.28)

PNL(ω2) = deffE(ω0)E∗(ω1) , (2.29)

where ω0 = ω1 + ω2 and deff is an effective second-order susceptibility.

2.2.2 Wave equation in nonlinear media

The next step to describe nonlinear optical phenomena in this formalism is to write
a wave equation for the electric field with the new constitutive relation (2.24). One can
show that such equation can be written as

∇2E − n2

c2
∂2E

∂t2
= 1
ε0c2

∂2PNL

∂t2
. (2.30)
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Notice that the nonlinear polarization in the above equation appears as an additional
source term to (2.8). One can now suppose an electric field in the form (2.10) and use
(2.27-2.29) to solve (2.30) for each frequency component ωj.

The result of the above-stated procedure is a set of coupled equations describing
the longitudinal evolution of the slowly-varying amplitudes αjpl(z) [66], i.e.,

dα0
pl

dz
= iχ e−i∆kz

∑
qm, rn

[
Λlmn
pqr (z)

]∗
α1
qmα

2
rn (2.31)

dα1
qm

dz
= iχ ei∆kz

∑
rn, pl

Λlmn
pqr (z)α0

plα
2∗
rn (2.32)

dα2
rn

dz
= iχ ei∆kz

∑
qm, pl

Λlmn
pqr (z)α0

plα
1∗
qm , (2.33)

where ∆k = k1 + k2 − k0 is the phase mismatch and χ is a constant given by

χ = deff

√
2~ω0ω1ω2

ε30c
3n0n1n2

, (2.34)

where nj are the refractive indices. Notice that equations (2.31-2.33) represent an infinite set
of nonlinearly coupled equations, taking all the possible conversion channels α0

pl → α1
qm+α2

rn

with coupling strengths given by the so-called overlap integrals

Λlmn
pqr (z) =

∫
d2~r u0

pl(~r, z)u1∗
qm(~r, z)u2∗

rn(~r, z) . (2.35)

As we shall see in chapter 3, these integrals lead to a number of restrictions on the possible
modes interacting in an OPO.

2.2.3 Phase matching

One important aspect of the nonlinear wave mixing is the wave vector mismatch,
defined before as

∆k = k1 + k2 − k0 . (2.36)

Let us consider, for example, the sum frequency generation process along a nonlinear
crystal of length L, in colinear configuration. In this process, the input beams of frequencies
ω1 and ω2 generate a beam with frequency ω0 = ω1 + ω2. Using equations (2.31 - 2.33), it
can be shown that the generated intensity I0 at ω0 decreases for increasing ∆k as [3]

I0 ∝ L2 sin2(∆kL/2)
(∆kL/2)2 . (2.37)

In other words, the wave vector mismatch drastically limits the efficiency of the nonlinear
process.

To overcome this problem, one has to guarantee the so-called phase-matching,
i.e., ∆k = 0. This condition fulfills the conservation of linear momentum in the nonlinear
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process and ensures that the generated wave is in phase with the nonlinear polarization
that drives it. In practical terms, the phase-matching engineering usually requires the
control of the refractive indexes for the three waves, which generally involves the use of
frequency dispersion and anisotropy of the nonlinear crystal.

As a matter of example, let us consider a bulk Potassium titanyl phosphate (KTP)
crystal prepared for the frequency sum of two cross-polarized 1064nm laser beams. In
this case, the angle of incidence of the beams in the crystal has to be of ≈ 23.5 deg with
respect to its optical axis to ensure perfect phase-matching at room temperature.

In the OPO, on the other hand, only the pump frequency is fixed. This means
that the down-converted beams will most likely be generated at the frequency pair which
minimizes the wave vector mismatch ∆k, unless the modes are far from resonance. Actually,
this feature makes the OPO a very robust and broadly tunable laser source, since the
wavelengths of the down-converted beams can be controlled by simply changing the crystal
temperature and orientation.

2.3 Optical parametric oscillator
The optical parametric oscillator (OPO) consists essentially of a nonlinear crystal

embedded in an optical cavity. This definition is, of course, oversimplified. There are
a myriad of different OPO configurations regarding crystal type, cavity design, pulsed
or continuous-wave (CW) pump, phase-matching or quasi-phase-matching, birefringence
aspects, phase locking and so on. In this section we provide a basic discussion on optical
cavities and OPO dynamics, aiming at the understanding of the OPO equations.

2.3.1 Fabry-Pérot cavity

First, let us begin with the simple case of the Fabry-Pérot cavity illustrated in
Fig.2.4, containing a passive element with refractive index n, length l and a decay rate γ .
As indicated in the figure, the cavity contains two mirrors with reflection coefficients r1

and r2, and a geometrical length L. By taking the multiple round trips of the intracavity
fields, considered as plane waves, we obtain [62] the following relation between the input
intensity Iin = |Ein|2 and the output intensity Iout = |Eout|2

Iout = Imax

1 +
(

2
δ

)2
sin2

(
πν
c/2L′

) (2.38)

where ν is the field frequency, L′ = L− (n− 1)l is the cavity optical path length and the
maximum output intensity is given by

Imax = Iin
(1− r2

1)(1− r2
2)

(1− r1r2e−2γl)2 . (2.39)
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Figure 2.4 – Sketch of a linear Fabry-Pérot optical cavity of length L. The reflection
coefficients are r1 and r2 for the left and right mirrors, respectively, and γ is
the exponential decay rate of the electric field within the crystal of length
l. The input and output fields are represented in the figure by Ein and Eout,
respectively.

The parameter δ, defined as
δ = 1− r1r2e

−2γ

e−γ
√
r1r2

. (2.40)

accounts for all the loss mechanisms in the system.

Equation (2.38) show that the output intensity as a function of the input frequency
or cavity length has the shape of the well known Airy curves, as shown in Fig.2.5. The
resonances are centered at

ν = m∆νfsr , m ∈ Z , (2.41)

where ∆νfsr = c/2L′ is the frequency difference between consecutive resonances, also
called the cavity free spectral range. The resonances have a width at half maximum
given by

∆ν = ∆νfsr/F , (2.42)

where
F = π

2 arcsin
(
δ
2

) , (2.43)

is the cavity finesse, a measure of its quality. The lower the cavity losses are, the higher
is its finesse.

In the following, we shall consider the regime where the cavity is nearly resonant,
i.e.,

ν = νres + ∆ (2.44)

where ∆ represents a small frequency detuning, a very important quantity in the OPO.
Besides, we also consider that the cavity finesse is very high, which means the mirrors are
highly reflective and the absorption is small. In this case, one can write

ri =
√

1− Ti ≈ 1− Ti
2 → r1r2 ≈ 1− T1 + T2

2 (2.45)
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11

1. Cavidades óticas

Solução estacionária (α=0):

ϕ = (2kL′ )

Iout /Iin

Figure 2.5 – Airy curves for the transmitted output intensity in a Fabry-Pérot cavity near
a resonance. The lines with different colors show different combinations of
reflectivities R1 and R2 for the cavity mirrors.

where T = 1− r2, and
e−γl ≈ 1− γl . (2.46)

As we shall see below, these are useful approximations to describe the cavity dynamics.

2.3.2 Cavity dynamics

Now that we have stated all the important quantities for the description of an
optical cavity, we can consider the cavity dynamics, the time evolution of the electric
field in the cavity. To do that, we first consider the intracavity electric field as

E(t) = α(t)e−iωt , (2.47)

where α(t) is a slowly-varying time-dependent amplitude. We can then analyze the time
evolution of E(t) during a single cavity round trip τ = 2L′/c.

According to Fig.2.4, we have

E(t+ τ) =
√
T1Ein(t+ τ) + E(t)r1r2e

−2γl (2.48)

Substituting (2.47) in (2.48), we get an equivalent equation for the time-dependent ampli-
tudes

α(t+ τ) =
√
T1αin(t+ τ) + α(t)r1r2e

−2γleiωτ . (2.49)

One can then subtract α(t) from both sides and use the coarse-graining approximation

α(t+ τ)− α(t)
τ

≈ dα

dt
, (2.50)
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obtaining

τ
dα(t)
dt

=
√
T1αin(t) + α(t)

(
r1r2e

−2αeiωτ − 1
)
. (2.51)

We can simplify (2.51) even further by applying approximations (2.44-2.46), ob-
taining

dα(t)
dt

= −α(t) (γ′ − i∆) +
√
T1

τ
αin(t) , (2.52)

where
γ′ = 2γl

τ
+ T1 + T2

2τ (2.53)

is the total decay rate of the intracavity fields.

In this text we shall not enter into more details on the dynamics of passive cavities,
but it is worth noting that equation (2.52) much resembles that of a charging capacitor in
an RC circuit, i.e., the input pump causes an exponential growth of the intracavity field
amplitude (considering α(0) = 0 and ∆ = 0) with a time constant of 1/γ′. The dynamics
becomes more interesting when we insert a nonlinear crystal inside the cavity, as we shall
see in the following.

2.3.3 OPO equations

As we mentioned previously, the optical parametric oscillator consists of an optical
cavity containing a nonlinear crystal inside. In such a system, a monochromatic pump
beam generates other two beams at different frequencies via three-wave mixing, a process
known as parametric down-conversion. The generated beams are called signal and
idler, which may have different frequencies, polarizations or transverse modes.

In order to understand the OPO dynamics, let us consider an optical cavity and
three beams at ω0, ω1 and ω2. If it were not for the nonlinear crystal, according to equation
(2.52), we would have a set of three linear and independent equations describing the
time evolution of the system. However, in the OPO the three waves interact according to
(2.31-2.33), which we now have to take into account.

After some straightforward calculation, one can show that the resulting equations
describing the OPO dynamics are the following [66]

dα0
pl

dt
= −

(
γ′0 − i∆0

pl

)
α0
pl + iχ

∑
qm, rn

(I lmnpqr )∗α1
qmα

2
rn

+ t0α
in
pl , (2.54)

dα1
qm

dt
= −

(
γ′1 − i∆1

qm

)
α1
qm + iχ

∑
pl, rn

I lmnpqr α
0
plα

2∗
rn , (2.55)

dα2
rn

dt
= −

(
γ′2 − i∆2

rn

)
α2
rn + iχ

∑
pl, qm

I lmnpqr α
0
plα

1∗
qm , (2.56)
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where we have considered ω0 as the pump frequency, t0 =
√
T1/τ and

I lmnpqr =
∫ l/2

−l/2
dz ei∆kzΛlmn

pqr (z) , (2.57)

is the effective coupling constant integrated over the crystal length, with Λlmn
pqr (z) given

by (2.35). The above-stated equations (2.54-2.56) are the workhorses of OPO dynamics,
containing most of the features we aim to explore in this part of the thesis. A detailed
analysis of the OPO dynamics will be provided in the following chapters.

2.3.4 Steady-state operation

Let us now discuss the steady-state operation in the simpler case where pump,
signal and idler are in a TEM00 (Gaussian) mode. In this case, the OPO equations simply
reduce to

dα0

dt
= − (γ′0 − i∆0)α0 + igα1α2 + t0α

in , (2.58)
dα1

dt
= − (γ′1 − i∆1)α1 + igα0α

∗
2 , (2.59)

dα2

dt
= − (γ′2 − i∆2)α2 + igα0α

∗
1 , (2.60)

where g = χI000
000 is the resulting coupling constant and the mode indices have been omitted

for simplicity. The steady state can be obtained by taking the time derivatives equal to
zero, i.e.,

(γ′0 − i∆0)α0 = igα1α2 + t0α
in , (2.61)

(γ′1 − i∆1)α1 = igα0α
∗
2 , (2.62)

(γ′2 − i∆2)α2 = igα0α
∗
1 . (2.63)

One first consequence of (2.61-2.63) is the following constraint on the detunings
and decay rates of the signal and idler beams [13]

∆1

γ′1
= ∆2

γ′2
= ∆′ . (2.64)

This constraint leads the generated fields, for example, to have a discrete spectrum of
beat-note frequencies between them, a fundamental aspect for frequency tuning purposes.
By inserting (2.64) back into (2.61-2.63), we see that

φ1 + φ2 = φ0 + δ (2.65)

where φj are the phases of the complex amplitudes (αj = rje
iφj) and δ is fixed by the

detunings.
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Equation (2.65) has a particularly interesting consequence. It shows that the sum
of the phases of signal and idler is fixed at a certain value, but says nothing about the
difference. In other words, equations (2.61-2.63) are invariant under the transformation

φ1 → φ1 + ε φ2 → φ2 − ε (2.66)

for any real constant ε. In practical terms, the beams generated in an OPO undergo a
process called phase difference diffusion [67–69], i.e., the phases of signal and idler
change in time as random variables. This signature of the OPO dynamics can actually be
measured in the laboratory by a spectrum analyzer, as we comment in the next section.

Another important aspect of the OPO is that it has typically two different operating
regimes. The first is given by α1 = α2 = 0, which is always a solution of (2.61-2.63). In this
case, the pump beam sees an “empty” cavity, as described by eq (2.52). The non-trivial
solution can be obtained by multiplying (2.62) and the complex conjugate of (2.63), leading
to

|α0|2 = γ′1γ
′
2(1 + ∆′2)
g2 , (2.67)

where ∆′ is given by (2.64). This shows that the pump intensity reaches a fixed value
within the cavity, regardless of the input intensity |αin|2.

Now we can take the square modulus of (2.61) and use (2.67), to obtain a relation
between the generated intensities and the input pump αin. After some algebra, one can
show that the non-trivial solution only exists if the input pump intensity |αin|2 is higher
than a given threshold value |αinth|2 , where [13,58]

|αinth|2 = γ′20 γ
′
1γ
′
2

g2t20
(1 + ∆′20 )(1 + ∆′2) , (2.68)

and ∆′0 = ∆0/γ
′
0 . In Fig.2.6 we show the typical behavior of the down-converted intensity

as a function of the input pump.

One can see in the figure that while the trivial solution exists for every pump value,
it becomes unstable above threshold, when the OPO starts to operate. This figure shows
a typical bifurcation diagram, often found in nonlinear dynamics and laser physics
literature. The OPO may actually present different kinds of bifurcations, depending on
the magnitudes of the normalized detunings. It is also worth noting that OPOs may
also present more complicated nonlinear behavior, such as other types of bifurcations,
self-pulsing and even chaos [20].
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Figure 2.6 – Typical plot of the down-converted intensity versus input intensity in an
OPO. Although there are two solutions for every pump value above threshold,
the trivial one becomes unstable in this regime.
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3 Optical parametric oscillation with struc-
tured light

In this chapter, we present the first contribution from the present thesis for the OPO
community, which was reported in Ref. [58]. In summary we investigate the transverse mode
structure of the down-converted beams generated by a type-II optical parametric oscillator
(OPO) driven by a structured pump. Our analysis focus on the selection rules imposed by
the spatial overlap between the transverse modes of the three fields involved in the non-
linear interaction. We also show that these rules imply a hierarchy of oscillation thresholds
that determine the possible transverse modes generated by the OPO, as remarkably
confirmed by experimental results. Although completely classical, this study constitutes
the foundation of the quantum investigation presented in Chapter 7.

The chapter is organized as follows. In Section 3.1 we analyze the role of the spatial
degree of freedom in the nonlinear coupling by investigating the selection rules arising
from the transverse overlap integral (2.35). In Section 3.2 we present the setup used in
our experimental investigation. The results are presented and discussed in Sections 3.3
and 3.4. Lastly, the conclusions are summarized in Section 3.5

3.1 Spatial selection rules for three-wave mixing processes

First of all, remember that the OPO equations constitute an infinite set of coupled
equations mediated by the coupling constants I lmnpqr (2.57). However, the spatial overlap
and mode competition effects will restrict the non-vanishing transverse modes to a finite
set. In this section, we derive the selection rules that result from spatial overlap and
determine the non-zero coupling constants.

As mentioned before, the paraxial transverse modes upl appearing in the expression
(2.35) can be conveniently chosen in either the LG or HG mode family. The relevant
parameters of both families are presented in Section 2.1. Firstly, we will work in the HG
basis and then extend the result to the LG basis. Due to the geometry imposed by the
cavity, all three beams have approximately the same Rayleigh length zr [70]. Then, using
expression (2.13) for the HG modes in Eq.(2.35), after a straightforward calculation, we
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get

Λmpr
nqs (z) = Cmpr

nqs

ξ1ξ2

π

√
2

πw2
0(z)

ei(S1+S2−S0+1)ζ(z)√
1 + z2/z2

r

×

∫
dx e−x

2
e

∆kx2
2k0

(1+ iz
zr

)
Hm(x)Hp(ξ1x)Hr(ξ2x)×∫

dy e−y
2
e

∆ky2
2k0

(1+ iz
zr

)
Hn(y)Hq(ξ1y)Hs(ξ2y)

(3.1)

where Cmpr
nqs =

√
2−(m+n+p+q+r+s)

m!n!p!q!r!s! , ζ(z) = tan−1(z/zr), ξi = w0/wi is the ratio between the
pump (w0) and down-converted (wi) beam waists, Si is given by (2.18) and x (y) is a
normalized transverse coordinate defined by the change of variables

√
2x

w0(z) 7→ x (
√

2y
w0(z) 7→ y).

We assume ∆k � k0 and l . zr, which is frequently the case for the experimental conditions.
Besides, the Gaussian terms restrict the relevant contributions of the integrands in (3.1)
to the region |x| . 1 and |y| . 1. Under these assumptions, the coupling constant can be
factorized as the product of a purely longitudinal factor and a transverse overlap integral

Λmpr
nqs (z) ' Λmpr

nqs (0)e
i(S1+S2−S0+1)ζ(z)√

1 + z2/z2
r

, (3.2)

where

Λmpr
nqs (0) = Cmpr

nqs

ξ1ξ2

π

√
2
πw2

0∫
dx e−x

2
Hm(x)Hp(ξ1x)Hr(ξ2x)×∫

dy e−y
2
Hn(y)Hq(ξ1y)Hs(ξ2y) .

(3.3)

Note that the parity of the three Hermite polynomials product is equal to m+p+ r

in the integral over the x coordinate. Since e−x2 is an even function, then one must have
m+ p+ r = 0 (mod2), otherwise the integral would be zero. Furthermore, we can expand
the product of the last two Hermite polynomials as a combination of other polynomials of
the same parity:

Hp (ξ1x)Hr (ξ2x) =
b(p+r)/2c∑

i=0
βp,r,iHp+r−2i(x) . (3.4)

Using the orthogonality property of the polynomials, and substituting Eq.(3.4) in (3.3)
results in

b(p+r)/2c∑
i=0

βp,r,i

∫ +∞

−∞
dxHm (x)Hp+r−2i(x) e−x2 =

b(p+r)/2c∑
i=0

βp,r,i δm,p+r−2i ,

(3.5)
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constants I lmn
pqr . However, the spatial overlap and mode

competition effects will restrict the non-vanishing trans-
verse modes to a finite set. In this section, we derive the
selection rules that result from spatial overlap and deter-

mine the non-zero coupling constants. We shall leave to
section VI the discussion about mode competition.

As mentioned before, the paraxial transverse modes
upl appearing in the expression (15) can be conveniently
chosen in either the LG or HG mode family. The relevant
parameters of both families are presented in Appendix
A. Firstly, we will work in the HG basis and then extend
the result to the LG basis. Due to the geometry imposed
by the cavity, all the three beams have (approximately)
the same Rayleigh length zr [31]. Then, using expression
(A1) for the HG modes in Eq.(15), after a straightforward
calculation, we get

Λmpr
nqs (z) = Cmpr

nqs

γ1γ2

π

!
2

πw2
0(z)

ei(S1+S2−S0+1)ζ(z)

"
1 + z2/z2

r
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#

dx e−x2

e
∆kx2

2k0
(1+ iz

zr
)Hm(x)Hp(γ1x)Hr(γ2x)×

#
dy e−y2

e
∆ky2

2k0
(1+ iz

zr
)Hn(y)Hq(γ1y)Hs(γ2y)

(21)

where Cmpr
nqs =

$
2−(m+n+p+q+r+s)

m!n!p!q!r!s! , ζ(z) = tan−1(z/zr),
γi = w0/wi is the ratio between the pump (w0) and
down-converted (wi) beam waists, Si is the paraxial
mode order of field i (S0 = m+n, S1 = p+q, S2 = r+s.
See Appendix A) and x (y) is a normalized transverse
coordinate defined by the change of variables

√
2x

w0(z) "→ x

(
√

2y
w0(z) "→ y). We assume ∆k ≪ k0 and l ! zr, which

is frequently the case for the experimental conditions.
Besides, the Gaussian terms restrict the relevant contri-
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verse modes to a finite set. In this section, we derive the
selection rules that result from spatial overlap and deter-

mine the non-zero coupling constants. We shall leave to
section VI the discussion about mode competition.

As mentioned before, the paraxial transverse modes
upl appearing in the expression (15) can be conveniently
chosen in either the LG or HG mode family. The relevant
parameters of both families are presented in Appendix
A. Firstly, we will work in the HG basis and then extend
the result to the LG basis. Due to the geometry imposed
by the cavity, all the three beams have (approximately)
the same Rayleigh length zr [31]. Then, using expression
(A1) for the HG modes in Eq.(15), after a straightforward
calculation, we get
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verse modes to a finite set. In this section, we derive the
selection rules that result from spatial overlap and deter-

mine the non-zero coupling constants. We shall leave to
section VI the discussion about mode competition.
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parameters of both families are presented in Appendix
A. Firstly, we will work in the HG basis and then extend
the result to the LG basis. Due to the geometry imposed
by the cavity, all the three beams have (approximately)
the same Rayleigh length zr [31]. Then, using expression
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constants I lmn
pqr . However, the spatial overlap and mode

competition effects will restrict the non-vanishing trans-
verse modes to a finite set. In this section, we derive the
selection rules that result from spatial overlap and deter-

mine the non-zero coupling constants. We shall leave to
section VI the discussion about mode competition.
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upl appearing in the expression (15) can be conveniently
chosen in either the LG or HG mode family. The relevant
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A. Firstly, we will work in the HG basis and then extend
the result to the LG basis. Due to the geometry imposed
by the cavity, all the three beams have (approximately)
the same Rayleigh length zr [31]. Then, using expression
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which means that m ≤ p + r, otherwise the integral vanishes. Analogously, from the y
integration, we obtain n+ q + s = 0 (mod 2) and n ≤ q + s. These relations imply that

S0 + S1 + S2 ≡ 0 (mod 2) (3.6)

S0 ≤ S1 + S2 (3.7)

which are basis independent conditions. These are general constraints regarding the
transverse mode coupling in three-wave mixing.

From the exact expressions for the transverse overlap Eq.(3.3) one can derive the
following expression for the effective coupling constant

Imprnqs = zr

∫ l/2zr

−l/2zr

du
ei(∆kzr)u

1− iu

[
1 + iu√
1 + u2

]∆S
Λmpr

nqs (0) . (3.8)

The term between parentheses can be viewed as an overall conversion efficiency, since it
does not make explicit reference to the particular modes being coupled, except for the
mode order difference ∆S = S0 − S1 − S2.

We can have an idea of the relative magnitude of the different coupling coefficients
by looking at Figs. 3.1 and 3.2. In those plots, the input pump indexes ({m,n} for HG, or
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As mentioned before, the paraxial transverse modes
upl appearing in the expression (15) can be conveniently
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{l, p} for LG modes) are kept fixed while the signal and idler indexes are unconstrained,
as in the case of spontaneously down-converted beams. It can be observed that the order
is conserved (S1 + S2 = S0) for the highest coupling magnitudes.

In the Hermite-Gauss basis, one can see from Eq.(3.3) that Λmpr
nqs (0) can be broken

into a product of two terms: Λmpr
nqs (0) = XmprYnqs, one related to the indexes in the x

coordinate, and the other to the y coordinate. Since the functions Xmpr and Ynqs are
the same, one can analyze the maximization conditions for Xmpr and then extend the
result to Ynqs. As seen from Fig.3.1, when p + r = m, with p = bm/2c and r = dm/2e
(or vice-versa), maximum mode coupling is attained. An analogous conclusion can be
drawn for the Ynqs function and, recalling that S1 = p + q and S2 = r + s, it confirms
the order conservation statement claimed before. This result is then independent of the
basis used to describe the coupling and should be valid for the Laguerre-Gauss basis as
well. However, in this case the topological charge conservation (l0 = l1 + l2) [66] should
also be taken into account, what makes Eq.(3.6) automatically satisfied. Furthermore
Eq.(3.7) will introduce restrictions on the radial indexes of the modes, depending on the
relative signs of the topological charges being added. This kind of cross-talk between
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radial and angular degrees of freedom has already been investigated in nonlinear OAM
mixing [51, 71]. All these results are summarized in Fig.3.3 for the different paraxial bases.
They complement previous studies on Laguerre-Gauss [66] and Hermite-Gauss [72] mode
coupling in parametric down conversion, and provide a general basis independent selection
rules. The relative magnitudes of the different coupling constants will be essential for the
mode selection in the OPO dynamics, as we shall see in Section 3.3.

Basis set Order Selection rules

Basis independent rules

HGmn

LGpl

m0 + m1 + m2 ≡ 0 (mod 2)
n0 + n1 + n2 ≡ 0 (mod 2)

l0 = l1 + l2
p0 ≤ p1 + p2 (l1 . l2 > 0)

p0 ≤ p1 + p2 + min{ | l1 | , | l2 |} (l1 . l2 < 0)

S = m + n

S = 2p + | l |

S0 ≤ S1 + S2
S0 + S1 + S2 ≡ 0 (mod 2)

m0 ≤ m1 + m2 and n0 ≤ n1 + n2

Figure 3.3 – A summary of the selection rules.

3.2 Experimental setup
In this section we describe the setup we used in our experimental investigation,

which is depicted in Fig.3.4. A 532nm TEM00 beam, originated from the second harmonic
of a Nd:YAG laser (InnoLight GmbH laser, Diabolo product line), is collimated and sent
towards a Spatial Light Modulator (SLM - Hamamatsu, model X10468-01). The SLM
is electronically programmed to transform the beam into different paraxial higher-order
modes, implemented by an amplitude and phase modulation technique, as described by
method A in Clark et al. [73].

The OPO consists of two concave mirrors (M1 and M2) with equal radii of R =
25mm and a 5mm long KTP (KTiOPO4) crystal, cut for 532-1064nm type-II phase
matching at room temperature. The cavity is kept nearly confocal, while its length is
controlled by a piezoelectric ceramic coupled to M2. The mirror M1 has a reflectance of
96% at 532nm and is highly reflective (HR, R=99.8%) at 1064nm, while M2 is HR at both
wavelengths. The crystal can also be positioned and oriented with translation and rotation
stages with micrometric precision.

The outcoming (resonant) beams pass through a dichroic mirror (DM) which directs
most of the pump intensity to the detector D1 (Thorlabs, DET100A), used for monitoring
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SLM

L1 L2
M1 M2

L3DM BS1

D1 D2

CCD

OSC

Figure 3.4 – A schematic view of the experiment. Lenses L1 and L2 are used to adjust
the waist of the structured beam after the SLM, in order to pump the OPO
cavity with a properly matched mode.

the 532nm resonances in the oscilloscope (OSC) as the piezoelectric actuator scans the
cavity. The transmitted beams are split in a 50/50 non-polarizing cube (BS1), which allows
the analysis of the down-converted beams detected at D2. At last, the (residual) pump
beam is spectrally separated by a prism, while signal and idler are separated by a PBS,
allowing the simultaneous imaging of the three fields at the charge coupled device (CCD)
camera. In order to identify the topological charges of the Laguerre-Gaussian (LG) modes,
all beams pass through a lens L3 (f=200mm), which can be tilted to achieve LG to HG
conversion [74] right at the CCD sensor.

Because of the damage threshold of the SLM, the laser’s output power is limited
to 100mW, which means a maximum pump power of approximately 30mW (due to the
SLM efficiency and other optical losses). Despite the relatively low pump intensity, the
low reflection and absorption losses in the mirrors and crystal produce a high finesse
cavity and an OPO with a relatively low oscillation threshold (down to approx 3mW for
the TEM00 pump). At maximum power, we were able to achieve oscillation for pump
transverse modes up to 3rd order. Hence, this experimental arrangement allowed us to
characterize the transverse resonances for the signal and idler beams with respect to the
pump beam in the case of a triply resonant optical parametric oscillator.

3.3 Results and analysis
In the experiment described in Section 3.2, we pumped the OPO with a variety of

LG and HG modes and registered the various transverse modes populated by the down
converted photons. We applied slight changes in the crystal orientation and cavity length
in order to geometrically tune various transverse mode resonances for signal and idler. It
is important to keep in mind that, in such optical setups with a nonlinear crystal placed
inside an optical cavity, the resonant transverse modes possess an astigmatic Gouy phase,
caused by the crystal birrefringence [75], resulting in a splitting of the resonant positions
even for modes of the same order. For our case of a type-II conversion and a high finesse
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cavity for the down converted beams (γ1 = γ2 ≈ 5 mrad), it means that the ordinary
polarization (idler) cannot sustain simultaneous oscillation of different Hermite-Gauss
components with the same order m + n due to their astigmatic Gouy phase difference
(|φm+1,n−1 − φm,n| ≈ 21 mrad for our experimental conditions), which is larger than the 5
mrad cavity linewidth. As a corollary, the idler beam will oscillate in a pure Hermite-Gauss
mode. Therefore, the Hermite-Gaussian basis is the most natural one for the type of
anisotropy experienced by the interacting fields inside the OPO cavity.

One key point for the transverse mode selection in the OPO operation is to note that
the oscillation threshold decreases with increasing coupling strength: |αinpl |2th ∼ |Λlmn

pqr |−2 [13].
Since |Λ000

000| is the greatest coupling constant, the triply resonant Gaussian mode operation
for pump, signal and idler has the lowest oscillation threshold. However, a more careful
analysis is required when higher order pump modes and anisotropy are present. As a first
illustration of the transverse mode selection rules, we present several experimental results
obtained with different Hermite-Gauss pump modes. These results are shown in Fig.3.5. All
results are compatible with the optimal coupling predicted in Fig.3.1. Nevertheless, a more
involved dynamics takes place when multiple Hermite-Gaussian modes are simultaneously
present in the pump beam, as is the case when optical vortices and OAM transfer are
considered.

For example, with a first order LG ({l = 1, p = 0}) pump in the anisotropic cavity,
different operation conditions can be observed by tuning the cavity parameters. This can
be analyzed through the pump decomposition in the HG modes

uLG01 = 1√
2
(
uHG10 − iuHG01

)
. (3.9)

Hence, each Hermite-Gaussian component will couple with the transverse modes with the
optimal overlap with it. As described above for the Hermite-Gauss basis, they are given
by Λ110

000 (or Λ101
000) and Λ000

110 (or Λ000
101), giving rise to the following processes

uHG10 → uHG10 + uHG00 , (3.10)

uHG01 → uHG01 + uHG00 . (3.11)

Since the idler has to oscillate in a pure HG mode, there are two possibilities:

1. idler in either uHG10 or uHG01 : in this case, only one process is activated and the signal
is necessarily in the uHG00 mode. This kind of operation prevents any OAM transfer
to the signal. These cases are represented in the first two rows of Fig.3.6.

2. idler in uHG00 : in this case, the two processes (3.10) and (3.11) can be activated,
allowing for the signal mode to be in a superposition of uHG10 and uHG01 , with partial
or total OAM transfer. This situation is shown in the last row of Fig.3.6.
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Figure 6. Experimental images for the pump, signal and idler
beams, corresponding to different Hermite-Gaussian orders of
the pump mode.

with the transverse modes with the optimal overlap with
it. As described above for the Hermite-Gauss basis, they
are given by ⇤110

000 (or ⇤101
000) and ⇤000

110 (or ⇤000
101), giving

rise to the following processes

uHG
10 ! uHG

10 + uHG
00 , (30)

uHG
01 ! uHG

01 + uHG
00 . (31)

Since the idler has to oscillate in a pure HG mode, there
are two possibilities:

1. idler in either uHG
10 or uHG

01 : in this case, only one
process is activated and the signal is necessarily in
the uHG

00 mode. This kind of operation prevents
any OAM transfer to the signal. These cases are
represented in the first two rows of Fig.7.

2. idler in uHG
00 : in this case, the two processes (30)

and (31) can be activated, allowing for the signal
mode to be in a superposition of uHG

10 and uHG
01 ,

with partial or total OAM transfer. This situation
is shown in the last row of Fig.7.

Pump Signal / Idler

Figure 7. Experimental images for the pump, signal and idler
beams. The pump field is kept in the uLG

01 mode.

For a pump beam prepared in a uLG
02 , we can figure out

the possible coupling channels by inspecting its decom-
position in the HG basis

uLG
02 =

1

2

⇣
uHG

20 + i
p

2uHG
11 � uHG

02

⌘
. (32)

From this decomposition we can identify the following
channels

uHG
20 ! uHG

10 + uHG
10 , (33)

uHG
20 + uHG

00 , (34)

uHG
11 ! uHG

10 + uHG
01 , (35)

uHG
11 + uHG

00 , (36)

uHG
02 ! uHG

01 + uHG
01 , (37)

uHG
02 + uHG

00 . (38)

Some of these possibilities are represented in Fig. 8,
which describes one or a combination of two of the listed
down-conversion processes, restricted to an idler beam in
a pure Hermite-Gauss mode and order conservation. For
example, the first row corresponds to process (33); the
second row, to process (35); the third row, to a combi-
nation of processes (33) and (35); and finally, the fourth
row, to a combination of processes (34) and (38).

We present in Fig.9 the highest OAM pump operation
achieved with the laser power available in our experiment,
corresponding to a uLG

03 mode. Its decomposition in the
HG basis writes

uLG
03 =

p
2

4

⇣
uHG

30 �
p

3uHG
12 � i

p
3uHG

21 + iuHG
03

⌘
, (39)

Figure 3.5 – Experimental images for the pump, signal and idler beams, corresponding to
different Hermite-Gaussian orders of the pump mode.
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Pump Signal / Idler

Figure 3.6 – Experimental images for the pump, signal and idler beams. The pump field
is kept in the uLG01 mode.

For a pump beam prepared in a uLG02 , we can figure out the possible coupling
channels by inspecting its decomposition in the HG basis

uLG02 = 1
2
(
uHG20 + i

√
2uHG11 − uHG02

)
. (3.12)

From this decomposition we can identify the following channels

uHG20 → uHG10 + uHG10 , (3.13)

uHG20 + uHG00 , (3.14)

uHG11 → uHG10 + uHG01 , (3.15)

uHG11 + uHG00 , (3.16)

uHG02 → uHG01 + uHG01 , (3.17)

uHG02 + uHG00 . (3.18)

Some of these possibilities are represented in Fig. 3.7, which describes one or a combination
of two of the listed down-conversion processes, restricted to an idler beam in a pure
Hermite-Gauss mode and order conservation. For example, the first row corresponds
to process (3.13); the second row, to process (3.15); the third row, to a combination of
processes (3.13) and (3.15); and finally, the fourth row, to a combination of processes
(3.14) and (3.18).
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Signal / IdlerPump

Figure 3.7 – Experimental images for the pump, signal and idler beams. The pump field
is kept in the uLG02 mode.

We present in Fig.3.8 the highest OAM pump operation achieved with the laser
power available in our experiment, corresponding to a uLG03 mode. Its decomposition in the
HG basis writes

uLG03 =
√

2
4
(
uHG30 −

√
3uHG12 − i

√
3uHG21 + iuHG03

)
, (3.19)

giving rise to several coupling processes, with

uHG21 → uHG10 + uHG11 , (3.20)

uHG12 → uHG01 + uHG11 , (3.21)

being the most favorable ones. The first row corresponds to a combination of processes
(3.20) and (3.21) without OAM transfer; the second row is a pure (3.21) process; and
the third row is also a combination of processes (3.20) and (3.21) but with one unit of
OAM transfer (signal beam in uLG01 ). In all cases, total or partial OAM transfer is strongly
dependent on the cavity parameters, specially the crystal orientation that affects the
astigmatic anisotropy. The topological charges informed in this section were measured
with the tilted lens method[74].

3.4 Threshold hierarchy and mode survival
In the previous section, we have assigned the selection of the converted modes in

the OPO to the higher coupling they have with a given pump mode, leading to the “order
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Signal / IdlerPump

Figure 3.8 – Experimental images for the pump, signal and idler beams. The pump field
is kept in the uLG03 mode.

conservation” property. However, we could also observe other transverse mode operations
which do not conserve the order, despite their lower coupling constants. Examples of such
operation regimes can be seen in Fig. 3.9. In that case, for slightly different cavity lengths
within the same pump resonance, a Gaussian pump beam has generated multiple sets of
signal and idler modes, with different coupling constants and non-zero values of ∆S.

Indeed, the oscillation threshold of a given set of modes is not solely determined
by the coupling constant. In particular, the mode detunings play a major role in the mode
selection, since the resonance peaks of different transverse modes can be separated in an
astigmatic cavity. The expression for the oscillation threshold for a three-mode coupling is
given by [13]

|αinmn|2th = γ2
0γ1γ2

t20|I
mpr
nqs |2

(1 + ∆2)(1 + ∆2
0) , (3.22)

where ∆ = δϕ1
pq/γ1 = δϕ2

rs/γ2 and ∆0 = δϕ0
mn/γ0 are the normalized detunings for

the interacting modes. We then see that the normalized detunings can compensate for
a smaller coupling constant in the expression for the threshold. For instance, when
(1 + ∆2)(1 + ∆2

0) > 4 for the uHG00 → uHG00 + uHG00 conversion, its threshold becomes higher
than the uHG00 → uHG10 + uHG10 threshold at resonance, despite the fact that Λ000

000 = 2Λ011
000.

To be more rigorous and to further analyze the detuning effect on the mode
selection, we have numerically integrated the dynamical equations for the OPO, including
two different coupling channels with a given pump mode. As our model, we considered
only the contributions of the above-mentioned channels uHG00 → uHG00 + uHG00 (∆S = 0)
and uHG00 → uHG10 + uHG10 (∆S = 2 , right images) displayed in Fig 3.9. When the modes
with strongest coupling are resonant, they overcome the less coupled ones (solid lines),
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Figure 10. Illustration of the mode competition and the non-conservation of the order for a HG00 pump. In (a) we show a set
of down-converted modes, with di!erent coupling constants, obtained at slightly di!erent cavity lengths within a same pump
resonance. In (b) we show the time evolution of the intracavity fields for the two leftmost sets of (a) for !!1

00 = !!2
00 = 0

(solid lines) and !!1
00 = !!2

00 = 1.9"!(dashed lines), with the less coupled HG10 in perfect resonance.

role in the multimode dynamics were considered. First,
the spatial overlap between the interacting modes was
calculated, giving rise to a set of selection rules for non-
vanishing intermode coupling. Then, mode selection was
investigated under the influence of di!erent aspects such
as the transverse coupling strength, cavity anisotropies
and mode detuning. All these e!ects were shown to play
an important role in the oscillation threshold for di!er-
ent transverse mode configurations. The dynamical mode
selection is determined by the configuration with lowest
threshold under the coupling and cavity conditions as-
sumed. This builds a Darwinian scenario analogous to
di!erent biological, social and economical systems, where
competition allows only the most adapted element to sur-
vive.

Appendix A: Paraxial modes

In this appendix we present the mathematical expres-
sions and the main parameters describing the parax-
ial modes used in the main text. The Hermite-Gauss
(HGmn) and the Laguerre-Gauss (LGpl) modes are writ-
ten as
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In physical terms, w is called the beam waist, R(z)
represents its wavefront curvature radius, and zr is the
Rayleigh length.

Appendix B: General expressions for the transverse
coupling constants

Here we derive the expressions for the transverse cou-
pling constants used in the main text. Using the gener-
ating function for the Hermite polynomials as
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Figure 10. Illustration of the mode competition and the non-conservation of the order for a HG00 pump. In (a) we show a set
of down-converted modes, with di!erent coupling constants, obtained at slightly di!erent cavity lengths within a same pump
resonance. In (b) we show the time evolution of the intracavity fields for the two leftmost sets of (a) for !!1

00 = !!2
00 = 0

(solid lines) and !!1
00 = !!2

00 = 1.9"!(dashed lines), with the less coupled HG10 in perfect resonance.

role in the multimode dynamics were considered. First,
the spatial overlap between the interacting modes was
calculated, giving rise to a set of selection rules for non-
vanishing intermode coupling. Then, mode selection was
investigated under the influence of di!erent aspects such
as the transverse coupling strength, cavity anisotropies
and mode detuning. All these e!ects were shown to play
an important role in the oscillation threshold for di!er-
ent transverse mode configurations. The dynamical mode
selection is determined by the configuration with lowest
threshold under the coupling and cavity conditions as-
sumed. This builds a Darwinian scenario analogous to
di!erent biological, social and economical systems, where
competition allows only the most adapted element to sur-
vive.
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represents its wavefront curvature radius, and zr is the
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Figure 10. Illustration of the mode competition and the non-conservation of the order for a HG00 pump. In (a) we show a set
of down-converted modes, with di!erent coupling constants, obtained at slightly di!erent cavity lengths within a same pump
resonance. In (b) we show the time evolution of the intracavity fields for the two leftmost sets of (a) for !!1

00 = !!2
00 = 0

(solid lines) and !!1
00 = !!2

00 = 1.9"!(dashed lines), with the less coupled HG10 in perfect resonance.

role in the multimode dynamics were considered. First,
the spatial overlap between the interacting modes was
calculated, giving rise to a set of selection rules for non-
vanishing intermode coupling. Then, mode selection was
investigated under the influence of di!erent aspects such
as the transverse coupling strength, cavity anisotropies
and mode detuning. All these e!ects were shown to play
an important role in the oscillation threshold for di!er-
ent transverse mode configurations. The dynamical mode
selection is determined by the configuration with lowest
threshold under the coupling and cavity conditions as-
sumed. This builds a Darwinian scenario analogous to
di!erent biological, social and economical systems, where
competition allows only the most adapted element to sur-
vive.
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represents its wavefront curvature radius, and zr is the
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Figure 10. Illustration of the mode competition and the non-conservation of the order for a HG00 pump. In (a) we show a set
of down-converted modes, with di!erent coupling constants, obtained at slightly di!erent cavity lengths within a same pump
resonance. In (b) we show the time evolution of the intracavity fields for the two leftmost sets of (a) for !!1

00 = !!2
00 = 0

(solid lines) and !!1
00 = !!2

00 = 1.9"!(dashed lines), with the less coupled HG10 in perfect resonance.

role in the multimode dynamics were considered. First,
the spatial overlap between the interacting modes was
calculated, giving rise to a set of selection rules for non-
vanishing intermode coupling. Then, mode selection was
investigated under the influence of di!erent aspects such
as the transverse coupling strength, cavity anisotropies
and mode detuning. All these e!ects were shown to play
an important role in the oscillation threshold for di!er-
ent transverse mode configurations. The dynamical mode
selection is determined by the configuration with lowest
threshold under the coupling and cavity conditions as-
sumed. This builds a Darwinian scenario analogous to
di!erent biological, social and economical systems, where
competition allows only the most adapted element to sur-
vive.
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represents its wavefront curvature radius, and zr is the
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Figure 3.9 – (Color online) Illustration of mode competition and non-conservation of
the order for a resonant (∆0 = 0) HGp

00 pump. In (a) we show a set of
down-converted modes, with different coupling constants, obtained at slightly
different cavity lengths within a same pump resonance. In (b) we show the
numerical calculation of the time evolution of the normalized intensities for
pump (black), signal HGs

00 (yellow) and signal HGs
10 (orange). In these cases

the corresponding idler amplitudes are the same as those of the signal beam.
Solid lines correspond to δϕ1

00 = δϕ2
00 = 0 and dashed lines to δϕ1

00 = δϕ2
00 =

1.9γ (γ1 = γ2 = γ). The less coupled HG10 mode for both signal and idler is
assumed to be in perfect resonance δϕ1

10 = δϕ2
10 = 0 .
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whereas, when they are off resonance, they may give a way to the less coupled resonant
modes (dashed lines). Therefore, a higher detuning in the stronger coupling channel may
increase its threshold power, favoring the operation of the weaker coupling channel. This
shows that the modes involved in the OPO undergo a Darwinian selection mechanism
which restricts the survival to the more adapted ones. This is a well known phenomenon
in laser physics [76–78], but it is also present in other kinds of dynamical systems such as
biological, social and economical [79–81].

3.5 Conclusion
In summary, we studied the transverse mode dynamics in a type-II optical paramet-

ric oscillator driven by a structured pump beam. Several effects playing a major role in the
multimode dynamics were considered. First, the spatial overlap between the interacting
modes was calculated, giving rise to a set of selection rules for nonvanishing intermode
coupling. These selection rules allow immediate identification of the nonlinearly coupled
modes in the wave mixing process, which is interesting not only in the classical optical
context, but can also dictate the quantum correlations between different transverse modes
in multimode spontaneous parametric down conversion. A detailed analysis of the quantum
domain is presented in Chapter 7

Moreover, we discussed the mode selection rules under the influence of different
aspects such as the transverse coupling strength, cavity anisotropies and mode detuning.
All these effects were shown to play an important role in the oscillation threshold for
different transverse mode configurations. The dynamical mode selection is determined by
the configuration with lowest threshold under the coupling and cavity conditions assumed.
This builds a Darwinian scenario analogous to different biological, social and economical
systems, where competition allows only the most adapted element to survive.
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4 Multimode parametric oscillation under
astigmatic conditions

In this chapter, we present the second contribution to the literature from the
present thesis, which was reported in Ref.[59]. In our study, we investigate the dynamics
of a type-II optical parametric oscillator pumped by a structured light beam carrying
orbital angular momentum. Different operating regimes are theoretically derived and
experimentally demonstrated, depending on the magnitude of the anisotropy imposed by
the nonlinear medium.

We show that the astigmatism, which translates into a separation between the
cavity resonances of HG modes with the same order but different orientations, plays a role
in the multimode dynamics between spatially structured downconverted fields. In a weakly
anisotropic regime, fine-tuning of the orbital angular momentum transfer is obtained
by adjusting the crystal parameters such as temperature and orientation. Under strong
anisotropy, orbital angular momentum transfer is not possible and the crystal tuning leads
to an abrupt switching between different Hermite-Gauss transverse modes.

The chapter is organized as follows. In Section 4.1 we discuss details of our
experiment and describe how we manage to observe the aforementioned effects of the
astigmatism. In Section 4.2 we present the dynamical equations for the multimode OPO
and present a theoretical model to describe the regimes of weak and strong astigmatism.
In Section 4.3 we show our experimental results and compare them with the theoretical
modes. Our conclusions are presented in Section 4.4.

4.1 Experimental details

The setup we used in our experimental investigation is sketched in figure 4.1. The
optical parametric oscillator (OPO) is formed by two concave mirrors M1 (HR@1064nm,
96%@532nm, R=-25mm) and M2 (HR@1064nm+532nm, R=-25mm) and a 5mm long
type-II KTP crystal (by Altechna) in a linear and nearly confocal configuration. The
crystal is temperature-controlled by a Peltier element and mirror M2 is mounted over a
piezoelectric ceramic (PZT) for precision control of the cavity length. The pump beam
is a frequency-doubled TEM00 Nd:Yag laser (InnoLight GmbH laser, Diabolo product
line) which is converted to a first order Laguerre-Gauss mode LG01 (radial order p = 0
and topological charge l = 1) by a spatial light modulator (SLM - Hamamatsu, model
X10468-01).
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Figure 4.1 – Sketch of the experimental setup. SLM, spatial light modulator; M1 and M2,
cavity mirrors; DM, dichroic mirror; D1 and D2, detectors; TL, tilting lens;
CCD, charge-coupled device.

The OPO output is filtered by a dichroic mirror (DM) which transmits most of
the 532nm intensity to a detector (Thorlabs, DET100A) for monitoring of the pump
resonances. The remaining pump and the converted beams are focused by TL and taken in
a charge-coupled device (CCD) camera. The lens can also be tilted [74] to allow topological
charge measurements with the CCD. Part of the infrared (IR) light is separated in a 50/50
non-polarizing beam-splitter (BS) and detected at D2.

By measuring the cavity’s finesse one can extract the decay rates γ ≈ 5mrad and
γp ≈ 90mrad at 1064 nm and 532 nm, respectively, and estimate the difference between
the accumulated round trip phases ϕmn associated with the Hermite-Gaussian (HGmn)
components of the signal (extraordinary-e) and idler (ordinary-o) beams

|ϕo10 − ϕo01| ≈ 4.3γ , (4.1)

|ϕe10 − ϕe01| ≈ 0.6γ . (4.2)

Notice that the astigmatism is much more pronounced for the o-polarized wave.

In order to investigate the multimode operation of the OPO under a LG01 pump,
we take advantage of the dependence of the refractive indices on the temperature and
angle of incidence to produce a fine-tuning of the crystal’s anisotropy. This procedure
changes the astigmatic mode splitting and allows us to access different operating regimes
of the parametric oscillation.

Our investigation will be separated in two situations. In the first, the signal beam
(weak astigmatism) is excited in the {HG10,HG01} subspace and couples with a TEM00
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idler. In the second, the idler beam (strong astigmatism) is excited in the {HG10,HG01}
subspace and couples with a TEM00 signal. These two cases entail totally different dynamics
in what regards orbital angular momentum (OAM) transfer. While the first operating
condition allows fine tuning of the signal OAM, the second one exhibits a sharp behavior
with abrupt switching between HG10 and HG01 operation in the idler, preventing any type
of superposition between the two modes. As we will see, the important figure of merit
determining the two behaviors is the relative magnitude of the astigmatic mode splitting
in terms of the cavity linewidth as expressed by (4.1) and (4.2). This will naturally come
out from the theoretical model discussed in the next section.

4.2 Dynamical equations and steady state

The optical parametric oscillator (OPO) equations entail a complex dynamical
structure involving a network of transverse modes coupled by the three-mode overlap
integrals, as discussed in Chapter 2. However, the threshold hierarchy imposed by the
spatial overlap and boundary conditions limits the number of effectively operating modes.
When written in the Laguerre-Gaussian (LG) basis, for example, it can be shown that these
integrals ensure orbital angular momentum (OAM) conservation in the downconversion
process. Experimental realizations of complete OAM transfer have already been reported
for OPOs containing periodically poled crystals [82].

This OAM exchange, however, can be dramatically affected by the crystal anisotropy
in type-II OPOs. In these media, the different higher-order components in the transverse
structure of a given polarization experience distinct cavity lengths, causing a rotational
symmetry breaking and preventing the OAM exchange to occur in most cases. Moreover,
this symmetry breaking depends drastically on the polarization, being much more pro-
nounced in one of the two down-converted beams. For this reason, in [75] OAM transfer
could only be achieved from the pump to the down-converted beam carrying the same
polarization as the pump.

In order to study the multimode parametric oscillation in anisotropic media, we
first consider the electric field amplitude for each frequency component ωj (j = p, s, i for
pump, signal and idler, respectively) in paraxial propagation along the z direction with its
transverse structure decomposed in the Hermite-Gaussian family {HGmn} (see Section
2.1) with slowly varying amplitudes αmn

E(r, t;ωj) =
∑
mn

αmn(z, t;ωj)HGmn(r) ei(kjz−ωjt) , (4.3)

where kj is the corresponding wave number and the Hermite-Gaussian mode functions are
given by (2.13).
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The decomposition (4.3) is plugged into the nonlinear wave equation for the
interacting fields, thus resulting in a system of coupled dynamical equations for the mode
amplitudes αmn . The nonlinear coupling of these amplitudes in the OPO is subjected not
only to energy conservation and phase matching constraints, but also to selection rules
regarding the transverse mode overlap. The derivation of the dynamical equations and the
associated constraints were discussed in detail in Chapters 2 and 3.

Here we will focus on the operation of an OPO pumped by an input field of intensity
Iin , carrying an arbitrary superposition of first order modes. In this case, the pump field
can be written in terms of the Poincaré sphere parameters for first order modes

Ein =
√
Iin(cos θ2HG10 + eiφ sin θ2HG01) , (4.4)

which spans the whole first order subspace for 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π [83]. As described
in [58,84], the optimal mode coupling of each HG pump component occurs in the following
scheme

HG10 → HG10 + HG00 , (4.5)

HG01 → HG01 + HG00 , (4.6)

where one of the down-converted beams oscillates in the fundamental HG00 mode and
the other oscillates in the first order subspace. For the moment, we will not specify the
polarizations associated with each transverse mode and leave this assignment to the
discussion about the polarization-induced astigmatism.

With the mode coupling scheme given by (4.5) and (4.6), the OPO dynamics
is described by a set of five coupled nonlinear equations for the complex amplitudes,
accounting for gain and losses of pump and down-converted fields [58]. These are

dαph
dt

= −γp (1− i∆ph)αph + igαhα00 + tp cos θ2

√
Iin , (4.7)

dαpv
dt

= −γp (1− i∆pv)αpv + igαvα00 + tpe
iφ sin θ2

√
Iin , (4.8)

dαh
dt

= −γ (1− i∆h)αh + igαphα
∗
00 , (4.9)

dαv
dt

= −γ (1− i∆v)αv + igαpvα
∗
00 , (4.10)

dα00

dt
= −γ (1− i∆00)α00 + igαphα

∗
h + igαpvα

∗
v , , (4.11)

where the subscripts h and v were assigned to the HG10 and HG01 components, respectively,
and the subscripts 00 stands for the HG00 mode. The subscript p indicates the pump
amplitudes. In these equations g is the nonlinear coupling constant, ∆j (j = h, v, 00)
are the normalized detunings for the down-converted modes and ∆pj (j = h, v) are the
normalized detunings for the pump.
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Steady-state solutions for (4.7)-(4.11) can only be obtained when the detunings
of the down-converted beams are either all equal or all different from each other. The
first case (∆00 = ∆h = ∆v), describes an isotropic system with no astigmatism, which
does not correspond to the actual physical situation. In this particular case, equations
(4.7)-(4.11) can be reduced to a set of three equations by a suitable redefinition of the
complex amplitudes, where the generated 1st order mode simply mimics the pump input.

The situation of physical interest is when all detunings are different, which better
describes the astigmatic OPO. In this case, substituting (4.9) and (4.10) in (4.11) leads to
the following solutions for the intracavity pump intensity

|αph|2 = γ2

g2 Θh(1 + ∆2
h) , (4.12)

|αpv|2 = γ2

g2 Θv(1 + ∆2
v), (4.13)

where

Θh = ∆00 −∆v

∆h −∆v

,

Θv = ∆h −∆00

∆h −∆v

. (4.14)

Notice that ∆00 must lie in between ∆h and ∆v (∆h(v) ≤ ∆00 ≤ ∆v(h)), so the right-hand
sides of (4.12) and (4.13) are positive, which is a major restriction over the detuning
parameters. From (4.9) and (4.10), the h and v down-converted intensities are simply

|αj|2 = Θj|α00|2 (j = h, v) . (4.15)

Now we substitute (4.12) and (4.13) back into (4.7) and (4.8), obtaining two
different equations relating the intensities of the TEM00 and the pump input

Iin
I thres

= Θh

cos2 θ/2
(
X2

00 +BhX00 + Ch
)
, (4.16)

Iin
I thres

= Θv

sin2 θ/2
(
X2

00 +BvX00 + Cv
)
, (4.17)

where
X00 ≡

g2

γγp
|α00|2 and I thres ≡

γ2γ2
p

g2t2p
, (4.18)

and the coefficients Bj and Cj (j = h, v) are defined as

Bj = 2(1−∆pj∆j) , (4.19)

Cj = (1 + ∆2
pj)(1 + ∆2

j) . (4.20)

Notice that (4.16) and (4.17) implicitly define two different polynomials for the
TEM00 intensity as a function of the pump input intensity Iin, whose parameters depend
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Figure 4.2 – Graphical representation of the polynomial relations given by (4.16) (blue)
and (4.17) (red) for two different sets of parameters. (a) ∆h = 1, ∆v = −0.1,
∆ph = 1.1, ∆pv = 0, ∆00 = 0.4 . The steady state solution is given by the
intersection between the two parabolas. (b) ∆h = −∆v = 0.5, ∆ph = −∆pv =
0.1, ∆00 = 0 . In this case, conditions (4.23) and (4.24) are fulfilled, and (4.16)
and (4.17) define a single parabola determining the steady-state solution for
any pump level.

on the mode detunings. For a stationary solution to exist with a given pump level Iin ,
both equations must be satisfied by the same value of X00 . This results in a complicated
condition for the set of parameters ∆pj,∆j,∆00 and θ , and an analytical expression is not
straightforward. The stationary solution must be obtained numerically as the graphical
intersection between the corresponding parabolas, as depicted in figure 4.2a. In this case
only a single pump intensity allows a solution, which seems unphysical.

A much simpler situation occurs when the polynomials in (4.16) and (4.17) are
identical, thus defining a single parabola as shown in figure 4.2b. In this case, a stationary
solution exists for every pump value above threshold, given that the following restrictions
are satisfied

Θv = Θh tan2 θ/2,

Bh = Bv (4.21)

Ch = Cv .

The first restriction gives ∆00 as the average between ∆h and ∆v weighted by the relative
intensities of the pump input,

∆00 = ∆h cos2 θ

2 + ∆v sin2 θ

2 . (4.22)

The other two restrictions lead to

∆ph∆h = ∆pv∆v , (4.23)

∆2
ph + ∆2

h = ∆2
pv + ∆2

v . (4.24)
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Figure 4.3 – Calculated transmitted intensities for HG modes in arbitrary units as a
function of the cavity length for a) signal (∆ = 0.3γ) and b) idler (∆ = 2.1γ).
The astigmatic mode splitting is illustrated by the separated resonances for
different HG components, according to (4.1) and (4.2). The vertical dashed
lines indicate the symmetry condition imposed by (4.25) for steady-state
operation.

This system has four different solutions, which are described in the following. The first
one is given by {∆h = ∆v,∆ph = ∆pv}, which is excluded by our initial hypothesis of
different detunings. The other two are {∆ph = ±∆v, ∆pv = ±∆h}, which impose crossed
constraints between different wavelengths, and are therefore unlikely to occur. The fourth
solution can be written as

∆ph = −∆pv , ∆h = −∆v . (4.25)

Such condition is sketched in figure 4.3. When the first order transverse mode is excited in
the signal polarization (extraordinary) the astigmatism is small (∆h −∆v ≈ 0.6). This
situation is depicted in figure 4.3a. When the first order transverse mode is excited in the
idler polarization (ordinary) the astigmatism is large (∆h −∆v ≈ 4.3). This situation is
depicted in figure 4.3b. As explained in the experimental section, the astigmatic mode
splitting can be tuned by varying the crystal orientation and temperature.

Two different dynamics result from these conditions. The signal polarization can
sustain the simultaneous operation of h and v modes, and acquire OAM. We refer to this
dynamical regime as OAM tuning. However, the idler polarization cannot receive OAM
because its h and v resonances are too far apart to be simultaneously excited. In this
case, only one of the HG components can survive and the transverse mode of the idler
polarization may abruptly switch between h and v as the crystal is tuned. We refer to
this dynamical regime as HG switching. In the next section, we address this point by
evaluating the oscillation threshold in each case and performing numerical solutions of
(4.7)-(4.11). We show that our experimental results agree with the present model in two
limiting cases for the detuning parameters.
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Figure 4.4 – Experimental and theoretical results of the OAM tuning. In (a) we show
the numerical solutions for the steady-state signal mode in the Poincaré
representation for 1) ∆ = −0.5 2) ∆ = 0 and 3) ∆ = 0.5. The corresponding
intensity profiles are shown in (b). The considered pump detunings are ±∆/20
and the pump power is 1.5 times the threshold at resonance. The experimental
results are shown in (c) as the crystal is smoothly tuned.

4.3 HG mode switching and OAM tuning
When different operation regimes compete, the outcome of the dynamical equations

is strongly influenced by the relative magnitudes of the threshold power associated with
each regime. Thus, let us initially consider the threshold obtained from (4.16) and (4.17)
for a Laguerre-Gaussian LG01 pump (θ = π/2 and φ = π/2). For each component, it is
given by

I thh = I thv = I thres
2 (1 + ∆2)(1 + ∆2

p), (4.26)

where ∆p ≡ ∆ph = −∆pv and the astigmatic mode splitting is given by ∆ ≡ ∆h = −∆v

due to (4.25). Notice, however, that there are two different regimes for the nonlinear
process. The transverse components can either cooperate in a five-mode coupling when the
Hermite-Gauss (HG) resonances are close enough (figure 4.3a), or oscillate in independent
three-mode channels when the HG resonances are too far apart (figure 4.3b). For the
three-mode operation (h− h− 00 or v − v − 00) with resonant down-converted beams,
the threshold is

I th = I thres(1 + ∆2
p) . (4.27)

Comparing (4.27) and (4.26) we identify the two possible operating regimes. If |∆| < 1,
(4.26) is always lower than (4.27) and the five-mode operation is favorable. For greater
values of ∆, the three-mode operation may dominate.

When the astigmatic splitting is small (|∆| < 1), the five-mode regime takes place
and opens an interesting possibility regarding fine-tuning of the OAM transfer. This
corresponds to the case where the signal polarization operates in a first-order mode,
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Figure 4.5 – Experimental and theoretical results of the HG switching. In (a) we show the
numerical simulations of the down-converted intensities as a function of ∆00
under condition (4.25). The parameters used are ∆ = 8, ∆p = 0, θ = φ = π/2
and the pump input is twice the threshold at resonance. The experimental
results are presented in (b), showing the sharp mode switching under crystal
tuning.

while the idler is in the TEM00 mode. In fact, the phase difference between the h and v
components of the signal polarization depends on the astigmatic splitting ∆ , which can be
tuned by playing with the crystal orientation and temperature. In figures 4.4a and b, we
show the numerical results of (4.7)-(4.11) for the extraordinary mode for three different
values of ∆ . It can be seen that the latitude of the signal mode in the Poincaré sphere can
be accurately controlled, evidencing the fine-tuning of the OAM transfer. The experimental
results shown in figure 4.4c are in good agreement with the theoretical prediction.

Another observed regime is the three-mode operation that takes place when the
astigmatic splitting is large (|∆| > 1). This is the case when the signal is a TEM00 and the
idler is a first order mode. In figure 4.5a we show the numerical solutions of the dynamical
equations as a function of ∆00 . One can see that there is no OPO around the OAM tuning
region ∆00 = 0 , but the three-mode operation takes place as ∆00 approaches ±∆ . In
this case, OAM tuning is not possible and changes in the crystal parameters only lead to
abrupt switching between the h and v channels. Two images corresponding to this HG
mode switching are shown in figure 4.5b.

4.4 Conclusion

The dynamics of structured beams in an optical parametric oscillator is determined
by a compromise between the spatial overlap of the interacting modes and the boundary
conditions that affect their resonances. Transfer of orbital angular momentum is strongly
dependent on the interplay between these parameters and can be controlled through
a suitable tuning of the cavity and crystal conditions. We described two situations in
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which the anisotropy can be tuned either to allow orbital angular momentum transfer or
to switch between different Hermite-Gaussian profiles. These achievements improve our
understanding of the relevant effects behind the parametric amplification of structured
light and can be useful for engineering quantum information devices based on twisted
beams.
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5 Gouy phase effects in the OPO longitudinal
modes

In this chapter, we study theoretically the transverse mode effects on the longitudinal
modes of an OPO, following the steps of our third contribution to the literature [60]. We
will focus on the type-I configuration, in which the downconverted fields have the same
polarization. The choice for type-I configuration is formally justified in the text, but it
essentially stems from the fact that this is the most used configuration for producing
quantum optical frequency combs in the OPO. We take the Gouy phase effects fully into
account, considering usual OPO architectures instead of complicated self-imaging designs,
filling a lack in the previous literature on the topic.

Our results show that an OPO pumped below threshold1 with structured light
produces multiple frequency combs simultaneously, corresponding to different combinations
of spatial modes in the downconverted fields. This result may be useful for the production
of hybrid multipartite entanglement in the spatio-spectral modes of a single OPO, with
potential application in quantum computing. We discuss more on this topic in the next
chapter.

The chapter is organized as follows. In Section 5.1, we review the basic OPO
equations and the evolution of the Gouy phase in a cavity round-trip. In Section 5.2 we
study the transverse mode effects on the OPO longitudinal modes. We discuss the spatially
structured frequency combs in Section 5.3, and their change due to reflection phase shifts
in Section 5.4. The OPO spectrum for alternative OPO architectures is studied in Section
5.5. In Section 5.6 we draw our conclusions. In the Appendix 5.7, we comment on the
bandwidth limitation to the frequency comb generation.

5.1 Quick review

When pumped by an external field E0 of frequency ν0, an OPO generates E1 (signal)
and E2 (idler) with frequencies ν1 and ν2 , respectively. While the energy conservation
imposes ν1 + ν2 = ν0 in the nonlinear process, the frequency difference between signal and
idler, i.e., the beat-note

∆ν = ν1 − ν2 , (5.1)

1 We chose to work below threshold because in this regime the mode competition is absent. In this way,
all the resonant longitudinal modes of the OPO are relevant simultaneously, allowing us to discuss the
spatial mode effects on the OPO frequency combs.
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is only restricted by the cavity resonances. The allowed values of the beat-note define the
longitudinal modes of the OPO.

Once again, we express the time-dependent electric fields as

Ej(r, t) = Re{Ej(r)e−iωjt} , j = 0, 1, 2 , (5.2)

where ωj = 2πνj, and the complex amplitudes Ej(r) = E(r, ωj) contain the field spatial
structure and polarization. If z is the propagation direction, they can be expanded as

Ej(r) =
∑
mn

ujmn(r)αjmn(z)eikjzε̂j , (5.3)

where kj = 2πnjνj/c is the wave vector, nj is the refractive index and c is the speed of
light in vacuum. For Hermite-Gaussian modes2, according to (2.13), the functions ujmn are

ujmn(r) = Cj
mnHm

( √
2x

wj(z)

)
Hn

( √
2y

wj(z)

)
(5.4)

× exp
[
−x

2 + y2

w2
j (z) + i

kj(x2 + y2)
2Rc(z) + iφjmn(r)

]
,

where Cj
mn is a normalization constant and Hn (x) is the nth-order Hermite polynomial.

The argument φjmn(r) is the Gouy phase, defined as

φjmn = −(Sj + 1) arctan
(
z

z
(j)
0

)
, (5.5)

where Sj = mj + nj is the order of the transverse mode. The parameters wj(z), z(j)
0

and R(j)
c (z) are the beam diameter, its Rayleigh length and the curvature radius of its

wavefront, respectively, as defined in Eqs. (2.14)-(2.16).

Consider the OPO illustrated in Fig.5.1, with a triangular ring cavity formed by
two flat mirrors and one concave mirror of radius R. Apart from constant phase factors
added by the cavity mirrors, that will be discussed in Section 5.4, the phase accumulated
in each round trip is given by

φj = 2πνj
c

Lj − φjG . (5.6)

where

φjG = 2(Sj + 1) arctan
 2z(j)

0
2R−Dj

 , (5.7)

is the accumulated Gouy phase. The cavity is assumed to be mode-matched, in which
case the Rayleigh lengths are z(j)

0 =
√
Dj(2R−Dj)/2. The quantities Lj and Dj are the

2 Here we focus only on the HG modes, which are best suited to describe astigmatic systems such as
ring cavities and birefringent crystals.
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Figure 5.1 – Optical parametric oscillator with a symmetric triangular ring cavity. Mirrors
M1 and M2 are flat, while M3 is concave with radius R. The geometrical
length of the round-trip is L, and the crystal length is l .

optical path length and the effective diffraction length of a round trip, respectively, and
are given by

Lj = L+ l(nj − 1) , (5.8)

Dj = L+ l

(
1
nj
− 1

)
, (5.9)

where L is the geometrical length of the round-trip and l is the crystal length. It will
be shown convenient to define the quantities L̄, D̄ and z̄0, which are evaluated at the
frequency degeneracy condition n1 = n2 = n(ν0/2).

The condition for perfect resonance is that the field interfere constructively after
each round-trip, which occurs when φj = 2pjπ , pj ∈ Z . The phase shift with respect to
the nearest resonance is the detuning δφj, defined as

δφj = φj − 2pjπ . (5.10)

The detuning is related to the geometrical displacement from resonance ∆Lj = Lj − Lresj
as

δφj
2π = ∆Lj

λj
. (5.11)

We will refer to equation (5.7) as the accumulated Gouy phase. This expression will be
adapted to different cavity designs in Section 5.5.

5.1.1 OPO equations

Let us consider the slowly-varying amplitudes αj = αjmj ,nj
(z) of the pump, signal

and idler fields (j = 0, 1, 2, respectively) for a given set of transverse modes. Neglecting
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absorption losses inside the crystal, the evolution of the fields in the parametric interaction
is described by the following equations [85]

dα0

dz
= igα1α2 , (5.12)

dα1

dz
= igα0α

∗
2 , (5.13)

dα2

dz
= igα0α

∗
1 . (5.14)

The non-linear coupling coefficient g is given by

g = χ(2)
∫ l/2

−l/2
dzΛm0m1m2

n0n1n2 (z)ei∆kz , (5.15)

where χ(2) is proportional to the second-order nonlinear susceptibility and l is the crystal
length. Also, ∆k = k0 − k1 − k2 is the wave vector mismatch and

Λm0m1m2
n0n1n2 (z) =

∫
d2r u0

m0n0(r)u1∗
m1n1(r)u2∗

m2n2(r) , (5.16)

is a transverse overlap integral. These integrals originate a number of selection rules, which
were extensively discussed in Refs.[58,66,71].

We consider a doubly-resonant cavity, which is transparent at the pump wavelength
and has low losses for the downconverted fields. A nontrivial stationary solution for the
fields is obtained when the parametric interaction compensates the amplitude and phase
changes in the cavity round trip, which implies

δφ1 = δφ2 = δφ (5.17)

|α0|2 ≥
1
|g|2

(δφ2 + π2/F 2) , (5.18)

where F is the cavity Finesse for the downconverted fields, and the RHS of (5.18) defines
the OPO threshold.

Even when (5.18) is satisfied for many modes, the OPO produces only a single
pair of bright beams that survives the competition for the nonlinear gain [58]. Here we
are particularly interested in the below-threshold operation, in which the OPO produces
a large set of EPR pairs with correlations that increase as the pump approaches the
threshold [24]. In the next section we analyze the influence of diffraction and transverse
mode structure on the longitudinal modes resonances (δφ = 0), where the threshold is
minimum.

5.2 Diffraction-affected longitudinal modes
The longitudinal modes of the OPO were deeply investigated by different authors

[13,85] in the plane wave approximation. However, little attention has been given to the
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inclusion of diffraction and spatially structured fields. This section is divided in two parts.
In the first, we calculate the allowed beat-note frequencies using the expression (5.6) for
the round trip phase. The resonant cavity lengths for signal and idler are analyzed in the
second part, as well as their relationship with the pump resonance and the wave vector
mismatch.

5.2.1 Allowed beat-note frequencies

The condition for simultaneous resonance of signal and idler can be written as
follows

φ1 = 2p1π , (5.19)

φ2 = 2p2π , p1, p2 ∈ Z , (5.20)

which yield
φ1 = φ2 + 2qπ , (5.21)

where q = p1 − p2. The above relation is required by the double resonance condition and
is compatible with the oscillation condition (5.17) when the the losses for signal and idler
are equal.

We consider a type-I OPO, in which signal and idler have the same polarization.
In this case, the difference between the refractive indices for the downconverted fields is
not affected by the crystal birefringence, so the frequency dispersion must be taken into
account. Following the approach described in Ref.[86], we expand the refractive indices to
the first-order in ∆ν, obtaining

n1 ≈ n̄+ n̄′
∆ν
2 ,

n2 ≈ n̄− n̄′∆ν2 ,

(5.22)

where n′ = dn/dν, and the bars indicate evaluation at ν = ν0/2. Substituting (5.6) and
(5.22) in (5.21), the resulting approximate expression for the beat-note frequencies is

∆νq ≈
c

Leff

[
q + 2δS

π
arctan

( 2z̄0

2R− D̄

)]
, (5.23)

with
Leff = L̄+ l n̄′

ν0

2

[
1 + (S̄ + 1) λ0

2πn̄2z̄0

]
, (5.24)

where we recall that the bars refer to the evaluation at frequency degeneracy. The parame-
ters S̄ and δS are defined as

S̄ = S1 + S2

2 , (5.25)

δS = S1 − S2

2 . (5.26)
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Note that, as in the plane wave case [85, 86], Eq. (5.23) yields a comb of beat-note
frequencies spaced by c/Leff , which is the effective free spectral range (FSR) of the OPO.
The effects of diffraction are twofold. First, the average order S̄ changes the comb spacing
according to Eq. (5.24). However, this dependence is weighted essentially by a factor λ0/z̄0,
which is typically small. For a submicron wavelength with a Rayleigh length of a few
centimeters, for example, this factor would be smaller than 10−4.

Figure 5.2 – Beat-note frequencies (in units of c/Leff ) calculated from (5.23) for δS = 0
(black), δS = 1 (blue) and δS = 2 (red), for a fixed parity of the longitudinal
index q . For the cavity lengths, we considered D̄/2R = 0.4 (top) and D̄/2R =
0.9 (bottom). The shift dν between adjacent combs is given by (5.27).

Second, the combs for different sets of signal/idler transverse modes are shifted
from the plane wave solution in proportion to δS. Considering signal and idler modes with
a fixed S̄, for example, we see that consecutive values of δS yield combs separated by

dν = c

Leff

[ 2
π

arctan
( 2z̄0

2R− D̄

)]
, (5.27)

which ranges from zero to a full FSR in the stability limit of the optical cavity (D = 2R).
To illustrate this behavior, we show in Fig.5.2 the result of (5.23) for some values of δS.
We considered a fixed parity of the longitudinal index q due to reasons we detail in Section
5.3. Note that for the triangular cavity considered here we have

2z̄0

2R− D̄
= 1√

2R/D̄ − 1
, (5.28)

so that the spectral separation between neighboring modes depends only on the ratio
D̄/R.

5.2.2 Resonant cavity lengths

Now we turn to the doubly-resonant cavity lengths. For that we use the resonances
of the pump field – which can be defined regardless of the cavity finesse for the pump – as
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a reference. We write the accumulated phase of the pump as

φ0 = 2p0π + δφ0 , p0 ∈ Z , (5.29)

where δφ0 is the pump detuning at the double resonance. Now we sum Eqs. (5.19) and
(5.20), and subtract from (5.29). After some algebra, using Eqs. (5.6) and (5.11), we obtain
the following expression for the geometrical distance ∆L between the double resonance
{p1, p2} and the pump resonance p0

∆L
λ0

= Q+ 1
2π (∆kl −∆φG) , (5.30)

where Q = p1 + p2 − p0 and

∆φG = φ0
G − φ1

G − φ2
G . (5.31)

The quantity ∆φG is the Gouy phase mismatch, which is the contribution of diffraction to
the total phase mismatch.

5.3 Spatially structured frequency combs
In the previous section, we have shown that the OPO spectrum forms a set of

equally spaced lines, also known as a frequency comb. In this section, we discuss how a
large part of the comb – a large number of longitudinal modes – can be produced in an
OPO with similar thresholds, and how this depends on the transverse modes involved.

First of all, let us write the wave-vector mismatch in the more convenient form

∆k = 2π
λ0

[
(n0 − n̄)−

n̄′∆ν2
q

2ν0

]
, (5.32)

where we used Eq.(5.22) for the refractive indices. As ν0 � ∆νq ∼ c/L̄ for optical
frequencies and n̄′∆νq � 1 for smooth dispersion [87], the above equation implies that
∆k only changes appreciably over several free spectral ranges. According to (5.23), this
means that ∆k is a slowly-varying function of the longitudinal index q.

Let us consider the change of the resonant cavity lengths with the indices Q =
p1 + p2 − p0 and q = p1 − p2. Substituting (5.32) in (5.30), we obtain

∆L
λ0

= Q+ l

λ0

[
(n0 − n̄)−

n̄′∆ν2
q

2ν0

]
− ∆φG

2π . (5.33)

While changing Q by one unit displaces the resonances by λ0, changing q yields a much
smaller displacement, typically of the order of the cavity FWHM for the downconverted
fields (see Appendix 5.7). Consequently, if the cavity is locked at the resonance {Q, q},
the neighboring longitudinal mode {Q+ 1, q+ 1} is completely off-resonance, but the next
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one {Q, q + 2} is only slightly detuned. Therefore, only the modes with a same parity of
the index q can have significant overlap between their resonances.

Additionally, the quadratic dependence of ∆L on ∆νq implies that the resonances
for neighboring longitudinal modes get closer as one approaches the degeneracy. Therefore,
the optimal setup for frequency comb generation in an OPO consists of a cavity locked
at the resonance for ∆νq = 0 and a crystal phase-matched for degenerate operation. The
number of comb modes that are usable in that configuration depends on the tolerance
range for the threshold, as we discuss in Appendix 5.7.

Regarding the diffraction, this particular condition (frequency degeneracy) occurs
at cavity lengths given by (5.30), which depend on the transverse modes via the Gouy
phase mismatch. To see how, we expand ∆φG to the first order in ∆νq , obtaining

∆φG≈φ0
G − 4(S̄+1) arctan

( 2z̄0

2R− D̄

)
+ δS

(
ln̄′∆νq
2n̄2z̄0

)
,

(5.34)

where φ0
G is defined in (5.7). Note that the Gouy phase mismatch is mainly affected by S̄,

since the dimensionless term multiplying δS in the above equation is small for smooth
dispersion and z̄0 ∼ l, which apply to typical OPO configurations. This is in clear contrast
to the beat-note frequencies (5.23), which depend only on the order difference δS. This
allows multiple frequency combs to be accessed at the same cavity length, corresponding
to the combinations of S1 and S2 with S̄ fixed.

As a general rule, the OPO produces bS̄ + 1c frequency combs when locked near
degeneracy for a given S̄ – the frequencies ν1,2 depend on |δS| , so swapping S1 and S2

does not generate an additional comb. As an example, we show in Fig. 5.3 the beat-
note frequencies versus pump detuning for a second-order pump (S0 = 2) producing
{S1, S2} = {2, 0}/{0, 2} and {1, 1} , resulting from Eqs. (5.30) and (5.32). It should be
noted that the solid curves displayed in Fig.5.3 are just a guide to the eye, as the allowed
beat-note frequencies are discrete.

For a pump with arbitrary spatial structure, the possible transverse modes of the
signal/idler are given by the selection rules studied in [58]. Let us consider the special case
of ∆S = 0, which encompasses the set of modes with the highest coupling constant. In
this case, the nonlinear interaction couples up to S0 + 2 modes of the downconverted fields
in each pair of frequencies of the same comb, mediated by the S0 + 1 pump modes with
order S0.

This connection between the spatial and spectral modes of the OPO is particularly
important in the quantum domain, where the nonlinear interaction can be tailored to
generate entanglement. For example, Chen et al. [30] demonstrated that a HG00 pump
mode with multiple frequencies generates large-scale entanglement (60 modes) in the OPO
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Figure 5.3 – Beat-note frequencies versus cavity length in a type-I OPO. The considered
downconverted modes are {S1, S2} = {1, 1}(blue) and {2, 0}(red), with a
second order pump mode S0 = 2. The inset shows a zoom-in of the degeneracy,
with the horizontal lines indicating the allowed frequencies. The crystal
parameters are the same as in Appendix 5.7, and the cavity length is such
that D/2R ≈ 0.75.

frequency comb. In the same fashion, Liu et al. [28] showed that a monochromatic and multi-
structured pump – a combination of HG20, HG02 and HG11 – generates quadripartite
entanglement in the spatial domain. In both cases, the multipartite entanglement is
achieved by tweaking the properties of the pump field.

In this regard, our results suggest that a single pump structure can be used to
entangle multiple sets of modes at once, differing in their frequency spectra and spatial
modes. This could be important for generating spatio-spectral graph states, as recently
proposed in Ref. [34].

5.4 Effect of reflection phase shifts

In this section, we address the reflection phase shifts and their effect on the spatially
structured frequency combs. Let us call the phases added by each mirror θj , where j = 0, 1, 2
labels the pump, signal and idler, respectively. Regardless of the cavity configuration, these
phase shifts transform Eq. (5.6) as

φj → φj +
N∑
i=1

θ
(i)
j , (5.35)
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Figure 5.4 – Beat-note frequencies versus cavity length with parity phase shifts. The pump
mode is a superposition of HG20(even) and HG11(odd), and the considered
interactions are HG20 → HG10 + HG10 (blue) and HG11 → HG10 + HG01
(red). The insets show a zoom-in of the degeneracy in each curve, with the
horizontal lines indicating the allowed frequencies. The system parameters
are the same as in Fig.5.3.

where N is the number of reflections in a round-trip. The corresponding changes in the
beat-note frequencies and the resonant cavity lengths are

∆νq → ∆νq −
c

2πLeff

N∑
i=1

(θ(i)
1 − θ

(i)
2 ) , (5.36)

∆L → ∆L+ λ0

2π

N∑
i=1

(θ(i)
0 − θ

(i)
1 − θ

(i)
2 ) . (5.37)

The reflection phase shifts come from two distinct phenomena. One is the boundary
condition imposed by the mirror surface, which is usually covered with dielectric coatings.
These phases are not necessarily 0 or π – as one would expect from a metallic surface
or the interface between two bulk dielectric media – and can be engineered to match a
given purpose. However, in the particular case of a type-I OPO close to degeneracy, it is
reasonable to assume that the coating phases are equal for the downconverted beams, so
that (5.36) leaves the OPO spectrum unchanged.

Second, there is an additional phase shift due to the change of the beam direction.
let us assume an arbitrary planar cavity in the xz-plane, being z the propagation direction.
In this case, a reflection is equivalent to the operation x→ −x, which causes a linearly
polarized field with transverse mode {mj, nj} to be transformed as [88]

Ej(−x, y, z)→ (−1)ξjEj(x, y, z) , (5.38)
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where

ξj =

mj + 1 x pol. ,

mj y pol. ,
(5.39)

determines the field parity. The corresponding transformation of the reflection phases is
given by

θj → θj + ξjπ , (5.40)

so that the symmetric and antisymmetric modes acquire a phase difference of π in each
reflection.

One can readily see that, if N is even, the transformation (5.40) leaves (5.36) and
(5.37) unchanged, regardless of the transverse modes and polarizations involved. This
is the case of all standing-wave cavities, and also the ring cavities with even number of
mirrors. For odd N , as in a triangular ring cavity, the reflections add an effective phase of
π between the symmetric and antisymmetric modes. One can check from (5.36) that the
beat-note combs for ξ1 = ξ2 and ξ1 = ξ2 + 1 – with S1 and S2 fixed – become separated
by half a FSR in this case. This is a purely geometrical effect, and hence unlikely to be
avoided with coating engineering.

Regarding the resonant cavity lengths, note that the coating phases remain in (5.37),
leading to a uniform displacement of the resonant cavity lengths for all sets of transverse
modes. For the parity phase shifts, it is worth noting that the nonlinear interaction imposes
the following rule [58]

m0 +m1 +m2 = 0 (mod 2) . (5.41)

As a consequence, m0 and m1 +m2 have the same parity, leading the contribution from
the transverse modes to the reflection phases to vanish in (5.37).

To illustrate the result of the aforementioned constraint, we show in Fig.5.4 the
calculated beat-note frequencies versus cavity length for a triangular ring cavity with the
parity phase shifts. The pump mode is a superposition of HG20 (even) and HG11 (odd),
and all beams are y-polarized, so that ξj = mj. Note that the x axis is the geometrical
distance from the even pump resonance, which is separated from the odd pump resonance
by λ0/2 .

5.5 Alternative OPO architectures

The results in Sections 5.2 and 5.3 were obtained with the expression (5.7) for the
accumulated Gouy phase, which is for a symmetric ring cavity. In this section, we provide
equivalent expressions for other cavity designs, as well as the resulting frequency spectrum
in each case.
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Figure 5.5 – Illustration of OPOs designed with (left) a symmetric linear cavity, (center)
a semi-monolithic cavity and (right) a symmetric bow-tie cavity.

5.5.1 Symmetric linear cavity

A symmetric linear cavity is formed by to identical concave mirrors, as shown
in Fig.5.5. In this configuration, the expression for the accumulated Gouy phase is the
following

φG = 4(S + 1) arctan
( 2z0

2R−D

)
, (5.42)

with D from (5.9) and
z0 = 1

2
√
D(2R−D) . (5.43)

Note that (5.42) yields twice the phase of a triangular cavity for the same values of D and
R. The corresponding expression for the beat-note frequencies is

∆νq ≈
c

2Leff

[
q + 4δS

π
arctan

( 2z̄0

2R− D̄

)]
, (5.44)

which presents twice the displacement of the frequency combs due to diffraction, when
compared to (5.23). Recall that Leff is given by (5.24) and the bars indicate evaluation at
ν1 = ν2 = ν0/2.

5.5.2 Semi-monolithic cavity

A semi-monolithic OPO cavity is formed between the coated surface of the nonlinear
crystal and one concave mirror, as shown in Fig.5.5. In this case, the accumulated Gouy
phase is given by

φG = 2(S + 1) arctan
(

z0

R−D

)
, (5.45)

with D from (5.9) and
z0 =

√
D(R−D) . (5.46)

The resulting expression for the beat-note frequencies is

∆νq ≈
c

2Leff

[
q + 2δS

π
arctan

(
z̄0

R− D̄

)]
, (5.47)

which is identical to (5.23), up to a relabeling of the cavity and crystal lengths.
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5.5.3 Symmetric bow-tie cavity

A symmetric bow-tie cavity contains two flat mirrors and two identical concave
mirrors, as shown in Fig.5.5. One advantage of this design is that the angles of incidence
can be made arbitrarily small, leading to less astigmatism when compared to other ring
cavities. Another advantage is that it has two waists, making it favorable for OPOs with
two crystals.

In the scheme shown in Fig.5.5, the cavity has two segments with geometrical
lengths LA and LB, with a round-trip length given by L = LA + LB. Considering that the
two crystals are identical, the effective diffraction lengths of the segments A and B are

DA = LA + l
( 1
n
− 1

)
, (5.48)

DB = LB + l
( 1
n
− 1

)
, (5.49)

which are related as
DB = R + (DA −R)R2

(DA −R)2 + 4z2
A

. (5.50)

The Rayleigh lengths zA and zB of the segments A and B, respectively, are related by

zB = zAR
2

(DA −R)2 + 4z2
A

. (5.51)

With the above definitions, the Gouy phase accumulated in a round-trip is given
by

φG = 2(S + 1) arctan
( 2zA
R−DA

)
, (5.52)

resulting in the following equation for the beat-note frequencies

∆νq ≈ −
c

Leff

[
q − 2δS

π
arctan

(
2z̄A

R− D̄A

)]
, (5.53)

with Leff defined in (5.24) – with zA instead of z0.

5.6 Conclusion
In conclusion, we have studied the spatially structured frequency combs formed by

the combination of longitudinal and transverse modes of the down-converted fields in an
optical parametric oscillator. The diffraction effects are fully considered in the Gaussian
beam phase structure associated with the curved wavefront. Moreover, the oscillation
conditions for frequency combs with higher order transverse modes are also established by
taking into account the intracavity Gouy phase. This reveals the transverse mode order as
a key parameter for identifying independent sets of spatially structured frequency combs.
The main effects predicted are
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1. The beat-note frequencies are displaced from the plane wave solution when the
down-converted fields have different mode orders.

2. The doubly-resonant cavity lengths are displaced from the pump resonance according
to the Gouy phase mismatch.

These effects are crucial for future investigations on the generation of hybrid multipartite
entanglement in the quantum optical frequency comb. Different cavity architectures were
considered, which makes our results applicable to a variety of realistic experimental
conditions.

5.7 Tolerance to phase-mismatch and detuning

As we mentioned in Section 5.3, the modes of the OPO frequency comb resonate at
separate cavity lengths and correspond to different values of the wave-vector mismatch. In
this appendix, we address the number of modes that can be produced with thresholds close
to minimum – and hence squeezing levels close to maximum – in an OPO near degeneracy,
considering the phase-mismatch and the detuning as the limiting factors.

First, let us consider the thin crystal limit and a ring OPO, in which the diffraction
effect on the coupling strength can be neglected. In this case, we have

g ≈ g0.sinc(∆kl/2) , (5.54)

where g0 = g|∆k=0 and sinc(x) = sin(x)/x. If the crystal is phase-matched for q = 0 and
locked at the perfect resonance for that mode, the threshold for q = 2N is IN = µI0, where
I0 is the threshold for q = 0 and

µ = 1 + F 2δφ2
N/π

2

sinc2(∆kN l/2) . (5.55)

In the above equation, F is the cavity finesse, δφN = δφ1,2|q=2N is the common detuning
of the signal and idler fields in the Nth longitudinal mode and ∆kN is the corresponding
value of the wave-vector mismatch. We have also assumed the thin crystal limit, in which
the diffraction effect on the coupling strength can be neglected.

Owing to the frequency dispersion of the refractive indices, both the wave-vector
mismatch and the detuning increase as one moves away from the degeneracy. A given
tolerance for the corresponding increase in the threshold constrains the OPO spectrum to
a bandwidth around the frequency degeneracy, which we call threshold bandwidth. In the
following, we consider a maximum 1% increase above the optimal threshold (µ = 1.01),
following Ref. [89].
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The wave-vector mismatch for the Nth mode is obtained by substituting (5.23) in
(5.32). Considering δS = 0, for simplicity, we obtain

∆kN l
2 = −4πΓN2 , (5.56)

where
Γ = lλ0

L2
eff

n̄′ν0

2 . (5.57)

Note that Γ is a dimensionless parameter that depends on both the crystal and cavity
characteristics. Consider the example of a LBO crystal with the downconverted fields
polarized along the ordinary axis, in which case the Sellmeier equations [87] yield n̄′ν0/2 ≈
10−2 for λ0 = 532nm. Assuming the typical values Leff = 10cm, l = 1cm for the cavity
and crystal lengths, we obtain Γ ≈ 10−8.

As for the detuning, we need to calculate the geometrical displacement between
the resonances for q = 0 and q = 2N . From Eqs.(5.23), (5.30) and (5.32), we obtain

dN =|∆L(Q, q = 2N)−∆L(Q, q = 0)|

= 4λ0ΓN2 ,
(5.58)

with Γ from (5.57). According to (5.11), this results in a detuning given by

δφN ≈
πdN
λ0

= 4πΓN2 ,

(5.59)

where we considered λ1 = λ2 = 2λ0 as an approximation. Substituting (5.58) and (5.59)
in (5.55), we obtain the following expression for µ

µ = 1 + (4FΓN2)2

sinc2(4πΓN2) . (5.60)

Taking µ = 1.01 with F = 100, for example, we obtain a total of NBW ≈ 300 longitudinal
modes within the threshold bandwidth. This amounts to a maximum displacement from
resonance of ∼ 5% of the FWHM for the downconverted fields.

The threshold bandwidth can be expanded by decreasing either Γ or F . Smaller
values for Γ can be obtained by using a larger cavity or a crystal with broader frequency
dispersion, as in Ref.[89]. On the other hand, a smaller finesse is obtained by increasing
the cavity losses, and hence the FWHM of the signal/idler resonances. A higher FWHM
mitigates the effect of dispersion, making it more difficult for neighboring resonances to
lose the overlap.





Part II

Quantum regime
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Overview

In this second part of the thesis, we address the quantum features of the parametric
oscillation with structured light. We first provide a theoretical background on quantum
optics and the quantum description of nonlinear optical phenomena in Chapter 6, introduc-
ing themes such as squeezing and continuous variable entanglement. Yet in the quantum
theoretical background, we overview the recent advances on continuous-variable quantum
information using the OPO as a main tool.

We then present in Chapter 7 the last contribution to the literature from the
present thesis, in which we describe the results of a fully quantum theoretical investigation
of the parametric oscillator pumped by structured light [61] . The core of this investigation
stems from the classical study presented in Chapter 3, where the spatial constraints of the
nonlinear wave mixing are explored. In this subsequent study, we show that a structured
pump can be used to tailor the nonlinear interaction so as to generate highly multipartite
entangled states in the hybrid domain of the spatial and spectral degrees of freedom.
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6 Quantum theoretical background

So far, we concerned ourselves with classical optics, i.e., the phenomena that can
be described according to the Maxwell equations. In this chapter, we provide a brief
overview of quantum optics, strongly focused on the continuous-variable observables of
the electromagnetic fields.

The chapter is organized as follows. In 6.1, we proceed with the canonical quanti-
zation of free radiation. In 6.2 we provide a description of the wave-mixing phenomena in
the quantum-optical framework. In 6.3 we discuss the production of quantum noise com-
pression and entanglement, showing how such phenomena are obtained from parametric
processes. Lastly, in 6.4 we discuss a special class of quantum states that can be produced
by parametric oscillators, called cluster states.

6.1 Quantization of the electromagnetic field

In this section, we overview the quantization of free radiation following the steps
of Refs. [8, 90]. The canonical quantization of a physical system starts from its classical
dynamics in the framework of the Hamiltonian formalism. In short, the procedure consists in
finding the quantities obeying the Hamilton equations – called conjugate canonical variables
– with the Hamiltonian of the system and turning them into operators sharing the canonical
position-momentum commutation relations. In order to quantize the electromagnetic fields,
one therefore needs to calculate the field energy (the Hamiltonian) and to find a good set
of dynamical equations to compare with the Hamilton equations. We address this problem
in the following

6.1.1 Dynamical equations and Hamiltonian for the free electromagnetic field

Let us first recall the Maxwell equations (2.1)-(2.4)

∇ · E(r, t) = 0 , (6.1)

∇ ·B(r, t) = 0 , (6.2)

∇× E(r, t) = −∂B(r, t)
∂t

, (6.3)

∇×B(r, t) = 1
c2
∂E(r, t)
∂t

, (6.4)

where we have used the relations (2.5) to eliminate D(r, t) and H(r, t). In addition to
the above equations it is also useful to define the vector potential A(r, t), which, in the
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Coulomb gauge, is related to the electric and magnetic fields as

E(r, t) = −∂A(r, t)
∂t

, B(r, t) = ∇×A(r, t) , (6.5)

with ∇ ·A = 0. It can be easily shown from the Maxwell equations that the potential
vector obeys the following wave equation

∇2A(r, t) = 1
c2
∂2A(r, t)
∂t2

, (6.6)

which we will be important for future calculations.

Now we take the spatial Fourier expansion of the vector potential, as the electric
and magnetic fields can be obtained afterwards using (6.5). The fields are assumed to
be confined in a cube of side L, satisfying periodic boundary conditions. Naturally, the
volume L3 is arbitrary and the free-space propagation is recovered by taking the limit
L→∞. The expression for the vector potential becomes

A(r, t) = 1√
ε0L3

∑
n

Ãn(t)eikn·r , (6.7)

where the n = (nx, ny, nz) is a vector, with nj ∈ Z (j = x, y, z). Due to the boundary
conditions, the components of the wave-vector kn are given by

(kn)x = nx
2π
L
, (kn)y = ny

2π
L
, (kn)z = nz

2π
L
, (6.8)

so that it spans a cubic lattice whose spacing decreases with the box side L. Notice also
that k−n = −kn, so that the reality condition imposes

Ãn(t) = Ã∗−n(t) . (6.9)

Working with the Fourier components of the vector potential, notice that the
constraint ∇ ·A(r, t) = 0 implies kn · Ãn(t) = 0. Consequently, we can expand the Fourier
components in the two-dimensional polarization space orthogonal to the wave-vector kn

Ãn(t) = Ãn1(t)εn1 + Ãn2(t)εn2 , (6.10)

where εns (s = 1, 2) are orthonormal polarization vectors satisfying the transversality
condition εns · kn = 0. The Fourier expansion (6.7) can then be rewritten as

A(r, t) = 1√
ε0L3

∑
`

ε`Ã`(t)eik`·r (6.11)

where ` = (n; s) is a joint index. 1

1 The joint index ` is defined so that −` = (−n, s), and, consequently

k−` = −k` ,
ε−` = ε` .
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The time evolution of the scalar Fourier components Ã`(t) can be obtained by
inserting (6.11) into (6.6), which leads to

Ã`(t) = u`(t) + u∗−`(t) , (6.12)

where
u`(t) = c`e

−iω`t , ω` = c|k`| , (6.13)

and c` is a constant. As a result, equation (6.11) can be rewritten in the more convenient
form

A(r, t) = 1√
ε0L3

∑
`

ε`
[
u`(t) + u∗−`(t)

]
eik`·r

= 1√
ε0L3

∑
`

ε`
[
u`(t)eik`·r + u∗`(t)e−ik`·r

]
.

(6.14)

The electric and magnetic fields can then be easily obtained by inserting (6.14) into (6.5).
The result is

E(r, t) = 1√
ε0L3

∑
`

iω`ε`
[
u`(t)eik`·r − u∗`(t)e−ik`·r

]
, (6.15)

B(r, t) = 1√
ε0L3

∑
`

i
ω`
c
ε′`
[
u`(t)eik`·r − u∗`(t)e−ik`·r

]
, (6.16)

where
ε′` = k`

k`
× ε` . (6.17)

Despite this time-consuming derivation, equations (6.14)-(6.16) greatly simplify
the identification of the conjugate canonical variables of the radiation. To see this, recall
that the total electromagnetic energy contained in the cube of side L is given by

H = 1
2

∫
L3
d3r

[
ε0E2(r, t) + B2(r, t)

µ0

]
. (6.18)

Inserting (6.15) and (6.16), we obtain the simplified result

H = 2
∑
`

ω`|u`(t)|2

=
∑
`

ω`
2
(
Q2
` + P 2

`

)
,

(6.19)

where we defined the important quantities

Q` =
√

4ω`Re [u`(t)] , (6.20)

P` =
√

4ω` Im [u`(t)] , (6.21)

also called the field quadratures. Notice that the energy of the electromagnetic field is
formally equivalent that of a sum of independent material harmonic oscillators, one for
each mode index `. In this sense, the field quadratures of a given mode are analogous to
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the position and momentum of a particle in a harmonic potential, which are conjugate
canonical variables.

To verify that the field quadratures are indeed the conjugate canonical variables,
we need to ensure that they obey the Hamilton equations, which are the following [8]

dQ`

dt
= ∂H
∂P`

,

dP`
dt

= − ∂H
∂Q`

.

(6.22)

Inserting (6.21) in (6.22), one readily obtains

d

dt
Re[u`] = ω` Im[u`] ,

d

dt
Im[u`] = −ω`Re[u`] ,

(6.23)

which are automatically satisfied by (6.13). With this, we have shown that the Hamilton
equations for the quadratures Q` and P` yield a correct time evolution for the radiation,
and, therefore, they are the conjugate canonical variables we were looking for.

6.1.2 Canonical quantization of radiation

Now we are able to apply the canonical quantization procedure, which consists in
transforming the field quadratures into operators with canonical commutation relations

Q` → Q̂` ,

P` → P̂` ,[
Q̂`, P̂`′

]
= i~δ``′ .

(6.24)

Consequently, the Hamiltonian operator is written as

Ĥ =
∑
`

ω`
2
(
Q̂2
` + P̂ 2

`

)
,

=
∑
`

~ω`
(
â†`â` + 1

2

)
,

(6.25)

where â` and â†`, called creation and annihilation operators of the mode `, respectively,
are non-Hermitian operators defined as

â` ≡
√

2ω`
~
û` =

√
1
2~
(
Q̂` + iP̂`

)
,

â†` ≡
√

2ω`
~
û†` =

√
1
2~
(
Q̂` − iP̂`

)
,

(6.26)

with [
â`, â

†
`′

]
= δ``′ and [â`, â`′ ] = 0 . (6.27)
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Notice that û`(t) and û†`(t) are the quantized versions of the time-dependent mode am-
plitudes u`(t) and u∗`(t), respectively, and that the time-dependence of the creation and
annihilation operators has been omitted in the above equation. Lastly, for the sake of com-
pleteness, the quantized field operators are obtained by inserting (6.26) into (6.14)-(6.16),
yielding

Â(r, t) =
√

~
2ε0L3

∑
`

ε`√
ω`

[
â`e

ik`·r + â†`e
−ik`·r

]
, (6.28)

Ê(r, t) =
√

~
2ε0L3

∑
`

i
√
ω`ε`

[
â`e

ik`·r − â†`e−ik`·r
]
, (6.29)

B̂(r, t) =
√

~
2ε0L3

∑
`

i

√
ω`
c
ε′`
[
â`e

ik`·r − â†`e−ik`·r
]
. (6.30)

6.1.3 Fock states, coherent states and vacuum

Without further ado, notice that the Hamiltonian (6.25) is a linear combination of
the Hermitian operators

N̂` = â†`â` . (6.31)

From the commutation relation (6.27), it can be shown that the eigenvalues n` of the
operator N̂` are non-negative integers, so that

N̂`|n`〉 = n`|n`〉 , n` ∈ Z+ , (6.32)

where the eigenstates |n`〉, called Fock states, are of course energy eigenstates. This means
that the energy spectrum of radiation is quantized, and the energy quanta is what is called
a photon. Following this line of reasoning, the Fock states are states with well-defined
number of photons, which justifies calling N̂` the number operator.

One remarkable aspect of the quantum radiation is that even the Fock states with
zero photons, the vacuum

|0〉 =
⊗
`

|n` = 0〉 , (6.33)

still has an uncountable amount of energy. This means that even though the expectation
values of the electric and magnetic fields vanish in vacuum, there will always be quantum
noise due to the non-vanishing energy of the vacuum state. This quantum noise is actually
measurable in the laboratory, and is responsible for many remarkable phenomena in
physics. It is also a limiting factor for precision measurement using light, in which context
the suppression of quantum noise is extremely valuable. We will discuss the manipulation
of quantum noise later in this chapter.

Nonetheless, the creation and annihilation operators owe their names to their action
in the Fock basis, which is

â`|n`〉 = √n` |n` − 1〉 ,

â†`|n`〉 =
√
n` + 1 |n` + 1〉 .

(6.34)
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The creation (annihilation) operator â†` (â`) creates (annihilates) a photon in the mode `.
This interpretation allows the easy understanding of the interaction Hamiltonian of the
nonlinear optical wave mixing, as we shall see in the next section.

Another important set of quantum states are the coherent states or quasi-
classical states, which are eigenstates of the annihilation operator

â`|α`〉 = α`|α〉 . (6.35)

Notice that the vacuum state is itself a coherent state with α` = 0. The coherent states
have the property that the expectation values of the observable fields are those of classical
radiation fields. For example, for a single-mode coherent state, α`, we have

〈α`|Ê`(r, t)|α`〉 = −
√

2~ω`
ε0L3 Im

[
α`e

i(k`·r−ω`t)
]
ε` , (6.36)

where we used the fact that â`(t) = â`(0)e−iω`t, according to (6.13)2. This equation is
identical to (6.15) with the substitution u`(0)→ α`, showing that the expectation value
of the electric field in a coherent state of the mode ` behaves as predicted by classical
electrodynamics. This is the reason why coherent states are also called quasi-classical
states.

There are plenty of features we could mention about the coherent states, but here
we will focus on the quantum noise. Inserting equations (6.35) and (6.26), one can easily
show that the variances of the quantized field quadratures for a coherent state obey3

|α`〉 → ∆Q̂` = ∆P̂` =
√
~
2 . (6.37)

This means that the coherent states (including the vacuum) are minimum uncertainty states
regarding the field quadratures4. This is important because the Q̂` and P̂` quadratures can
be identified with the amplitude and phase of the electric field, respectively [8], and the
2 The harmonic time-dependence of the creation and annihilation operators represented in the Heisenberg

picture can be directly obtained from the Heisenberg equations with the Hamiltonian (6.25)

dâ`(t)
dt

= i

~

[
Ĥ, â`(t)

]
= iω`

[
â†`(t)â`(t), â`(t)

]
= −iω`â`(t) ,

whose solution is â`(t) = â`(0)e−iω`t. Also, the Hermitian conjugation of the previous equation leads
to â†`(t) = â†`(0)eiω`t.

3 Remember that the variance of a quantum operator Ô in the state |ψ〉 is given by

∆Ôψ =
√
〈|ψ|Ô2|ψ〉 − (〈|ψ|Ô|ψ〉)2

4 The Robertson-Schrödinger uncertainty relation, the most often used form of the Heisenberg uncertainty
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above equation imposes an upper precision limit – often called standard quantum limit
(SQL) – for measurements of these quantities when coherent states are used. In order to
measure a given quadrature precision beyond the SQL, it is necessary to produce light
with less noise in the desired quadrature than no light at all (vacuum)[9]. This is actually
possible, as we discuss in the following.

6.1.4 Squeezed states

From equation (6.37), one can see that vacuum and coherent states have equal
uncertainties in the two quadratures, whose product is the minimum possible. What is
called a squeezed state |α`, R〉 is a minimum uncertainty state with unbalanced variances
in the two quadratures, so that one can measure one with precision beyond the SQL at
the expense of increased noise in the other

|α`, R〉 →

∆Q̂` = e−R
√
~/2

∆P̂` = eR
√
~/2

. (6.38)

The way to produce such states from the coherent state |α`〉 is to apply the single-mode
squeezing operator, here introduced only mathematically and without further motivation

Ŝ`(R) = exp
[
R(â†2` − â2

`)/2
]
→ Ŝ`(R)|α`〉 = |α`, R〉 . (6.39)

A hint of how such states can be produced in the experiment is given by their photon
number statistics, here calculated for α` = 0 (squeezed vacuum), which can be shown [9]
to be

|0, R〉 = 1√
coshR

∞∑
m=0

(− tanhR)m
√

(2m)!
2mm! |2m〉 . (6.40)

This means that the squeezed vacuum only contains contributions from Fock states with
even number of photons, so that its production should involve the generation of photons
in pairs. In Section 6.2 we will discuss how this can be achieved with nonlinear optics.

6.1.5 Phase-space representation of quantum states

Now we introduce a very useful way to visualize the quantum states of light, which is
the phase-space representation. To begin with, consider the case of a statistical ensemble
of classical harmonic oscillators, all with the same oscillating frequency but with different
amplitudes and phases. At any given moment, this system can be represented by means of
the probability density for an oscillator, picked at random, to be in a certain region of

principle, states that the variances of any two operators Ô and M̂ obey the following constraint

∆Ôψ∆M̂ψ ≥
∣∣∣∣ 1
2i 〈ψ|

[
Ô,M̂

]
|ψ〉
∣∣∣∣
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phase-space. The classical dynamics of the system translates into a transformation of the
probability density, determined by the Hamilton equations.

In the quantum phase space formed by the field quadratures, a quasi-probability
distribution can be defined in analogy to the classical phase-space density [91]. One of the
possibilities is the so-called Wigner distribution [92], which for a single mode is defined as

Wψ(q, p) = 1
π~

∫ ∞
−∞

dq′〈q − q′|ψ〉〈ψ|q + q′〉e2ipq′/~ , (6.41)

where ψ is an arbitrary pure quantum state5, and |q〉 is a quadrature eigenstate6 , i.e.,

Q̂|q〉 = q|q〉 . (6.42)

The Wigner distribution is not a genuine probability distribution, as it can become negative,
but it provides the correct marginal distributions∫ ∞

−∞
Wψ(q, p)dp = 〈ψ|q〉〈q|ψ〉 = |ψ(q)|2 ,∫ ∞

−∞
Wψ(q, p)dq = 〈ψ|p〉〈p|ψ〉 = |ψ(p)|2 ,

(6.43)

which are the wavefunctions of the quantum state. Such quantum phase-space represen-
tations find many uses in quantum optics, from the calculation of expectation values to
the treatment of open quantum systems [93]. Here, however, we only use it as a tool to
visualize the noise properties of the coherent and squeezed states of light.

With some algebra and patience, it can be shown that the q-representation of the
squeezed coherent state |α,R〉, assuming ~ = 1/2, for simplicity, is given by [91]

ψα,R(q) =
(

2e2R

π

)1/4

exp
[
−e2R(q − qα)2 + 2ipαq − iqαpα

]
, (6.44)

where qα = Re[α] and pα = Im[α]. In addition, inserting the above equation in (6.41) leads
to

Wψ(q, p) = 2
π

exp
[
−2e2R(q − qα)2 − 2e−2R(p− pα)2

]
. (6.45)

In Fig.6.1 we show the calculated Wigner functions for some example states.

As expected, the quasi-probability density for the vacuum and the coherent states
have cylindrical symmetry. The only difference is that the vacuum is centered at the origin
(q = p = 0) and the coherent states are displaced in phase-space. Actually, the coherent
5 For the more general case of a mixed state, the correct Wigner function is obtained after the substitution
|ψ〉 → ρ̂ [91], where ρ̂ is the density matrix of the state

6 As the usual position and momentum eigenstates of a material particle, the P -eigenstate |p〉 is related
to |q〉 by a Fourier transform

|p〉 = 1√
2π~

∫ ∞
−∞

eipq/~|q〉dq .
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Figure 6.1 – Wigner functions calculated from (6.45) for different quantum states. The
parameters used are indicated in each panel.



78 Chapter 6. Quantum theoretical background

states are also called displaced vacuum states, and they are generated from vacuum by
a displacement operator D̂(α) as follows

D̂(α) = exp(αâ† − α∗â) → |α〉 = D̂(α)|0〉 . (6.46)

Similarly, the squeezed vacuum state evidences the action of the squeezing operator in
phase space, which is to squeeze the Wigner distribution in one direction at the expense
of stretching it in the orthogonal direction.

Furthermore, the Wigner distribution for the most general state |α,R〉 is both
displaced in phase-space and squeezed. Actually, we see from (6.39) and (6.46) that such
state is generated from vacuum as

|α,R〉 = Ŝ(R)D̂(α)|0〉 , (6.47)

showing that the operators in this phase-space representation perform simple transforma-
tions in the Wigner function. For more information on the squeezing and displacement
operators, see Refs.[8, 9, 91, 93].

In the next section, we describe the three-wave mixing phenomena discussed in
section 2.2 in the framework of quantum optics. It will be the preamble for the discussion on
the quantum phenomena that occur in optical parametric oscillators and their application
to continuous-variable quantum information.
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6.2 Quantum description of three-wave mixing processes
The derivation from first principles of a quantum Hamiltonian for the electromag-

netic field in dielectric nonlinear media is not an easy task. This problem was widely
discussed in the literature, including, but not limited to Refs.[94–98]. For the general case
of non-degenerate three-wave mixing, it can be shown that the following Hamiltonian
yields the correct dynamical equations for the fields [94]

Ĥ = Ĥ0 + V̂

=
∑

`=p,s,i
~ω`â†`â` + i~κ

(
âpâ

†
sâ
†
i − â†pâsâi

)
,

(6.48)

where Ĥ0 is the free field Hamiltonian and V̂ is the nonlinear interaction term. The
subscripts p, s and i stand for pump, signal and idler, respectively, and ωp = ωs + ωi due
to energy conservation. The parameter κ in the interaction term is generally an effective
coupling strength, which depends on the nonlinear susceptibility χ(2), the phase mismatch
and the spatial overlap.

The physical interpretation of the V̂ in (6.48) is straightforward in terms of the
creation and annihilation of photons. The product âpâ†sâ

†
i represents the annihilation of

one pump photon and the production of a pair of signal and idler photons, which is the
downconversion process. Naturally the conjugate term â†pâsâi represents the production
of one pump photon from the annihilation of a signal/idler pair, which is the process of
sum-frequency generation – or second-harmonic generation in the degenerate case.

Here we are particularly interested in the parametric downconversion process which
takes place inside an OPO, so that the initial signal and idler fields are vacuum. In this
context, it is useful to consider the so-called undepleted pump approximation, in
which it is assumed that the pump mode is in a coherent state of large amplitude αp, being
little affected by the parametric interaction. This way, the operator âp can approximately
be replaced by the amplitude αp[94], which we assume real for simplicity. The resulting
Hamiltonian is then

Ĥ =
∑
`=s,i

~ω`â†`â` + i~καp
(
â†sâ
†
i − âsâi

)
, (6.49)

which is the one we will use from now on.

It is worth noting that the Hamiltonian (6.49) is quadratic in the creation and
annihilation operators. Under any Hamiltonian at most quadratic in the creation and
annihilation operators, also called Gaussian Hamiltonians, these operators evolve as

âi(t) =
∑
j

Aij âj(0) +Bij â
†
j(0) + γi , (6.50)

which corresponds to a linear unitary Bogoliubov transformation. In the above
equation, the matrices A and B must obey ABT = (ABT )T and AA† = BB† + 1 in
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order to maintain the bosonic commutation relations [91]. It can be shown that the
transformation (6.50) performs a Gaussian operation in phase-space, mapping Gaussian
states – quantum states with Gaussian Wigner functions – onto Gaussian states. The
squeezing and the phase-space displacement discussed in the previous section are examples
of Gaussian operations, but actually any combination of linear optical elements also
performs a Gaussian operation in phase-space [91].

6.2.1 Degenerate parametric amplification

Let us consider the special case of a degenerate parametric amplifier, described by
(6.49) with âs = âi = â, or equivalently

V̂ = i~καp
(
â†2 − â2

)
. (6.51)

To see the corresponding transformation of the input vacuum states in the nonlinear
process, it is convenient to work in a particular interaction picture where the operators
evolve solely with the interaction term, while the states evolve with the free Hamiltonian.
A complete development of such picture is provided in Appendix A, and the resulting
evolution of the operators and states is given by

dÔI(t)
dt

= − i
~
[
ÔI(t), V̂I(t)

]
and |ψI(t)〉 = e−iĤ0t/~|ψI(0)〉 . (6.52)

One can readily see from the above equation that an initial vacuum state does not evolve
in time in this interaction picture (up to an overall phase factor), and the dynamics is
described only by the operators. We will only use this picture from now on, so the subscript
I will be omitted for simplicity.

To see how the input vacuum states are transformed in phase space by the interaction
(6.52), we can solve the Heisenberg equation (6.51) for the field quadratures Q̂ and P̂ . We
obtain

dQ̂

dt
= 2καpQ̂ ,

dP̂

dt
= −2καpP̂ ,

(6.53)

whose solutions are simply Q̂(t) = Q̂(0)eR and P̂ (t) = P̂ (0)e−R, with R = R(t) = 2καpt.
The corresponding expectation values and variances of the field quadratures after the
interaction for a time t are then given by

〈Q̂(t)〉 = 〈Q̂(0)〉eR = 0 ,

∆Q̂(t) =
√
~
2e

R ,

〈P̂ (t)〉 = 〈P̂ (0)〉e−R = 0 ,

∆P̂ (t) =
√
~
2e
−R ,

(6.54)

where we have used equation (6.37). Therefore, the output state of a degenerate amplifier
is a P -squeezed vacuum state (or Q-squeezed, for negative R), as shown in Fig.6.1(c).
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Notice that the squeezing factor R increases with the pump power, and, in this
rough approximation, it seems that perfect squeezing can never be achieved. However,
more realistic models of the OPO (as presented in Refs.[8, 11, 93, 94] and many others)
show that perfect squeezing can be achieved at a finite pump intensity given by the OPO
threshold. This possibility of producing highly squeezed vacuum states in an OPO below
(but not too far from) threshold is one of the reasons why this device is so important for
quantum optics and continuous-variable quantum information.

6.2.2 Non-degenerate parametric amplification

For the non-degenerate parametric amplification described by (6.49), the Heisenberg
equation for the field quadrature operators in the interaction picture yields

d

dt

Q̂s

Q̂i

 = καpG

Q̂s

Q̂i

 , (6.55)

d

dt

P̂s
P̂i

 = −καpG
P̂s
P̂i

 , (6.56)

with

G =
0 1

1 0

 . (6.57)

Unlike the degenerate OPO, the field quadratures of the interacting modes have coupled
dynamics and, therefore, are not squeezed individually. To find the squeezed and anti-
squeezed (stretched) quantities in the non-degenerate case, we decouple equations (6.55)
and (6.56) by diagonalizing the matrix G. The result is

squeezing→


[Q̂1(t)− Q̂2(t)] = [Q̂1(0)− Q̂2(0)]e−R

[P̂1(t) + P̂2(t)] = [P̂1(0) + P̂2(0)]e−R
, (6.58)

anti-squeezing→


[Q̂1(t) + Q̂2(t)] = [Q̂1(0) + Q̂2(0)]eR

[P̂1(t)− P̂2(t)] = [P̂1(0)− P̂2(0)]eR
, (6.59)

where R = R(t) = καpt. Therefore, the non-degenerate amplification leads to quantum
correlations between the interacting modes in phase-space, a phenomenon known as
two-mode squeezing.

In addition, we can use equations (6.58) and (6.59) to calculate the quantum noise
of the individual quadratures considering an input vacuum state. After some algebra and
using equation (6.37), we obtain

∆Q̂1(t) = ∆Q̂2(t) = ∆P̂1(t) = ∆P̂2(t) =
√

2~ cosh(2R) , (6.60)
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which is a increasing function of the squeezing parameter R. Put in other words, while
measurements of Q̂1 and Q̂2 (P̂1 and P̂2) become noisier with an increasing R, their
difference (sum) becomes quieter.

Equations (6.58) and (6.59) are often called Einstein-Podolsky-Rosen (EPR)
correlations, because, in the infinite squeezing limit, they reproduce the context used in
the seminal EPR paper: two non-separable or entangled physical systems with perfectly
correlated positions and momenta [10,91]. In fact, it can be shown [99] that the two-mode
squeezed state is an entangled state of the two optical modes for any non-vanishing squeez-
ing factor. Furthermore, as the modes are correlated by their quadratures, which belong
to infinite-dimensional Hilbert spaces, the entanglement between the modes is referred to
as continuous-variable entanglement. We will discuss more about continuous-variable
entanglement in the next section.
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6.3 Multimode squeezing Hamiltonians and multipartite entangle-
ment
In the previous section, we have shown that the non-degenerate parametric am-

plification described by the Hamiltonian (6.49) transforms an input vacuum state into a
two-mode squeezed state featuring bipartite continuous-variable entanglement. However,
there are cases in which multiple three-wave mixing processes can take place at the same
time, leading to the effective interaction of several modes. The resulting interaction is then
represented by the Hamiltonian

Ĥ = Ĥ0 + i~κ
∑
mn

(
Gmnâ

†
mâ
†
n −G∗mnâmân

)
, (6.61)

which is called a multimode squeezing Hamiltonian. The Matrix G is defined by all
the pairwise interactions between the considered modes and the pump amplitudes feeding
each downconversion channel. Such matrix is also called the adjacency matrix of the
Hamiltonian graph (H-graph in short notation), and it provides a graphical representation
of the nonlinear interactions [44,100–102].

The action of a multimode squeezing Hamiltonian is conveniently represented in
the symplectic formalism [101,103], which we now introduce. First, we define a column
vector with all the field quadratures as

x̂ = (Q̂1 ... Q̂j ... Q̂N P̂1 ... P̂j ... P̂N)T , (6.62)

where j = 1, 2...N and N is the number of interacting modes. As the multimode squeezing
Hamiltonian is Gaussian, it leads to a linear input-output relation for the quadratures
which can be represented by a c-number symplectic matrix S acting by simple matrix
multiplication on the input vector, i.e.,

x̂(t) = Sx̂(0) . (6.63)

While the above equation is true for any Gaussian operation [103], the symplectic matrix
for the Hamiltonian (6.61) is simply

S = exp [γM] , (6.64)

where γ = γ(t) = 2κt, and

M =
Re(G) Im(G)

Im(G) −Re(G)

 . (6.65)

Therefore, we see that the combinations of quadratures that become squeezed (anti-
squeezed) with the interaction – generally referred to as supermodes– are defined by the
eigenvectors of M with negative (positive) eigenvalues.
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1 2 3

Figure 6.2 – Graph generated by the adjacency matrix (6.66)

.

A simple example

Let us consider a simple example of two concurrent nonlinear interactions linking
three different modes, described by the H-graph shown in Fig.6.2, whose adjacency matrix
is

G =


0 1 0
1 0 1
0 1 0

 . (6.66)

The supermodes are then given by the rows of the transformed column vector

V−1x̂→ V−1MV = diagonal . (6.67)

The matrix V is obtained by stacking the eigenvectors of M side by side, according to the
order in which the eigenvalues are displayed. The resulting supermodes for the present
example are given by

squeezing →

P̂2 + (P̂1 + P̂3)/
√

2 ∝ e−
√

2γ

Q̂2 − (Q̂1 + Q̂3)/
√

2 ∝ e−
√

2γ
, (6.68)

anti-squeezing →

P̂2 − (P̂1 + P̂3)/
√

2 ∝ e
√

2γ

Q̂2 + (Q̂1 + Q̂3)/
√

2 ∝ e
√

2γ
. (6.69)

Interestingly, these supermodes are precisely those obtained by splitting one half of an
EPR pair in a 50:50 beam splitter, a known strategy to produce tripartite entanglement
[104].

In the following, we discuss in more detail two methods for identifying multipartite
entanglement in a contiuous-variable system. One is based directly on the squeezed
supermodes [99, 104], and the other is based on the Peres-Horodecki [105] criterion for
continuous-variable systems [106].

6.3.1 Variance-based entanglement witnesses

The squeezed supermodes produced by a multimode squeezing Hamiltonian can be
used as witnesses of the entanglement in the system. To see that, consider a system with
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N interacting modes, whose state is defined by the density matrix ρ̂. If ρ̂ can be written
as

ρ̂ =
∑
j

ηiρ̂i;{mr} ⊗ ρ̂i;{ms} , (6.70)

then, in such state, all the modes in the set {mr} are said to be separable from those of
{ms}. Consequently, if one is able to show that such separation is not possible for any two
sets of modes, then the system is in a genuine N -partite entangled state.

Although it seems that proving genuine multipartite entanglement is too compli-
cated, van Loock and Furusawa have shown in Ref.[104] that the measurement of certain
combinations of field quadratures already suffice to prove it. Consider the two linear
combinations of field quadratures

û =
N∑
i=1

hiQ̂i , v̂ =
N∑
i=1

giP̂i . (6.71)

If the state of the system can be written as (6.70), then the following inequality must be
satisfied

〈(∆û)2〉ρ̂ + 〈(∆v̂)2〉ρ̂ ≥ f(mr|ms)

= 1
2

∣∣∣∣∣∣
∑

i∈{mr}
higi

∣∣∣∣∣∣+
∣∣∣∣∣∣
∑

j∈{ms}
hjgj

∣∣∣∣∣∣
 . (6.72)

where we considered ~ = 1/2, for simplicity. Consequently, the violation of the above
inequality is sufficient to prove that the corresponding state is a non-separable or entangled
state of the parties {mr} and {ms}.

To illustrate the method, let us apply it to the 3-mode system described by the
supermodes (6.68). We first define û and v̂ as

û = Q̂2 − (Q̂1 + Q̂3)/
√

2 , v̂ = P̂2 + (P̂1 + P̂3)/
√

2 , (6.73)

whence g1 = g3 = −h1 = −h3 = 1/
√

2 and h2 = g2 = 1. The boundaries f(mr|ms) for the
possible bipartitions can be directly calculated from (6.72), yielding

f(1|23) = f(3|12) = 1/2 , f(2|13) = 1 . (6.74)

where we considered ~ = 1/2. Notice that the lowest boundary in the right-hand side of
(6.72) if 1/2, and its violation is already sufficient to prove the tripartite entanglement in
the system. Furthermore, using equations (6.68) and (6.37), we obtain

〈(∆û)2〉+ 〈(∆v̂)2〉 = 1
2e
−2
√

2γ , (6.75)

which is less than 1/2 for any non-vanishing squeezing level. Therefore, measuring the
squeezing of the supermodes already certifies that the system is tripartite entangled.
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6.3.2 PPT criterion for continuous-variable systems

Another widely used criterion to identify entanglement in a system is the Peres-
Horodecki [105] criterion. Essentially, it states that if the modes of a system are separated
in two subsystems {mr} and {ms}, as before, and the partial transposition is applied
to one of them, the complete system must remain physical, i.e., with a positive definite
density matrix (PPT). If the partially transposed system is not positive definite (NPT)
then the system is in a non-separable state of the two parties.

For continuous-variable systems, Simon demonstrated in Ref.[106] that the partial
transposition is equivalent to a local time-reversal operation applied to the transposed
subsystem. Such time reversal does not affect the “position” quadratures ({Q̂s} → {Q̂s}),
but reverses the “momentum” quadratures ({P̂s} → {−P̂s}). This is particularly conve-
nient for Gaussian states, as they are completely defined by the covariance matrix V(a
matrix with all the second moments of the multimode Gaussian distribution). The partial
transposition effectively leads to a sign change in elements of the covariance matrix, whose
physicality can be tested with the Robertson-Shchrödinger uncertainty principle7 [106–108]

−iΩV ≥ 1 , (6.76)

where

Ω = − i2[x̂, x̂T ] =
 0 I
−I 0

 , (6.77)

with x̂ defined in (6.62). This condition is fulfilled when the square root of all the eigenvalues
of the matrix −(ΩV)2, called symplectic eigenvalues, are greater than one [108].

In addition, obtaining the covariance matrix of a multimode squeezed vacuum state
is an easy task in the symplectic formalism. First, the symmetrized covariance matrix is
given by [101]

V = cov x̂ = 1
2〈{x̂

†, x̂T}〉 . (6.78)

In the above equation, we used the following definition for the anti-commutator

{r̂, ŝT} := r̂ŝT + (̂sr̂T )T , (6.79)

where r̂ and ŝ are operator-valued vectors, and the Hermitian conjugation only applies to
the operators within the vectors [101]. For an input vacuum state, for instance, is simply
V(0) = 1. After the interaction, the transformed covariance matrix can be readily obtained
as

V = SST , (6.80)
7 From this point on, we will consider the following definition for the quadratures

Q̂j = âj + â†j , P̂j = −i(âj − â†j) ;
[
Q̂j , P̂k

]
= 2iδjk

which are twice the usual definition (6.26), when considering ~ = 1/2.
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Figure 6.3 – Plot of the lowest symplectic eigenvalues of the partially transposed covariance
matrices, corresponding to different bipartitions of the system illustrated in
Fig.6.2. The horizontal axis is the squeezing factor γ. Notice that the criterion
(6.76) is violated for the three bipartitions for any non-vanishing squeezing
level, in which case the system has genuine tripartite entanglement.

where S is the symplectic matrix given in (6.64).

Last but not least, the local time-reversal (partial transposition) can be easily
implemented in the covariance matrix via ordinary matrix multiplication. First, consider
the subsystems {mr} and {ms}, each containing a part of the N modes of the complete
system, and the following definitions

T(r|s) =
1 0

0 I(r|s)

 , Iij(r|s) =

δij, i, j ∈ {mr}

−δij, i, j ∈ {ms}
, (6.81)

where T(r|s) and I(r|s) are matrices with dimensions 2N × 2N and N ×N , respectively.
The partial transposition of the complete system with respect with the subsystem s

transforms the covariance matrix (6.78) as

V→ T(r|s)V T(r|s) . (6.82)

From the definition of T(r|s) one may identify that the above transformation changes the
sign of every entry of the covariance matrix in which the transposed momenta appear only
once, performing the desired local time-reversal operation.

Now let us illustrate the method applying it to the example of Fig.6.2. From
equations (6.64), (6.66) and (6.80), we obtain the following expression for the covariance
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matrix after the multimode squeezing interaction

V =
A(
√

2γ) 0
0 A(−

√
2γ)

 , A(γ) =


cosh2 [γ] 1√

2 sinh [2γ] sinh2 [γ]
1√
2 sinh [2γ] cosh [2γ] 1√

2 sinh [2γ]
sinh2 [γ] 1√

2 sinh [2γ] cosh2 [γ]

 .

(6.83)
Now we apply the partial transposition (local time-reversal) with the prescription (6.82)
for the three possible bipartitions, namely 1 (1|23), 2 (2|13) and 3 (3|12), obtaining

V→ Vj = TjVTj =
A(
√

2γ) 0
0 IjA(−

√
2γ)Ij

 , (6.84)

for j = 1, 2, 3. In Fig.6.3 we show a plot of the lowest symplectic eigenvalue corresponding
to each bipartition as a function of γ. Notice that the inequality (6.76) is violated for any
non-vanishing squeezing level, in which case the system is tripartite entangled. Notice that
this conclusion is the same obtained with the van-Loock-Furusawa criterion in equation
(6.75).
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6.4 Large-scale entanglement and cluster states

In the last section, we have shown that multimode squeezing interactions generate
multipartite entangled states out of vacuum. One natural question is: what are such states
desirable for?

In short, highly multipartite entangled states allow for the implementation of a quan-
tum computation scheme alternative to the standard circuit model, called measurement-
based quantum computing (MBQC). In the circuit model, a computation is performed
by acting on the initial quantum states with a specific set of quantum gates. To be able
to perform any possible computation with an arbitrary number of quantum systems, one
must have an universal set of quantum gates, which can be combined to produce the
desired transformations.

The most often used MBQC scheme is called one-way quantum computing
[41]. In this scheme, the resource is an initial cluster state, which is a special class
of multipartite entangled states that can be manipulated by local measurements and
feedforward of the measurement results [100,102]. In contrast to the circuit model, a given
computation is performed with an appropriate sequence of adaptive measurements and
the output of the computation is the final state of the unmeasured systems [42]. The
one-way scheme is also universal for quantum computation, and can be used to perform
any computation feasible with the circuit model as long as the initial cluster state is
universal [41].

For continuous-variable systems, an ideal cluster state |ψ〉 is defined by the following
nullifier relations [42, 101,102]

(~P−A~Q)|ψ〉 = ~0 , (6.85)

where ~Q = (Q̂1, ..., Q̂N )T and ~P = (P̂1, ..., P̂N )T are vectors containing the field quadratures
of the multiple modes. The cluster state is then a zero eigenstate of the operators (~P−A~Q),
which are the cluster nullifiers [43]. They are determined by the matrix A, which is the
adjacency matrix of the cluster graph. Although such ideal clusters are unphysical8,
they can be approximated by the multimode (finitely) squeezed vacuum states discussed
in the previous section [100,101].

There are two main approaches to produce multimode squeezed vacuum states
with OPOs, which we overview in the following.

8 An ideal cluster state requires infinite squeezing of the operators (~P−A~Q), and infinitely squeezed
states have infinite energy [102].
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6.4.1 Cluster states from multimode squeezing interactions

One way to produce multimode squeezed vacuum states uses the multimode
squeezing Hamiltonian introduced in the previous section. This approach have been used
to produce cluster states with both spectral [30,35,44] and spatial [28,29] modes of the
downconverted fields, using a single OPO for this purpose. The same approach – but using
an atomic vapor cell instead of an OPO cavity – was used to produce cluster states with
modes with different wave vectors in four-wave mixing [46–50].

Of particular importance for the present thesis, is the production of large-scale
entanglement in the spectral domain, first realized in Ref. [30]. We discussed in Chapter
5 the longitudinal modes of an OPO, showing that it produces frequency combs whose
comb spacing is the cavity free spectral range. A given pump frequency then produces
several EPR pairs, stemming from the pairwise interactions in the spectral domain. In
[30] the authors managed to couple two independent frequency combs, each generated
by a different pump beam. Mixing the two combs after the OPO with linear optics, a
one-dimensional cluster state with at least 60 entangled spectral modes was produced. The
experimental apparatus used in [30] and the graph of the produced cluster are shown in
Fig.6.4. It is also noteworthy that a similar scheme was shown theoretically to be capable
of producing universal cluster states for one-way quantum computing [44], using a more
complicated pump spectrum for that purpose.

Also in this context of multi-frequency pumping, there are the synchronously
pumped OPOs [31,32]. Such device consist of an OPO pumped by a pulsed laser – which
is also a frequency comb – with a repetition rate equal to the cavity round-trip time. In
this case, the authors showed that a ten-partite entangled state is produced with different
spectral/temporal modes of the downconverted fields.

The core of this single-OPO approach is the control of the multimode interaction,
which in the aforementioned examples was performed with the pump frequency and
polarization, accompanied by appropriately engineered crystals in the case of Ref.[30]. For
arbitrary multimode squeezing Hamiltonians, there is a non-trivial connection between the
cluster graph matrix A and the H-graph matrix G, as detailed in Ref.[100]. A convenient
exception is the following

G2 = 1 =⇒ A = G , (6.86)

i.e., if G is self-inverse, the cluster graph is identical to the H-graph. However, this is
not the case in general, as in the example of Fig.6.2. In these cases, the adjacency matrix
of the produced cluster can be identified after proper linear combinations and Fourier
transforms 9 of the squeezed supermodes, so as to recover equation (6.85).
9 A Fourier transform in this context means the transformation

Q̂i → P̂i , P̂i → −Q̂i ,
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Figure 6.4 – Production of large-scale cluster states in the spectral domain, from Ref. [30].
In (a) pY and pZ denote two pump frequencies differing by one free spectral
range. The subscripts Y and Z indicate two orthogonal polarizations of both
the pump and the downconverted fields (The crystals are type-0). The two
pumps concatenate the pairwise interactions, producing the dual-rail cluster
shown in (b). The experimental setup is shown in (c).

In Chapter 7, we will show that it is possible to produce and control such large-
scale cluster states using two pump beams with different frequencies and transverse
modes, instead of orthogonal polarizations. The method applies to any nonlinear medium,
eliminating the need for specially engineered crystals, and allows for the quantum control
over the produced states by changing the pump profile on the fly [61].

Nonetheless, there are also proposals for generating large-scale cluster states in a
single OPO using the spatial and polarization modes of the downconverted fields. This can
be seen in Ref.[33], where the authors propose pumping an OPO with two counter-rotating
(opposite orbital angular momentum) and orthogonally polarized beams. The multiple
pairwise interactions with each pump are due to OAM rather than energy conservation,
generating two independent spatial mode combs. The combs are then coupled with linear
optics after the OPO, mimicking the scheme used in [30].

6.4.2 Cluster states from single-mode squeezers

The other strategy for producing multimode squeezed vacuum states consists in
mixing single-mode squeezed states with linear optics. For example, a non-degenerate
OPO produces two-mode squeezed states (EPR pairs), as we discussed in 6. The same
state, however, can be obtained by mixing two single-mode squeezed states – in orthogonal
directions of phase space – in a 50:50 beam splitter [104]. By the same reasoning, it can be
shown that mixing N single-mode squeezed states, each generated by a degenerate OPO,

which in practice is performed by a π/2 phase shift in the mode i.
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mixed in an array of (N − 1) beam splitters, suffices to produce an N −mode entangled
state.

Although feasible, this approach may not seem as resource-efficient as the multimode
squeezing scheme, due to the need for multiple squeezers and beam splitters. However,
such approach has attracted a growing attention after the time-encoding method first
proposed by Menicucci et al. in Ref. [109]. In this paper, the authors showed that only
one single-mode pulsed squeezer can be used to generate arbitrarily large time-domain
cluster states, interacting consecutive pulses in the same quantum non-demolition gate
[110] 10. Later, Menicucci demonstrated in [111] that the same result can be obtained
using only two squeezers and linear optics, lifting the need for a quantum non-demolition
gate completely.

This time-domain approach to the production of cluster states was first exper-
imentally realized by Furusawa’s group in Tokyo [37], where the authors achieved a
one-dimensional cluster state with 104 temporal modes of the downconverted fields. The
experimental setup and the produced cluster are depicted in Fig. 6.5. As can be seen in
the picture, the authors used an EPR pair produced by mixing two degenerate OPOs
in a beam splitter, and delayed one part or the pair with an optical fiber. Mixing the
beams after the delay line in a beam splitter, consecutive temporal modes interact so as
to generate large-scale entanglement in the form of a cluster state.

Notice that in this experiment the cluster state is measured as it is produced, so
that only a few modes of the cluster are available at a time. As remarked in Ref. [109], an
heuristic picture of how the method works is provided by a scene of the British cartoon
Wallace and Groomit, in which one of the characters builds a railway in front of the moving
train 11. The limitation for the cluster dimension in this approach stems from the stability
of the OPOs, but a record number is as high as 106 modes [38]. This is in clear contrast
with the frequency domain approach, in which the entire cluster is produced and becomes
available simultaneously. The limitation of the cluster dimension in this case is due to the
frequency dispersion of the nonlinear crystal, but it is expected to be on the order of 104

modes [89].

Also importantly, a more recent experimental result from Furusawa’s group demon-
strated the production of a two-dimentional time-domain custer states, usable for universal
one-way quantum computing [39]. For this purpose, the authors used two additional OPOs

10 The quantum non-demolition gate in this case is the controlled phase CPHASE, which performs the
transformation [102]

CPHASE|q〉1|q′〉2 = eiαQ̂1Q̂2 |q〉1|q′〉2 = eiαqq
′
|q〉1|q′〉2 .

Its practical implementation requires strong nonlinear optical interactions. When the input states are
already squeezed, the the operation is also called inline squeezing.

11 A GIF of the referred scene can be found here

https://giphy.com/gifs/aardman-cartoon-train-3oz8xtBx06mcZWoNJm
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FIG. 7. Bottom, the quantum OFC of a single OPO (horizontal axis is frequency, line pairs denote

orthogonally polarized modes that are frequency degenerate). Top, canonical CV graph states

generated in Ref. [26].

to the PPKTP one but unpoled and rotated 90� with respect to it, this to ensure the crucial

requirement of polarization degeneracy of cavity modes at the same frequency.

C. Dual-rail quantum wire

Scalability of the size of the cluster state was finally achieved — remarkably, while keeping

the scalability feature of number of copies — by adapting in the frequency domain an initial

proposal of Menicucci, Ma, and Ralph for sequential CVQC using time-defined qumodes [117,

118]. The crux of the idea is to start with TMS states, which we will loosely call EPR pairs

from now on, as the primary building blocks and to “knit up” a cluster state chain, or

“quantum wire,” by entangling qumodes from di↵erent pairs. This is described in Fig.8

for the originally proposed temporal approach and in Fig.9 for the spectral approach. In

FIG. 8. Temporal quantum wire generation, from [30]. See text.

the time-domain, spatially separated EPR pairs are created by interfering two single-mode

22

Figure 6.5 – Production of a dual-rail cluster in the time domain, from Ref.[37]. The first
step is the production of two single-mode squeezed beams. In the second
step, the beams are mixed in a beam splitter, producing an EPR pair. The
third step consists of delaying or staggering one part of the pair, so that
the staggered part of one temporal mode reaches the second beam splitter
at the same time as the non-staggered part of the consecutive one. The
produced dual-rail cluster is shown in the fourth step. A helpful animation to
understand the process was provided by the authors and is available in this
link.

losses that arise from requiring the longer
delay line NDt and adjustment issues that
arise from the constraint that the length ratio
of the two optical delay lines must be an in-
teger. The former can be addressed by instead
shortening the length of each temporal-mode
wave packet, which allows us to make the
cluster state using delay lines with shorter
lengths.We achieved this by developing broad-
band squeezed light sources, broadbandhomo-
dyne detectors, and control systems (18). With
this, we reduced the width of the wave packet
from~160ns in (14, 15) toDt=40ns. Regarding
the latter issue, the current setup was designed

so that the lengths of two optical delay lines can
be easily measured and adjusted (17) while
keeping the number of the optical compo-
nents the same or less than that in the pre-
vious proposals (9, 10). We picked N = 5 for
experimental demonstration.
To implement universal CV quantum com-

putation, we require the ability to perform
arbitrarymultimodeGaussian operations and
at least one non-Gaussian operation (19). Al-
though it is possible to map the structure of
our 2D square lattice cluster state to themore
standard square lattice [whose methodology
for implementingMBQC is known (8)], such a

mapping introduces excessive noise (20). We
have noticed that a similar experiment of gen-
erating a 2D cluster state has recently been re-
ported (21), although themethodology to avoid
such a mapping has not been developed for
their cluster state yet.Here, we describe amore
efficient method to use our cluster state without
such mapping. The structure of multimode
Gaussian quantum circuits that can be imple-
mented with our resource state by means of
local homodyne measurements is shown in
Fig. 2A. The number of inputmodesN is equal
to the circumference length, and each gate
is implemented by means of teleportation

Asavanant et al., Science 366, 373–376 (2019) 18 October 2019 2 of 4

Δt

Tim
e

C

Squeezed lights                 Square-shaped cluster states                 2-dimensional cluster state

OPO

OPO

OPO

OPO

BS-3

BS-1

BS-2

HD-A

HD-B

HD-C

HD-D

BS-4

BS-5
NΔt

Δt

ODL

ODL

Δt

D

Squeezed lights                 Square-shaped

A

B

C

D

A One-input quantum computation

B Universal multi-input quantum computation

Input

Information flow

...

...

...

...

...

...

... ... ... ... ...

...

1-dimensional cluster state

Inputs 2-dimensional cluster state

Information flow

... ... ... ... E

k-1

k k+Nk-N

...

...

...

...

...

... ... ... ...

k+1

Macronode

Micronodes

... ... ... ...

...

...

...

...

...

Temporal
index

A

C

D

B

Fig. 1. MBQC and 2D cluster state. (A and B) Abstract illustration of MBQC.
(A) One-input MBQC by using 1D cluster state. (B) Universal multi-input
MBQC using 2D cluster state. Each colored circle represents a mode, and each
link represents quantum entanglement. (C) Schematic of our experimental
setup for the 2D cluster state. OPO, optical parametric oscillator; BS, beam
splitter; ODL, optical delay line; Dt, time interval between adjacent wave
packets; N, integer corresponding to number of inputs that 2D cluster states
can take in computation; HD, homodyne detector. All beam splitters are
50:50. (D and E) 2D cluster state. (D) Example for the case in which N = 30.

(E) Zoom in of the state. The representations of states make use of the
simplified graphical calculus (9). Each small node (small colored sphere) of
the graph, which we call a micronode, represents a localized wave packet
at each temporal index. Four micronodes at each temporal index k can
be grouped into a single site (large gray sphere), called a macronode. The
links and their colors represent how micronodes are entangled. The 2D cluster
state has a helical graph structure, with N macronodes on every single turn
of the helix. For actual experimental demonstration, we use N = 5. Full
descriptions are given in (17).
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Figure 6.6 – Illustration of the experimental setup used for the production of a two-
dimensional time-domain cluster state, from [39]

.

(4 in total), with a more intricate array of beam splitters and optical delay lines. An
illustration of the experimental setup is depicted in Fig.6.6

http://www.alice.t.u-tokyo.ac.jp/Graph-animation.avi
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7 Cluster states from the parametric oscilla-
tion with a structured light pump

In this chapter, we study the multipartite entangled states that are obtained by
pumping an OPO with spatially and/or spectrally structured light. In our analysis [61],
we show that the concurrent nonlinear interactions arising from the spatial selection rules
derived in Chapter 3 can be easily manipulated with the pump spatial structure, leading
to outcomes only obtained so far with phase-matching engineering. We also demonstrate
that a spatio-spectrally shaped pump produces easily tunable large-scale cluster states in
the quantum optical frequency comb (QOFC) of a single OPO. Such degree of quantum
control may find different uses in quantum information, and as such is of great interest for
the quantum optics community.

The chapter is organized as follows. In Section 7.1 we introduce the formalism
and deduce the H-graph adjacency matrix for a pump field carrying a second order
spatial mode. In Section 7.2, we investigate the multipartite entangled states arising
from the corresponding multimode squeezing Hamiltonian, by means of the PPT criterion
introduced in Section 6.3. In Section 7.3 we discuss how large-scale hybrid cluster states can
be obtained by exploring the spatial and spectral modes of the pump beam simultaneously.
Finally, we present our conclusions in Section 7.4

7.1 Formalism
Let us first recall the multimode squeezing interaction Hamiltonian (6.48), which

is1

Ĥ = i~κ
∑
mn

(
Gmnâ

†
mâ
†
n −G∗mnâmân

)
, (7.1)

where â†m,n (âm,n) are the creation (annihilation) operators of the downconverted modes
and κ is a coupling strength, which is proportional to the second-order susceptibility. The
matrix G is the adjacency matrix of the Hamiltonian graph [100,101], which depends on
the pump amplitude and on the spatial overlap between pump (p), signal (s) and idler (i)
transverse modes. In the case of perfect phase-matching, it can be generally written as

Gmn =
∑
l

αlΛlmn , (7.2)

where αl is the complex amplitude of the pump mode l. The intermode coupling is given by
the transverse overlap integral Λlmn =

∫
d2r u

(p)
l (r)u(s)∗

m (r)u(i)∗
n (r), which was extensively

discussed in Chapter 3 and that contains the spatial selection rules of the interaction.
1 Here we are calling the interaction Hamiltonian as H instead of V .



96 Chapter 7. Cluster states from the parametric oscillation with a structured light pump

signal()

idler()
pump()

1

2 4

3

1 3

2 4

HG20

HG11

HG02

Figure 7.1 – Illustration of the OPO with a second-order structured light pump with fre-
quency ω0 producing signal and idler with frequencies ωs and ωi, respectively,
both in first-order Hermite-Gaussian spatial modes. The inset shows the
spatial modes of the pump responsible for each pairwise interaction.

From the adjacency matrix G, we derive the time evolution of the input vacuum
with the symplectic formalism described in 6.3, which we briefly recall in the following.
We first define the vector x̂ = (q̂1 ... q̂j ... q̂N p̂1 ... p̂j ... p̂N)T , where N is the number of
interacting modes, with the field quadratures given by q̂j = âj + â†j and p̂j = −i(âj − â†j).
The Heisenberg evolution of the field quadratures then takes the simple form x̂(t) = S x̂(0),
where S is a symplectic matrix given by S = eγM, with

M =
Re(G) Im(G)

Im(G) −Re(G)

 , (7.3)

and γ = 2κt for an interaction time t. Assuming a vacuum input, for which V(0) = I
(identity matrix), the covariance matrix after the interaction can be easily obtained from
(7.3) as V(t) = SST [101]. The covariance matrix contains the full information on the
output Gaussian state, which allows us to directly apply separability criteria to study the
multimode entanglement properties.

Our goal here is to investigate the manipulation of the multipartite entanglement
using the pump spatial structure. As a first example, we consider the case of a second order
pump mode, whose electric field can be generally written in the Hermite-Gaussian basis
(HGmn) [62] as Ep = α20HG20 + α11HG11 + α02HG02. As illustrated in Fig.7.1, such pump
is optimally coupled to downconverted fields in the modes HG10 and HG01. For each pair of
signal and idler frequencies, we can name the modes as {â1, â2, â3, â4} = {â(s)

10 , â
(s)
01 , â

(i)
10 , â

(i)
01},

where s and i stand for signal and idler, respectively, so that G can be written as

G =
0 α

α 0

 , (7.4)

α =
 α20 α11

√
2

2

α11
√

2
2 α02

 , (7.5)
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1|234 2|134 3|124 4|123 12|34 13|24 14|23

Figure 7.2 – PPT values for a HG20 pump rotated by an angle θ counterclockwise, and
γ = 0.1. The inset illustrates the spatial profile of the pump intensity and
the multiple curves are for different values of θ.

up to a multiplicative constant that can be absorbed into the coupling constant κ.

7.2 Multipartite entanglement
The entanglement can be analyzed by means of the positivity under partial trans-

position. We calculate the smallest symplectic eigenvalues of the partially transposed
covariance matrix (PPT value), and apply the Peres-Horodecki separability criterion (PPT
criterion) [105, 106] to all seven bipartitions, namely (1) 1|234, (2) 2|134, (3) 3|124, (4)
4|123, (5) 12|34, (6) 13|24 and (7) 14|23. With our definitions, a PPT value lower than unit
is sufficient to witness entanglement in the corresponding bipartition. We show in Fig.7.2
the PPT values for α20 = cos2 θ, α02 = sin2 θ and α11 = −(sin 2θ)/

√
2, which represents a

HG20 mode rotated by θ counterclockwise.

Notice that genuine quadripartite entanglement exists for any θ between 0 and
π/2, in which case all three Hermite-Gaussian components of the pump are present. In
the extreme case of θ = 0 (θ = π/2), the pump only couples the modes 1 and 3 (2 and
4), breaking the quadripartite entanglement in the system. In all cases, the PPT value of
partition 5 remains unaffected, which is due to the fact that there will always be modes
of the signal entangled with those of the idler. This result evidences the reconfigurable
entanglement between spatial modes obtained by means of a rotation in the pump shape,
a transformation that can be easily performed experimentally.

Another important subset of the 2nd order subspace corresponds to the combina-
tions of Laguerre-Gaussian (LG) modes containing opposite orbital angular momenta. Such
modes can be parametrized according to α11 = sin(θ/2)eiφ and α20 = −α02 = cos(θ/2)/

√
2,
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1|234 2|134 3|124 4|123 12|34 13|24 14|23

1|234 2|134 3|124 4|123 12|34 13|24 14|23

Figure 7.3 – PPT values for pump modes along two paths on the second-order PS: φ = 0
and a variable θ (top) and θ = π/2 and a variable φ (bottom). The insets in
each panel illustrate the varying spatial profile of the pump intensity for the
corresponding paths. The parameters considered are such that γ = 0.1.

where 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π are angles in the second-order orbital Poincaré sphere
(PS) [83]. The LG modes with OAM ±2 are found at {θ, φ} = {π/2, π(1∓ 1/2)}, while
petal modes with no OAM are found at {θ, 0} and {θ, π} [63]. We show in Fig. 7.3 the
PPT values for different paths in the second-order PS.

We observe that the symplectic eigenvalues for pump modes with zero OAM only
differ for the bipartitions 6 and 7. On the other hand, tuning the pump OAM with the angle
φ only changes the PPT value of the bipartition 5, which is minimal for φ = π(1± 1/2),
reaching the same value as in Fig.7.2. This boost in the symplectic eigenvalues occurs
when, for some choice of measurement basis, the downconverted fields are constrained
to a single pair of transverse modes. In the case of Fig.7.2, for example, a rotated HG20

is optimally coupled to signal and idler in a HG10 mode rotated by the same angle. The
same occurs for the pump carrying OAM ±2, which produces two identical downconverted
modes with OAM ±1, due to the OAM conservation in the parametric process. Therefore,
there is a compromise between the amount of entanglement, as measured by the minimum
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symplectic eigenvalue, and the multipartite distribution of entanglement.

To further analyze the entanglement structure of the downconverted fields, we
study the eigenmode decomposition of the matrix (7.3). The combinations of quadratures
that diagonalize M, also called supermodes [112,113], are squeezed (anti-squeezed) when
corresponding to negative (positive) eigenvalues. The analysis for an arbitrary pump is
somewhat involved, but it becomes simpler for modes in the PS. In this case, the two
negative eigenvalues, are given by

λ
(S)
± = −γ

√
1± sin θ sinφ

2 , (7.6)

with the positive eigenvalues given by λ(AS)
± = −λ(S)

± . There are eight supermodes, so each
eigenvalue is two-fold degenerate. For the case of the bottom panel of Fig.7.3 (θ = π/2
and variable φ), for example, we see that the λ(S)

± is maximized for a pump with OAM ±2,
in which case λ(S)

∓ vanishes. This is consistent with the result of Fig.7.3, in the sense that
a higher squeezing level leads to stronger entanglement, suggested, in this case, by the
stronger violation of the PPT criterion. On the other hand, for a pump in the rotating petal
mode shown in the top panel of Fig. 7.3 (φ = 0 and variable θ), we have λ(S)

± = −γ/
√

2
for all θ, also consistent with the opposing variation of the PPT values of the bipartitions
6 and 7, with all others kept fixed.

The supermodes for an arbitrary pump in the second-order PS are combinations
of the p̂′s and q̂′s of the four downconverted modes, which are more easily identified in
terms of the first order Laguerre-Gaussian (LG) [62] basis operators â(s)

± = (â1 ∓ iâ2)/
√

2
and â(i)

± = (â3 ∓ iâ4)/
√

2. In this basis, the pump phases can be absorbed by a suitable
redefinition of the field operators, leading to EPR-like correlations between generalized
quadratures rotated in phase space [114].

7.3 Spatio-spectral cluster states
Now we discuss how a structured pump can be used to generate large-scale en-

tanglement in the quantum optical frequency comb (QOFC) of a single OPO [30,35,44].
A QOFC is usually obtained from a type-I OPO operating below threshold and close to
degeneracy, which features several longitudinal modes simultaneously close to resonance
[60,85]. The downconverted frequencies are ωn = ω0 + nδ, where ω0 is an arbitrary offset
and δ is the cavity free spectral range. Due to energy conservation, the pair {n1, n2} only
couples to a pump frequency given by ωp = 2ω0 + pδ, where p = n1 +n2 is the pump index.
Therefore, each spectral component p of the pump produces multiple EPR pairs dispersed
in the frequency domain.

In this context, pumping the OPO with a monochromatic field carrying a second-
order spatial mode yields the parallel production of several copies of the quadripartite
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Figure 7.4 – Cluster states produced by dual-frequency spatially structured pump with
A1 = A2 = 1/

√
2. In (a) we show the considered pump modes, with petal

shapes carrying no OAM. The produced cluster states are shown for p1 = 1 and
p2 = 3, and the following combinations of spatial modes: (b) θ1 = θ2 = π/2,
(c) θ1 = θ2 = 0 and (d) θ1 = θ2 = π. While in (b) the cluster has a dual-rail
structure, in (c) and (d) it is dismantled in two independent single-rail clusters.
The numbers in (b), (c) and (d) are the weights of the cluster edges.

entangled state described previously. The number of copies is only limited by the phase-
matching bandwidth, which usually encompasses ∼ 104 modes. Also importantly, for pump
structures in the second-order PS, one can show that the adjacency matrix G is self-inverse
(G2 = I), meaning that a multipartite state produced by this method is an arbitrarily
good approximation to a canonical cluster state of graph G, after Fourier transforms (π/2
phase shifts) on either the signal or idler modes [100].

Without a spatially structured pump, an equivalent outcome has only been obtained
using the pump polarization and crystal engineering to phase match three concurrent
nonlinearities [35]. With spatial modes, the concurrent nonlinear processes are uncorrelated
to the wave-vector mismatch, which eliminates the need for special crystal designs. Besides,
the number of concurrent processes with spatial modes increases with the pump order,
which suggests the possibility of parallel generation of multipartite entangled states of
higher dimensions.

To further highlight the advantages of using spatial modes for the production of
CV multipartite entanglement, we also consider a dual-frequency pump whose spectral
components p1 and p2 obey |p1 − p2| = 2. This is a well established technique to generate
large-scale cluster states in the QOFC, as detailed in Ref.[30]. We write the pump field
as Ep = A1E(α1, p1) + A2E(α2, p2), where αj refers to Eq.(7.5) and Aj are constant
amplitudes. The corresponding Hamiltonian is given by

Ĥ = iκ′~
∑
n

(
V T
n ḠVn −H.C

)
, (7.7)



7.3. Spatio-spectral cluster states 101

where the summation is over the frequencies of the QOFC, and

Ḡ=


0 A1α1 0

A1α1 0 A2α2

0 A2α2 0

, Vn =



b̂†p1−n

ĉ†p1−n

b̂†n

ĉ†n

b̂†p2−n

ĉ†p2−n


. (7.8)

In the above equation, κ′ = κ/2 and we have renamed the operators âj10 and âj01 as b̂j and
ĉj, respectively, where j is the frequency index.

For simplicity, we consider that the spatial modes of the two pumps are second-order
petals, as shown in Fig.7.4a, such that αj = αj(θj, φj = 0) and the total pump field
becomes Ep = A1E(p1, θ1) + A2E(p2, θ2). Considering A1 = A2 = 1/

√
2, we obtain that

the following quantities are squeezed[
Q̂n
h − {aQ̂

p1−n
h + bQ̂p1−n

v + cQ̂p2−n
h + dQ̂p2−n

v }
]
∝ e−γr ,[

Q̂n
v − {bQ̂

p1−n
h − aQ̂p1−n

v + dQ̂p2−n
h − cQ̂p2−n

v }
]
∝ e−γr ,

(7.9)

where the subscripts h and v indicate the spatial modes HG10 and HG01 in the downcon-
verted fields, respectively. After a Fourier transform (π/2 phase shift) on the frequency
mode n, which transforms Q̂n

j → P̂ n
j (j = h, v), equations (7.9) become[

P̂ n
h − {aQ̂

p1−n
h + bQ̂p1−n

v + cQ̂p2−n
h + dQ̂p2−n

v }
]
∝ e−γr ,[

P̂ n
v − {bQ̂

p1−n
h − aQ̂p1−n

v + dQ̂p2−n
h − cQ̂p2−n

v }
]
∝ e−γr ,

(7.10)

which are the approximate nullifiers of a cluster state, as discussed in Section 6.4. The
cluster edges {a, b, c, d} depend on the pump spatial modes as follows

a = cos (θ1/2)
2r , b = sin (θ1/2)√

2r
,

c = cos (θ2/2)
2r , d = sin (θ2/2)√

2r
,

(7.11)

and the squeezing parameter r is given by

r =
√

6− cos θ1 − cos θ2

2
√

2
. (7.12)

Notice that, if all the parameters (7.11) are non-vanishing, the cluster formed is a
dual-rail quantum wire [30, 37, 38], illustrated in Fig.7.4(b). In addition, for certain angles
of the pump petals the dual-rail structure can be dismantled in two independent single-rail
clusters, as shown in Figs.7.4c and 7.4d. This particular example is already sufficient to
show that pumping an OPO with structured light provides an efficient way to implement
quantum control on the QOFC.
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7.4 Conclusion
In summary, we have investigated the multipartite entanglement resulting from an

OPO with a pump beam structured in the hybrid spatial-spectral domain. Considering
different second-order spatial modes in a monochromatic pump, we have shown that a
reconfigurable quadripartite state can be achieved by a simple rotation of the pump profile.
We have also demonstrated that a dual-frequency pump in a combination of second-order
spatial modes yields large-scale cluster states in the spatially structured frequency comb.
In both cases, we show that changing the pump spatial structure alone is sufficient to tailor
the multimode interaction, thereby allowing the easy quantum control of the produced
states. Our results pave the way for the versatile production of cluster states in the QOFC,
with potential applications to measurement-based quantum computing.
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8 Closing remarks

In summary, this thesis contains our main contributions to the field of optical
parametric oscillators with structured light modes, and a comprehensive background on
the investigated phenomena. Our results show that the spatial degree of freedom plays
an important role in the classical dynamics of optical parametric oscillators, leading, for
example, to spatial selection rules in the wave mixing. Such rules include, but are not
limited to, the expected conservation of orbital angular momentum in the parametric
process. We have also studied the effect of astigmatism in the multimode OPO, showing
that the breaking of the system’s cylindrical symmetry leads to non-trivial dynamical
behavior not observed in the stardard 3-mode OPO. The consequence of this effect is
that controlling the crystal parameters (e.g. temperature or orientation) finely tunes the
orbital angular momentum transfer in the downconversion, or, in more extreme astigmatic
conditions, yields an abrupt switching between HG modes.

In a theoretical contribution, we have studied the OPO longitudinal modes con-
sidering diffraction effects via the Gouy phase, filling an important gap in the OPO
literature. Our results show that the OPO may produce multiple frequency combs at
once, corresponding to different combinations of spatial modes in the subharmonic fields.
Such frequency combs are important in the quantum domain, as they can be used to
generate large-scale entanglement (cluster states) usable for continuous-variable quantum
information tasks.

In the quantum regime, we have shown theoretically that the OPO pumped with
structured light is a versatile source of entangled states. In special, we have shown that upon
illumination with light fields structured in the hybrid spatio-spectral domain, the OPO
produces large-scale cluster states in a reconfigurable fashion. This particular result opens
an avenue for future investigations, which may include the production of two-dimensional
continuous-variable cluster states, usable as substrate for universal one-way quantum
computing. Nonetheless, the experimental realization of such proposal is yet to be done.

Finally, the development of this thesis yielded important additions to the quantum
optics group of Universidade Federal Fluminense. We also believe that the contributions it
contains represent a significant advance for the OPO and quantum optics communities in
general, with many possible paths to unfold.
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A Interaction picture for squeezing calcula-
tions

Here we describe the interaction picture used in section 6.2, which is very convenient
to perform squeezing calculations. As mentioned in the text, we want a picture in which the
states evolve with the free Hamiltonian and the operators evolve solely with the interaction
term. Let us consider the following definitions, as in Ref. [115]

|ψI(t)〉 = Û0|ψS(0)〉 , (A.1)

ÂI(t) = Û0ÂH(t)Û †0 = Û0Û
†ÂSÛ Û

†
0 , (A.2)

where the subscripts S, H and I refer to the Schrodinger, Heisenberg and Interaction
pictures, respectively, and

Û0 = e−iĤ0t/~ , Û = e−iĤt/~ . (A.3)

Although this is not the conventional textbook interaction picture, it is equally valid, as it
maintains the expectation values unaltered

〈ψS(t)|ÂS|ψS(t)〉 = 〈ψS(0)|Û †ÂSÛ |ψS(0)〉

= 〈ψS(0)|Û †0 Û0Û
†ÂSÛ Û

†
0 Û0|ψS(0)〉

= 〈ψI(t)|ÂI(t)|ψI(t)〉 .

(A.4)

Now we take the derivative of (A.2), obtaining

d

dt
ÂI = d

dt

(
Û0ÂHÛ

†
0

)
= i

~
[
ÂI , Ĥ0

]
+ Û0

dÂH
dt

Û †0

= − i
~
[
ÂI , V̂I

]
,

(A.5)

where we used the Heisenberg equation dÂH/dt = −i
[
ÂH , Ĥ

]
/~ and skipped some

algebraic steps from the second to the third line. Similarly, taking the time derivative of
(A.1) we obtain

d

dt
|ψI(t)〉 = − i

~
Ĥ0|ψI(t)〉 . (A.6)

We therefore see that in the present interaction picture the operators obey the Heisenberg
equation and the states obey the Schrodinger equation, with the full Hamiltonian replaced
by the interaction term in the former and by the unperturbed Hamiltonian in the latter.
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